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ON THE HELIX EQUATION

MoHAMED Hwissi!, IMENE BEN SALAH? AND HAJER TAoUIL®

Abstract. This paper is devoted to the helices processes, i.e. the solutions H : R x @ — R%, (¢, w) —
H(t,w) of the helix equation

HO,w)=0; H(s+tw)=H(s, ®(t,w))+ H(t,w)

where @ : R x Q — Q, (t,w) — ®(t,w) is a dynamical system on a measurable space (2, F).

More precisely, we investigate dominated solutions and non differentiable solutions of the helix equation.
For the last case, the Wiener helix plays a fundamental role. Moreover, some relations with the cocycle
equation defined by ®, are investigated.
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Résumé. Ce papier est consacré aux hélices, c’est-a-dire les solutions H : RxQ — R?, (t,w) — H(t,w)
de I'équation fonctionnelle

H(O0,w)=0; H(s+t,w)=H(s ®t w)) + H(t,w)

ol ®:RxQ— Q,(t,w) = P(t,w) est un systeme dynamique défini sur un espace mesurable (2, F).
Plus présisément, nous déterminons d’abord les hélices dominées puis nous caractérisons les hélices non
différentiables. Dans ce dernier cas, 'hélice de Wiener joue un réle important. Nous précisons aussi
quelques relations des hélices avec les cocycles définis par ®.

Mots clefs: Equation de translation, Equation d’hélice, Héelice de Wiener, Cocycle.

INTRODUCTION

Let (2, F) be a measurable space and let ® : R x Q — 2 be a dynamical system on (2, F), that is ® satisfies
the translation equation

P0,w) =w, P(s+t,w)=(s, P(t,w)).

1 Département de Mathématiques, Faculté des Sciences de Tunis, Université de Tunis Elmanar, TN-2092 Elmanar, Tunis,
Tunisia; e-mail: Med.Hmissi@fst.rnu.tn.
2 Département de Mathématiques, Faculté des Sciences de Tunis, Université de Tunis Elmanar, TN-2092 Elmanar, Tunis,
Tunisia; e-mail: bensalah_imene@live.fr.
3 Département de Mathématiques, Faculté des Sciences de Tunis, Université de Tunis Elmanar, TN-2092 Elmanar, Tunis,

Tunisia; e-mail: hajertaouil@yahoo.fr.
© EDP Sciences, SMAI 2012

Article published online by and available at pffp:77www.esaim-proc.orq or Rfip:/7dx.dor.org/10- 105 I/proc/20123601g



http://publications.edpsciences.org/
http://www.esaim-proc.org
http://dx.doi.org/10.1051/proc/201236016

198 ESAIM: PROCEEDINGS

A ®-helix (or helix over ®) on R?, is a mapping H : R x Q — R? which satisfies the helix equation
HO,w)=0, H(s+t,w)=H(s,®(t,w))+ H(t,w).

An helix is always denoted by (2, F, ®, H).
This notion was first introduced by Kolmogorov [7] in the framework of stochastic integrals and stochastic
differential equations (cf. also [2] and the related references, for more details).

The aim of this paper, is to investigate helices as functional equations.
In the first part, we suppose that H is dominated, i.e. there exists two constants a > 0,b > 0 such that (|.|
denotes a norm on R9)

H/(w)| < at+b  (wei>0)

Using a result in [6], we prove that H is a sum of a closed ®-helix and a differentiable one, i.e. there exists
g,h : Q — R? measurable such that s — g(®(s,w)) is locally integrable and

H(t,w) = h(w) — h(Pw) + /0 9(P(s,w))ds.

However, the Wiener helix denoted by (€, Fo, ©, W) is neither closed nor differentiable (cf. 3.1 below for more
details). This is why, we investigate the general case in the second part of this paper.

We prove first that, if H separates points of ) and generates JF, then the associated dynamical system is
uniquely determined.

