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WALL LAWS FOR VISCOUS FLUIDS NEAR ROUGH SURFACES

DORIN BUCUR', ANNE-LAURE DALIBARD? AND DAVID GERARD-VARET?

Abstract. In this paper, we review recent results on wall laws for viscous fluids near
rough surfaces, of small amplitude and wavelength e. When the surface is “genuinely
rough”, the wall law at first order is the Dirichlet wall law: the fluid satisfies a “no-slip”
boundary condition on the homogenized surface. We compare the various mathematical
characterizations of genuine roughness, and the corresponding homogenization results.
At the next order, under ergodicity properties of the roughness distribution, a Navier
wall law with a slip length of order € can be derived, that leads to better error estimates.

We also discuss the relationship beween the slip length and the position of the ho-
mogenized surface. In particular, we prove that for adherent rough walls, the Navier
wall law associated to the roughness does not correspond to any tangible slip.

1. INTRODUCTION

Most works on Newtonian liquids assume the validity of the no-slip boundary condition: the
velocity field of the liquid at a solid surface equals the velocity field of the surface itself. This
assumption relies on both theoretical and experimental studies, carried over more than a century.

Still, with the recent surge of activity around microfluidics, the question of fluid-solid interaction
has been reconsidered, and the consensus around the no-slip condition has been questioned. Several
experimentalists, observing for instance water over mica, have reported significant slip. More
generally, it has been claimed that, in many cases, the liquid velocity field v obeys a Navier
condition at the solid boundary X::

(Ig—veviuly = Mlqg—ve@v)Duwyvls, u-vlg =0, A>0 (Na)

where v is an inward normal vector to ¥, and D(u) is the symmetric part of the gradient. Slip
lengths A up to a few micrometers have been measured. This is far more than the molecular scale,
and would therefore invalidate the (macroscopic) no-slip condition

u‘g =0. (Dl)

Nevertheless, such experimental results are widely debated. For similar experimental settings,
there are huge discrepancies between the measured values of A\. We refer to the article [23] for an
overview.

In this debate around boundary conditions, the irregularity of the solid surface is a major issue.
Again, its effect is a topic of intense discussion. On the one hand, some people argue that it
increases the surface of friction, and may cause a decrease of the slip. On the other hand, it may
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R€

FIGURE 1. The rough domain °.

generate small scale phenomena favourable to slip. For instance, some rough hydrophobic surfaces
seem more slippery due to the trapping of air bubbles in the humps of the roughness. Moreover,
irregularity creates a boundary layer in its vicinity, meaning high velocity gradients. Thus, even
though (Di) is satisfied at the rough boundary, there may be significant velocities right above. In
other words, the no-slip condition may hold at the small scale of the boundary layer but not at
the large scale of the mean flow. This phenomenon, due to scale separation, is called apparent slip
in the physics litterature.

In parallel to experimental works, several theoretical studies have been carried, so as to clarify
the role of roughness. Many of them relate to homogenization theory. First, the irregularity is
modeled by small-scale variations of the boundary. Then, an asymptotic analysis is performed, as
the small scales go to zero. The idea is to replace the constitutive boundary condition at the rough
surface by a homogenized or effective boundary condition at the smoothened surface. In this way,
one can describe the averaged effect of the roughness. We stress that such homogenized conditions
(often called wall laws) are also of practical interest in numerical codes. They allow to filter out
the small scales of the boundary, which have a high computational cost.

Let us now describe the setting of our study. We consider a two-dimensional rough channel
QF = QUXUR®

where Q@ = R x (0,1) is the smooth part, R® is the rough part, and ¥ = R x {0} their interface.
We assume that the rough part has typical size ¢, that is

R :=¢eR, R:={y,0>y2>w(y)}
for a Lipschitz function w : R — (—1,0). We also introduce

e .=¢I', T := {y, Yo :W(yl)}

See Figure 1 for notation. We consider in this channel a steady flow u®. It is modeled by the
stationary Navier-Stokes system, with a prescribed flux ¢ across a vertical cross-section o€ of Q°.
Moreover, to cover all interesting cases, we shall consider either pure slip, partial slip or no-slip at
the rough boundary I'*. This means that the constant A* below shall be either 400, positive or
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zero. For simplicity, we assume no-slip at the upper boundary. We get eventually

—Auf +u-Vu® +Vp® =0, x € Q°,
divu® =0, z € Q°,

ue‘szzl =0, / Ui = ¢»
(Ig—vev)ulpe = X¥([g—v @v)D(u)v|re, u° - vpe = 0.

