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ASYMPTOTIC-PRESERVING SCHEME FOR A TWO-FLUID EULER-LORENTZMODEL.Stéphane BRULL1, Pierre DEGOND2, Fabri
e DELUZET3 and AlexandreMOUTON4Abstra
t. The present work is devoted to the simulation of a strongly magnetized plasma as a mixtureof an ion �uid and an ele
tron �uid. For simpli
ity reasons, we assume that ea
h �uid is isothermal andis modelized by Euler equations 
oupled with a term representing the Lorentz for
e, and we assumethat both Euler systems are 
oupled through a quasi-neutrality 
onstraint of the form ni = ne. Thenumeri
al method whi
h is des
ribed in the present do
ument is based on an asymptoti
-preservingtime semi-dis
retization of a variant of this two-�uid Euler-Lorentz model whi
h is based on a smallperturbation of the quasi-neutrality 
onstraint.

1. Introdu
tion.This work is devoted to the 
onstru
tion of an asymptoti
-preserving s
heme for the isothermal two-�uidEuler-Lorentz system 
oupled with the quasineutrality equation in the gyro�uid regime.The situation of a single Euler-Lorentz system has been 
onsidered in [1℄ and [6℄. In [6℄, the authors 
on-stru
ted an asymptoti
-preserving s
heme in the situation where the magneti
 �eld lines are aligned with one
artesian 
oordinate and where the 
omponent of the velo
ity whi
h is parallel to the magneti
 �eld and satis�esDiri
hlet boundary 
onditions. This situation is generalized in [1℄ to a variable magneti
 �eld and the 
omponentof the velo
ity whi
h is parallel to the magneti
 �eld lines and satis�es Neumann boundary 
onditions. Themethod of resolution of these problems is based on a de
omposition of the parallel velo
ity into a 
omponent
onstant along the magneti
 �eld lines and a �u
tuation around this 
onstant. In [1℄, the parallel velo
ity issolution of a degenerate anisotropi
 ellipti
 problem.On another hand, the two-�uid approa
h has been studied in [3℄, [4℄, [5℄. In these papers, a two-�uid Euler-Poisson model is 
onsidered and the goal is to build an asymptoti
-preserving s
heme whi
h remains e�
ientwhen we rea
h the quasineutral limit regime.In the present paper, we generalized the Euler-Lorentz approa
h of [1℄ and [6℄ to the situation of a two-�uidsystem whi
h 
orresponds to a more relevant physi
al situation. Indeed, in the ITER 
ontext, it 
orresponds toa population of ele
trons intera
ting with a population of ions.In the following se
tion, we present the model and its drift limit. In se
tion 3 and 4 the numeri
al s
hemepresented and in the last se
tion numeri
al results are given.
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ESAIM: PROCEEDINGS 192. The isothermal two-fluid Euler-Lorentz model.2.1. The model.Consider the isothermal two-�uid Euler-Lorentz system 
oupled with the quasi-neutrality equation des
ribingthe isothermal �ow of a mixture of ions and ele
trons. The s
aled Euler-Lorentz model reads

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∂tn
τ + ∇x · qτ

i = 0 , (2.1a)
τ

[

∂tq
τ
i + ∇x ·

(qτ
i ⊗ qτ

i

nτ

)]

+ ∇xnτ = −nτ ∇xφτ + qτ
i × B , (2.1b)

∂tn
τ + ∇x · qτ

e = 0 , (2.1
)
ǫ τ

[

∂tq
τ
e + ∇x ·

(qτ
e ⊗ qτ

e

nτ

)]

+ Te ∇xnτ = nτ ∇xφτ − qτ
e × B . (2.1d)

nτ represents the 
ommon density of ions and ele
trons, qτ
i and qτ

e are the momenta of ions and ele
tronsrespe
tively, Te is the ele
tron temperature and φτ is the potential giving the ele
tri
 �eld. The symbol ∇x isthe gradient operator and ∇x· is the divergen
e operator. This model is 
ompleted with Neumann boundary
onditions for qτ
i and qτ

e and with some non-
lassi
al boundary 
onditions for nτ and φτ . These last 
onditionsare pre
ised in Se
tion 3.The s
aled model is obtained by introdu
ing 
hara
teristi
 s
ales for length x, time t, momentum q, iontemperature T , potential φ, and magneti
 �eld B. We use q = x n

t
and the 
hara
teristi
 ele
tri
 potentialis supposed to satisfy the relation qB = n φ

x
. Next 
onsider c the 
hara
teristi
 sound speed of the ions, Mthe 
hara
teristi
 Ma
h number of the ions and ω the 
hara
teristi
 
y
lotron frequen
y of the ions de�ned by

c =
√

kBT
mi

, M = q
n c

, ω = e B
mi

. Moreover, the ratio ǫ = me

mi
between the ele
tron mass and the ion mass is �xed.Finally, the model (2.1) is obtained by taking τ = M