Then we prove that, each helix (2, F, ®, H) is conjugate to the Wiener helix (Qq, Fo,©, W), i.e there exists a
mapping k : Q — g such that

R(@(t,w)) = O k(w));  H(t,w) =W(t k(w)).

A ®-helix H is said to be connecting if, for all z, € R? there exists w € Q,s,t € R such that x = H(s,w)
and y = H(t,w). After giving some examples of connecting and non connecting helices, we prove the following
result: The image of a connecting ®-helix by a Borel function f : R¢ — R™, is a ®-helix if and only if f is linear.
The proof is in fact a consequence of the well known results about the Cauchy equation. We close the paper by
some classical relations between helices and cocycles. Moreover, we introduce the notion of bi-helix.

This paper is a continuation of our paper [5] which is devoted to homogeneous process instead of helices processes,
and some general notions introduced here, are picked from [5].

1. HELIX PROCESSES

In this paper, we denote by T := Z or R. If T = Z, we take B := P(Z) the o-algebra of all subsets of Z.
If T = R, we take B := B(R) the Borel o-algebra of R. The space R, d > 1 is also endowed with its Borel
o-algebra By.
Let (Q,F) be a measurable space. Each mapping Y :  — R? which is (F, Bs)-measurable, is called random
vector.
A stochastic process over (Q, F) with state space R? is a mapping X : T x Q — R? such that, for each t € T,
the map w — X(¢,w) is a random vector.
The product space T x Q is endowed with the product o-algebra B ® F. If X is (B ® F, B;)-measurable then
the stochastic process is said to be measurable (Notice that if T = Z, each stochastic process is measurable).
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1.1. Dynamical system

A Dynamical System (notation DS) on (Q, F),is amap ®: T x Q — Q, (t,w) — ®(¢,w) such that

(1) w+ ®(t,w) is measurable for each ¢ € T.
(2) @ satisfies the translation equation, i.e. for all w € Q;t,s € T

P0,w) =w; P(s+t,w)=P(s, D(t,w)).
If (t,w) = ®(t,w) is (B® F,F)-measurable, the DS si said to be measurable.

.) then the DS & is identified with a family ® := (®;);c7 of measurable transformations

If we put &, := P(¢,
t (I denotes the identity operator on §2)

®,; : ) — Q such tha
q)o :IQ; q)s+t = (I)soq>t; (s,téT) (1)
The DS will be sometimes denoted by (€2, F, ®).

Let (92, F,®) be a DS. A measurable subset I' of  is said to be ®-invariant if ®4(T") C T for each t € T. In
this case, the restriction of ® to T x I" defines a so called (measurable) sub-dynamical system of (2, F, ®@).

Let (Q,F,®) and (Y,G, ¥) be two DS. A measurable map f: Q — Y is called SD-morphism if

[(@i(w) =T (f(w));  (teT,we). (2)

If f is one-to-one and if f and f~' are both SD-morphisms, we say that f is an SD-isomorphism. In this case,
the DS (92, F, ®) and (T, G, V) will be conjugate (cf. [4] for example).

The following Lemma will be used later. The proof is classical (cf. [4] for example) and it is omitted.

Lemma 1 Let (Q,F,®) and (Y,G,¥) be two DS and let f : Q@ — Y be an injective SD- morphism. Then
the restriction of U to f(Q) defines a sub-dynamical system of (Y,G, V).
1.2. Helix

Let (Q, F,®) be a dynamical system. A ®-heliz on R?, is a mapping H : T x  — R? such that

(1) w— H(t,w) is measurable for each ¢t € T.
(2) H satisfies the heliz equation, i.e. for allw € Q;t, s € T

H(0,w)=0; H(s+t,w)=H(s, ®(t,w))+ H(t,w).
If (t,w) = H(t,w) is (B® F, By)-measurable, the ®-helix H is said to be measurable.
If we put Hy := H(t,.), then the ®-helix H is identified to a stochastic process H := (Hy);er such that
Hy=0, Hy=H,0®, +H, (s,teT). (3)

Remarks 1
(1) If U,V are two ®-helices and if a,b € R then, aU + bV is a ®-helix.
(2) If we write Hy = (H},..., HY), then H = (H;)ser is a ®-helix on R? if and only if, for each 1 < k < d,
HF = (HF);cr is a real ®-helix.
(3) Let (Q,F,®) and (T,G,¥) be two DS and let f: Q@ — T be an SD- morphism. If H = (Hy)er is a
U-helix, then H o f := (Hy o f)ier is a ®-helix. H o f is said to be conjugate to H.
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(4) In particular, if (2, F,®) is a DS and if T is a ®-invariant subset of 2, then the restriction to T x I of
each helix, is an helix for the associated sub-dynamical system.
(5) Let H be a ®-helix. From the helix equation (3), we deduce that

Ht:*H_tO(Pt; (tGT) (4)

This relation will be used as the following: If H; is given for ¢ > 0, it will completely determined for all
teT.

1.3. The discrete case

If T'=7Z then ® := ($y);cz is generated by ¢ := ®7. In this case, an helix H is considered as a ¢-helix.
Moreover, the helix equation (3) is equivalent to the iteration equation

Hy=0; Hyi1=Hi0o¢"+H,;, (neiz). (5)

Let h := H;. By an easy induction in (5), we obtain

S ho gk ((n>1)
k=0
Hy={ 0 {(n=0) (6)

n
— S hogF i(n < —1).
k=1
Conversely, for any random vector h : Q — R?, formula (6) defines a measurable ¢-helix.

2. DOMINATED HELICES

2.1. Closed helices
Let ® be a DS defined on a measurable space (2, F) and let h : Q — R? be random vector, then

Hi(w) == h(w) — h(Pw); (teRwe) (7)
defines a ®-helix. Such a ®-helix is said to be closed.
Conversely, we have the following partial result:
Let H := (H;)ter be a real ®-helix such that

(t>0) = (Hi(w)>0 for each w € Q). (8)
Note first that by (4), the condition (8) is equivalent to

(t<0) = (H(w) <0 for each w € Q). (9)
In this case, H(.,w) : [0, 00[— R is increasing. Letting s — +00 in (3), we obtain

sup Hy(w) = sup Hy(Pw) + Hy(w).

Hence H will be closed if

h(w) :=sup Hy(w) < 00;  (w € Q). (10)
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This result can be easily generalized to a ®-helix H on R? such that each component of H satisfies (8) and (10).

Remark 2 Suppose that (7) is verified for ¢ > 0 and for some random vector h. Then for ¢ < 0, (4) and (7)
imply that

Ht(OL)) = —H,t(@tw) = —[h(q)tW) — h(q),t@tw)] = h(W) — h(@tw)
Hence (7) is satisfied for the same h and for all ¢ € R.

2.2. Differentiable helices

Let ® be a DS defined on a measurable space (€2, F) and g : Q — R? a random vector such that t — g(®;(w))
is locally integrable for each w € €2, then

t
Hy(w) == / g(®r(w)) dr; (teR,we) (11)
0
defines a so called differentiable ®-helix.

Remark 3 Suppose that (11) is true for ¢ > 0 and for some random vector g. Let ¢ < 0. Using (1), (4) and
(11) we deduce

Hyw) = —H_y (®) = —| /0 9(®, Do) dr]
_— / 9(®,pw)dr] = / 9@, (w))dr.

In the same way, (11) is also satisfied for the same ¢ and for all ¢ € R.

Definition 1 A ®-helix H := (H;)¢cr is said to be dominated if there exists two constants a > 0,b > 0 such
that (|.| denotes a norm on R%)

|Hi(w)| < at+b; (weQ,t>0). (12)

Theorem 1 Let H : R x  — R be a dominated ®-helixz. Then H is the sum of a closed ®-helix and a
differentiable one.