2
= t ω.2.2. The limit modelIf τ 
onverges to 0, (2.1) leads to the model
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∂tn
0 + ∇x · q0

i = 0 , (2.2a)
∇xn0 = −n0 ∇xφ0 + q0

i × B , (2.2b)
∂tn

0 + ∇x · q0
e = 0 , (2.2
)

Te ∇xn0 = n0 ∇xφ0 − q0
e × B , (2.2d)in whi
h the parallel part of q0

i and q0
e are impli
it. Indeed, by splitting the parallel and the perpendi
ularparts of (2.2b) and (2.2d), we have
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∂tn
0 + ∇x · q0

i = 0 ,

b · ∇xn0 = −n0 b · ∇xφ0 ,

(q0
i )⊥ =

1

‖B‖
b × (∇xn0 + n0 ∇xφ0) ,

∂tn
0 + ∇x · q0

e = 0 ,

Te b · ∇xn0 = n0 b · ∇xφ0 ,

(q0
e)⊥ =

1

‖B‖
b × (−Te ∇xn0 + n0 ∇xφ0) ,

(2.3)
where q|| = (b ⊗ b)q, q⊥ = q − q||, b = B

‖B‖ and ‖B‖2 = B2
x + B2

y + B2
z . Then we dedu
e from this limitmodel that

b · ∇xn0 = b · ∇xφ0 = 0 . (2.4)



20 ESAIM: PROCEEDINGS3. Semi-dis
rete AP s
hemesIn this se
tion, we propose a semi-dis
retization of (2.1) in time whi
h is also 
onsistent with the limit model(2.2).3.1. "Usual" semi-dis
retizationConsider the following semi-dis
retization
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nτ,m+1 − nτ,m
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+ ∇x ·

(

(qτ,m+1
i )m+1

||

)

+ ∇x ·
(

(qτ,m
i )m+1

⊥

)

= 0 , (3.1a)
q

τ,m+1
i − q

τ,m
i

∆t
+ ∇x ·

(q
τ,m
i ⊗ q

τ,m
i

nτ,m

)

+
1

τ
∇xnτ,m+1 =

1

τ

[

− nτ,m+1 ∇xφτ,m+1 + q
τ,m+1
i × Bm+1

]

, (3.1b)
nτ,m+1 − nτ,m

∆t
+ ∇x ·

(

(qτ,m+1
e )m+1

||

)

+ ∇x ·
(

(qτ,m
e )m+1

⊥

)

= 0 , (3.1
)
qτ,m+1

e − qτ,m
e

∆t
+ ∇x ·

(qτ,m
e ⊗ qτ,m

e

nτ,m

)

+
Te

ǫ τ
∇xnτ,m+1 =

1

ǫ τ

[

nτ,m+1 ∇xφτ,m+1 − qτ,m+1
e × Bm+1

]

, (3.1d)where (q)m+1
|| = (bm+1 ⊗ bm+1)q and (q)m+1

⊥ = q − (q)m+1
|| . By separating the parallel part of (3.1b) and(3.1d) a

ording to bm+1, and by plugging these equations into (3.1a) and (3.1
), we obtain two di�usionsequations for nτ,m+1 and φτ,m+1 of the form

{

−∇x ·
(

(bm+1 ⊗ bm+1)∇xnτ,m+1
)

+ λ τ nτ,m+1 = τ Rτ,m , (3.2a)
−∇x ·

(

nτ,m+1 (bm+1 ⊗ bm+1)∇xφτ,m+1
)

= τ Sτ,m+1 , (3.2b)where λ = 1+ǫ
∆t2 (1+Te) and where Rτ,m depends on nτ,m, φτ,m, q