Proof. Put
Li(w) := exp(H¢(w)); (t>0,we). (13)
Then the helix equation becomes
Lsii(w) = Ly(w) - Ls(Pyw); (s,t >0,w € Q). (14)
Hence L is a real cocycle in the sens of [6] (Definition 1.3). Moreover, (12) implies that L is dominated in the
sens of [6] (Definition 1.5). Consequently, there exists ¢ : 2 —]0,00[; f : @ — R such that ¢ — f(P.w) is locally

integrable and

= 9(Pw) - ex t w)ds); w
Li(w) = 42 ex / f(@uw)ds);  (t>0,w € Q). (15)
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This formula is proved by the first author in [6] (cf. Proposition 2.2).
Let U(w) := In(g(Pw)) — In(g(w)) and Vi (w) := fot f(@sw)ds for t > 0 and w € Q. By (13) and (15) we have

Hi(w) = Ui(w) + Vi(w);  (weQ,t>0). (16)

However, using (4), Remark 2 and Remark 3, the preceding formula (16) holds for all ¢ € R. Therefore, U is a
closed ®-helix, V is a differentiable ®-helix and H =U + V.

Corollary 1 Each dominated ®-heliz H : R x Q — R? is a sum of a closed ®-heliz and a differentiable one.

Proof. We write Hy = (H},..., H). Since H is dominated, then each of its components is also a dominated
real @-helix (cf. Remark 1.2). We conclude by the preceding result.

3. NON-DIFFERENTIABLE HELICES

Let (2, F) be a measurable space. If X := (X;);cr is a stochastic process on R, we denote by o(X; : t € R)
the smallest o-algebra on €2 for which each X is measurable. If F = o(X; : t € R), we say that X generates F.
The stochastic process X separates the points of €, if for wy,ws € Q, the equality X;(w1) = Xy(ws) for each
t € R implies that w; = ws.

We give first a little more general definition of helix.

Definition 2 An helix over (2, F) is a stochastic process on R? such that there exists a family ® := (®;)cr
of measurable transformations ®; : Q@ — Q satisfying (3), i.e.

Hy =0, Hs+t:Hso(bt+Ht (S,tER) (17)

Under some natural assumptions, the family of transformations ® := (®;);cg which arises in (17), is in fact a
dynamical system. This is the subject of the next result.

Proposition 1 Let H := (Hy)ier be an helix which separates points of Q and generates F. Then, there
exists a unique DS ® such that (17) holds.

Proof. Since H is an helix process, then there exists ® such that (17) holds. Moreover, ® is uniquely
determined because H is separating. From (17), we have Hy = H,®( for each s € R, hence &y = I since H
separates the points of 2. Let r, s,t € R; by iteration of (17), we have

H,.o0P,0P; = (H,.0P)oP;
= (Hr+s — H5>0(bt
= Hr—i—s(I)t — HSO(I)t
= Hyysy4— Hy— Hgyy + Hy
- H’l‘q)8+t-
This implies the group property (1) since H separates the points of 2.
Let t,t; < ... <t, € R; Ay,..., A, € By. From the helix relation (17), we have (using the notation [H; € A] :=
{weQ: H(w) € A})
(I)ft[Htl S A17 ...7th S An} = [(Ht1+t — Ht) € Al, ceey (th+t — Ht) S An}

which is in F since F = o(H, : s € R). Therefore each ®, is measurable.
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3.1. Wiener helix

Let Qo := {u: R — R% such that u(0) = 0}.
For each t € R, let W, : Q5 — R? defined by

Wi(u) = ult); (t e R,u € Q) (18)

and let Fo = o(W; : t € R). Obviously W := (W;)cr is a stochastic process over (€2, Fy) with state space R?.
For each t € R define ©; : Qg — Q¢ by the Formula

Ou(s) = u(s +1t) — u(t); (u € Qo,s € R). (19)

It can be easily verified that (Qg, Fo,©) is a dynamical system, called Wiener shift. Moreover, from (18) and
(19), we obtain

Wote(u) = Ws(Oru) + Wi(u); (u € Qq,s,t €R). (20)

In other words W is a ©-helix, called also Wiener helix.
By the well definitions, W separates the points of 2y and generates Fy. The following result is also a trivial
consequence of Proposition 1.