τ,m
i and qτ,m

e , and Sτ,m+1 depends on nτ,m+1,
nτ,m, φτ,m, q

τ,m
i and qτ,m

e .In order to preserve the asymptoti
 behaviour of the s
heme, it is ne
essary to take into a

ount the followingboundary 
onditions (see [1℄):
{

bm+1 · ∇xnτ,m+1 = 0 , on ∂Ω, (3.3a)
bm+1 · ∇xφτ,m+1 = 0 , on ∂Ω. (3.3b)Remark that the di�usion problem (3.2b)-(3.3b) is ill posed for any value of τ ≥ 0 be
ause of a la
k of uniquenessof the solution. In order to avoid this di�
ulty, we 
onsider instead a perturbed version of the model (2.1) forwhi
h the time semi-dis
retization te
hnique used in (3.1) leads to two di�usion problems for nτ,m+1 and φτ,m+1whi
h are well-posed for any value of τ > 0. This is the subje
t of the following subse
tion.3.2. Perturbed Euler-Lorentz two-�uid model.In order to bypass the di�
ulty linked with the semi-dis
retization (3.1) and its reformulation, we 
hooseto in
lude in the model (2.1) a small perturbation of the form c ∂tφ. More spe
i�
ally, we modify the mass
onservation equations as follows:
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τ
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τ
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i

nτ
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+ ∇xnτ = −nτ ∇xφτ + qτ
i × B , (3.4b)
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τ + C2 ∂tφ

τ + ∇x · qτ
e = 0 , (3.4
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ǫτ
[
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τ
e + ∇x ·
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e ⊗ qτ

e

nτ

)]

+ Te ∇xnτ = nτ ∇xφτ − qτ
e × B , (3.4d)



ESAIM: PROCEEDINGS 21where C1, C2 are two �xed parameters whi
h are 
lose to 0. Then we 
onsider the same semi-dis
retizationmethod as in the previous paragraph:
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.

(3.5d)Following the same methodology as in the previous paragraph, we isolate the parallel part of (3.5b) and (3.5d)and we plug them into (3.5a) and (3.5
). We obtain two di�usions equations of the form
−∇x ·

(

(bm+1 ⊗ bm+1)∇xnτ,m+1
)

+ τ λ1 nτ,m+1 = τ Rτ,m ,

−∇x ·
(

nτ,m+1 (bm+1 ⊗ bm+1)∇xφτ,m+1
)

+ τ λ2 C φτ,m+1 = τ Sτ,m+1 ,
(3.6)where λ1 = 1+ǫ

∆t2 (1+Te) , λ2 = Te

∆t2 (1+Te) , C > 0 is a �xed 
onstant linked with C1 and C2 by
C1 =

Te C

1 + Te

, C2 = −
Te C

ǫ (1 + Te)
, (3.7)and where Rτ,m depends on nτ,m, φτ,m, q

τ,m
i and qτ,m

e and Sτ,m+1 depends on nτ,m+1, nτ,m, φτ,m, q
τ,m
i and

qτ,m
e .As it has been suggested in the previous paragraph, we 
ouple the di�usion equations (3.6) with the Neumanntype boundary 
onditions given by

{

bm+1 · ∇xnτ,m+1 = 0 , on ∂Ω,
bm+1 · ∇xφτ,m+1 = 0 , on ∂Ω. (3.8)Sin
e the problem (3.6)-(3.8) is well-posed for any value of τ > 0 and remains ill-posed when τ = 0, we useBrull et al.'s method proposed in [1℄ to 
ompute nτ,m+1 and φτ,m+1.4. Numeri
al resultsThe semi-dis
rete approa
h des
ribed in (3.5) in 
urrently used in a 2D �nite volume s
heme where theexpli
it part of the �uxes are 
omputed with Rusanov's method. Con
erning the di�usion equations (3.6), athree points method is used and is based on the de
omposition method introdu
ed by Brull et al. in [1℄. Atpresent time, this full-dis
rete s
heme is produ
ing the �rst numeri
al results whi
h need to be rigourouslyanalyzed. This is one of the main goals of [2℄. Referen
es[1℄ Brull, S., Degond, P., Deluzet, F., Numeri
al degenerate ellipti
 problems and their appli
ations to magnetized plasmasimulations., to appear in Comm. Comput. Phys.
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