Corollary 2 The Wiener shift © is the unique DS for which W is an heliz.

Remarks 4

(1) Let d = 1 and w = I the identity on R. then for each ¢t € R, O;w = Ig by the well definition of O.
Now, if there exists h : 9 — R measurable such that

Wiw = h(w) — h(Ow); (t € R)
then we must have t = 0 by definition of W;.

Hence, the Wiener helix can not be closed.
(2) From the definition of the Wiener helix (W;) (relation (18)), we have

%(WH_Sw —Ww) = %(w(t +5) —w(t)).

Hence, the Wiener helix can not be differentiable (It suffices to take any non-differentiable function
w e Qo)
(3) In fact, it is known that (W}) is almost nowhere differentiable (cf. [2] for example).

3.2. Coordinates-map

Let (2, F) be a measurable space and let H := (H,)(cgr be a stochastic process on (§2, F) such that Hy(w) =0
for each w € ). The coordinates-map of H, is defined by

Rw) = (Hi(@)iews (@ e ). (21)
Notice that s transforms €2 on €y. Moreover, by the well definitions of x and W, we have

Hi(w) = We(k(w)); (teR,weN). (22)
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Notice also that

Lemma 2
(1) H is separating if and only if k is injective.
(2) If H generates F then k is (F,Fo)-measurable.

Proof. The first assertion is straightforward.
Let t1,...,t, € R and Ay, ..., A, € By. From (21) and (22), we have immediately

Iiil[th S Al, ceey th S Al] = [Htl € Al, ~-~7Ht1 S Al]
Hence k is (F, Fo)-measurable since W generates Fy and H generates F.

Example 1 Let (Qo, Fo, O, W) be the Wiener helix and let 2§ := {u € Qg : u is continuous }. Then 2 is
©-invariant and therefore, the restriction of W on 2§ is an helix (cf. Remark 1.3). It is called the continuous
Wiener heliz and is denoted by (25, F§,©, W).

However, the coordinates-map, in this case, is exactly the canonical injection 7 : 2§ — Q.
This example proves that, the coordinates-map may be not surjective.

Theorem 2 Let (Q, F) be a measurable space and let H be a stochastic process which separates the points of
Q and generates F. Then H is an helix if and only if k() is ©-invariant.

Proof. Suppose first that H is an helix which separates the points of 2 and generates F. Let ® be the unique
DS on (€, F) (defined by Proposition 1) for which H is an helix.
Let w € Q and s,t € R then by (3), (21) and (22) we have

K(Pi(w))(s) = Hs(Pi(w))

= Hop(w) — Hi(w)

= Wepi(k(w)) — Wi(k(w))

= Wi(O(r(w)))

= O:(k(w))(s).
Hence & is an SD-morphism and therefore the restriction of © to x(2) is a DS by Lemma 1, since & is injective.
En particular, () is ©-invariant. In fact the coordinates-map « is an SD-isomorphism between Q and ().
Conversely, suppose that () is O-invariant then, the restriction of © on k() is a DS. On the other hand,

since H separates the points of ), k must be injective and hence x : Q@ — k(Q) is one-to-one. We may also
define

Dy (w) := k(O (k(W))); (teR,we) (23)
D, : Q — Q is well defined, since O(k(w)) € k() by the O-invariance of k(). Notice that (23) is equivalent to
K(Pi(w)) = Oy(k(w)); (teR,weD). (24)
Therefore by (22), (24) and (20), we have
H,®, = Wok®; = WO,k = (Wars — Wik = Hyyr — H,

for all s,t € R. This means that (3) is fulfilled. Since H generates F, we deduce as in the proof of Lemma 2,
that ®; is measurable and we conclude that H is an helix.
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Corollary 3 Let (2, F,®, H) be an heliz. If H separates the points of Q and generates F, then H is conjugate
to the Winer heliz (Qq, Fo, O, W).

3.3. Linear transformations of helices

Let (2, F,®) be a DS and let H be a ®-helix on R%. If f : R? — R™ is a linear then, f o H is a ®-helix on
R™.
In what follows, we deal with the converse problem: It turns out that if H is "rich enough” and if f o H is a
®-helix then f must be linear.

Definition 3 Let (2, F,®) be a DS and let H be a ®-helix on R%. H is said to be connecting if for all
z,y € R? there exists w € ;5,¢ € R such that x = H,(w) and y = Hy(w).

Examples 2

(1) Suppose that (2, F) = (R, B) and ®;w := w + ¢ for w,t € R. Then (¢,w) — ¢ defines a ®-helix which is
trivially connecting.
(2) Let (Q, F,®) be a DS and let h : R? — R? be a bounded Borel function. Then (t,w) + h(w) — h(®;w)
defines a ®-helix which is not connecting. Indeed, if M is such that |f(z)| < M for each x € R%, then
there exists no ¢t € R and w € Q such that z = Hy(w) if |2| > 2M + 1.
(3) Let x,y € R? then there exists w : R — R? and s,¢ € R such that w(0) = 0,w(s) = z and w(t) = y.
Therefore the Wiener helix (Qg, Fo, ©, W) is connecting.
Further, w can be chosen to be continuous. Hence the continuous Wiener helix (Q§, 7§, 0, W) is also
connecting.
Theorem 3 Let (2, F,®) be a DS, H a connecting ®-heliz on R? and let f : RY — R™ be a Borel function.
The following statements are equivalent
(1) foH is a O-heliz.
(2) f is linear.
Proof: If f is linear then obviously f o H is a ®-helix whenever H is a ®-helix.
Conversely, let z,y € R%. Since H is connecting, then there exists w € Q and s,¢ € R such that

Hyw) =z  Hy(w)=y. (25)
Applying (3) for the two ®-helices H and f(H), we obtain
J(Hs—t(Pew)) = f(Hy(w) — He(w)) (26)
and
F(Hs—t(Pew)) = f(Hs(w)) — f(Hi(w)). (27)
Combining (25), (26) and (27), we deduce that
fla—y)=fl2)~ fly):  (z,yeRY). (28)

In other words, f is a Borel solution of the Cauchy equation (28). We conclude by a classical result (cf. [1,10]
for example) that f is linear.

Remark 5 If H is not separating, it is clear how to construct a non linear function f such that f o H is an
helix. Indeed, it suffices to start with a linear map f (therefore f o H will be an helix) and to change the value
of f on some points of R™, which are not reached by the map H.
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3.4. Helices and cocycles

Let (2, F,®) be a DS and let (G, *) be a group with neutral element eg.
An abstract ®-cocycle over the DS @, is a mapping C : R X Q x G — G (t,w) — C(¢,w) such that the family
Ct,w) :=C(t,w,.) : G — G, satisfies the cocycle equation, i.e.: For s,t € R,w € )

C(0,w) = eq, C(s+t,w) =C(s,0iw) * C(t,w). (29)

In particular,

(1) If (G,*) = (]0,00[, x), then C is called a multiplicative ®-cocycle. This equation is involved in many
topics: Information without probability, abstract automat, lattice semigroups,... (cf. [6] and the related
references).

(2) If (G,*) = (R, +), then C is called additive ®-cocycle or ®-heliz on R? (notice that (29) is equivalent
to (3) in this case). The Wiener helix is considered as an important example of additive cocycle. It
plays a fundamental role in the theory of stochastic integration and stochastic differential equations
(cf. [2] and the related references).

(3) If (G, %) = (G(R?), o) the group of self-mappings {f : R? — R4}, then C is said to be a cocycle on R, In
this case, (®, C) is the so called random dynamical system on R, In particular, C is a model of solutions
of random iteration equations, random differential equations and stochastic differential equations (cf. [2]
Part 1 and the related references).

Let C be a cocycle on R%, over a DS ®. An associated random fix point is a random vector Y : Q@ — R? such
that

Ct,w)Y (w) =Y (Pw); teRwe) (30)

(cf. [8] and the related references). Random fix points are exactly the stationary solutions of the cocycle equa-~
tion on R%.

Let (92, F,®) be a DS, let H be a ®-helix on R? then
C(t,w)x := Hy(w)) + x; (teR,we Nz ecRY) (31)

defines a ®-cocycle on R%. In this case the following fact can be easily verified: C' admits a random fix point if
and only if H is a closed ®-helix.

By Theorem 3 and Remark 1.1, we may replace H in (31) by f(aU + bV) where a,b € R and U,V are two
®-helices and f is a linear mapping.

Some naturals questions arise:

(1) Are there other transformations of helices in order to obtain cocycles?
(2) Does there exist cocycles which are not generated by helices?

The following two remarks are classical in the framework of random dynamical systems (cf. [2]).

(1) In fact, the Wiener helix satisfies some additional properties (semi-martingale...) which allow to define
the stochastic integral with respect to W, namely fg f(w, $)dWs(w) (ct. [9], Chap. IIT and IV). Therefore,
the following stochastic differential equation may be also defined (cf. [9], Chap. V).

dX; = b(t, Xy )dt + o(t, X;)dWy;  Xo =z. € RY (32)
Under some classical conditions on b and o, (32) admits a unique solution denoted by ¢(t,w)z. Moreover

(t,w,z) = ¢(t,w)z defines a cocycle on R? over the Wiener shift © (cf. [2], Chap 2.3).
In particular such cocycles are also generated by helices.
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(2) Let (2, F,®) be a measurable dynamical system and let f :  x R? — R? be a measurable function.
We may associate the random differential equation

dX(w) = f(Pw, X¢)dt;  Xo(w) =z € RY, (33)

Under some convenient conditions on f, (33) admits a unique solution ¢(¢,w)x which defines also a
cocycle on R? over the DS @ (cf. [2], Chap 2.2).
However, such cocycles are not generated by helices.

Let ®: R x Q — Qand let ¢ : R x Q x R — R? be two maps. The associated skew product A is defined by

A: RxQxRE — O x R4
(t,w,x) = (Qw, p(t,w)x)

By the well definitions, the following statements are equivalent:

(a) ®is a DS on 2 and ¢ is a cocycle over ® on R,
(b) Aisa DS on Q x R4

A A-helix is also a stochastic process K = (K¢)ter such that Ky : Q x R¢ — R?, Ky(w,z) =0 and
Koit(w, z) = Kg(Ppw, p(w, t)z) + Ki(w, x). (34)
For example Ki(w, ) := ¢(t,w)x — x is a A-helix.

We conclude this paper by introducing a new notion.
Let (2, F,®) be a measurable dynamical system. An associated bi-heliz is a pair (H, K') where
(1) H:RxQ— R4 (t,w) = Hy(w) is an helix over @,
(2) K:RxQxR? = RY (t,w,7) — K;(w, ) is an helix over the DS A defined by A;(w, z) = (®w, Hy(w)+
Hence by (3) and (34), (H, K) satisfies the coupling system

Ho((U) :0, Hs+t(w) :HS((I)tUJ)+Ht(CU),
Ko(w,z) =0, Ksiit(w,z) = Ko(Dw, Hi(w) + ) + Ki(w, ).
Although (35) is defined in a theoretical way, it seems that a new light can be shed on this system.

Remark 6 Notice that cocycle equations have been studied during the last years in different situations of
rings of power series, in a series of papers by H. Fripertinger and L. Reich, with a somewhat different terminology.
In their proofs, also, the helix plays a role (cf. [3] and the related references).
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