(NS7)

Notice that the flux integral in the third equation does not depend on the location of the cross-
section ¢, thanks to the divergence-free and impermeability conditions. We also emphasize that
this problem has a singularity in €, due to the high frequency oscillation of the boundary. Thus,
the problem is to replace the singular problem in QF by a regular problem in 2. The idea is to
keep the same Navier-Stokes equations

—Au+u-Vu+Vp=0, z €,
divu=0, x € Q, (NS)

U]zy=1 =0, /u1 =¢ where o =(0,1),

but with a boundary condition at the artificial boundary ¥ which is regular in €. The problem is
to find the most accurate condition.

A series of papers has addressed this problem, starting from the standard Dirichlet condition
at I'® (A = 0 in (NS%)). Before stating the results, let us introduce the functional spaces which
will be central in our study. Notice that the domain €2 is unbounded in the horizontal direction,
but we wish to allow velocity fields such as the Poiseuille flow to belong to our functional space.
Therefore a standard choice is to work with

Lo = {u € 12,9, sup [ [ < o0},
z1€ER J (z1,214+1)%(0,1)

Hyoo () = {u € Hi (), SUP [[ul (o1 a1 x 0,1)) < 00},
1
equipped with the norms
lullzz, = sup [lullrz(@y,ei+1)x0,1)),  Nulla, = sup [[ullm e ,20+1)%(0,1))-
1 E€ER z1ER

Loosely, two main facts have been established:

(1) For any roughness profile w, the Dirichlet condition (Di) provides a O(g) approximation
of uf in L2, ().

(2) For generic roughness profile w, the Navier condition does better, choosing A = ae for
some good positive constant « in (Na).

Of course, such statements are only the crude translations of cumulative rigorous results. Up to our
knowledge, the pioneering results on wall laws are due to Achdou, Pironneau and Valentin [1, 3],
and Jager and Mikelic [19,20], who considered periodic roughness profiles w. See also [4] on this
periodic case. The extension to arbitrary roughness profiles has been studied by the third author
(and coauthors) in articles [5,16,17]. The expression generic roughness profile means functions
w with ergodicity properties (for instance, w is random stationary, or almost periodic). We refer
to the forementioned works for all details and rigorous statements. Let us just mention that the
slip length a ¢ is related to a boundary layer of amplitude £ near the rough boundary. It is the
mathematical expression of the apparent slip discussed earlier.

Beyond the special case A* = 0, some studies have dealt with the general case A® € [0, +00].
The limit u° of u®, and the condition that it satisfies at ¥ have been investigated. In brief, the
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striking conclusion of these studies is that, as soon as the boundary is genuinely rough, u® satisfies
a no-slip condition at 3. This idea has been developped in [11] for a periodic roughness pattern
w. It has been generalized to arbitrary roughness pattern by the first author and coauthors in [8].
In this last article, the assumption of genuine roughness is expressed in terms of Young measures.
Eventually, error estimates are derived by the last two authors in [12]; the roughness assumption
takes there the form of a Poincaré inequality in the domain R. We will give precise statements in
section 2.

These results can be seen as a mathematical justification of the no-slip condition. Indeed, any
realistic boundary is rough. If one is only interested in scales greater than the scale € of the
roughness, then (Di) is an appropriate boundary condition, whatever the microscopic phenomena
behind. Still, as in the case A* = 0, one may be interested in more quantitative estimates. How
good is the boundary condition? Can it be improved? Is there possibility of a O(g) slip? Such
questions are especially important in microfluidics, a domain in which minimizing wall friction is
crucial (see [26]). They were tackled in [12], where the last two authors proved the existence of a
better homogenized boundary condition, in a stationary random setting, and under the assumption
that a Korn-type inequality holds in the domain R.

Once the existence of a slip length ae is known, the natural question is to investigate the
incidence of the geometry of I' on the coefficient «, and more precisely to optimize the geometry
in order to achieve its maximal value. This is the main novelty of this paper: starting from a
Dirichlet condition in a periodic setting (A°* = 0), we prove that the maximal value is achieved
for a flat boundary. The precise result is the following (below and in the rest of the article, (f)
denotes the mean value of a periodic function f):

Theorem 1. Assume that \° =0, and that w is periodic, with (w) = —1.

Then the slip coefficient a is mazimal when w = —%.

This theorem is somehow negative. It expresses that in the context of hydrophilic surfaces (for
which a microscopic Dirichlet condition holds), the roughness can not generate any tangible slip.
In other words, the positivity of the coefficient « is misleading: it just relies on the position of the
homogenized surface, which in our model lies above the roughness boundary. For a given volume

1

of the channel (encoded by the constraint (w) = —3) and a given flux, that is for a given input of

energy, the flat boundary minimizes the energy loss due to friction.

Let us now conclude this introduction with a few words about some possible extensions of the
results presented here. First, let us emphasize that in the periodic setting, all the results quoted
in this paper which hold in two dimensions (Dirichlet wall law at first order, Navier wall law at
the second order) remain true in three dimensions. In fact, in the paper [11], the authors work
in a three dimensional setting. The construction of boundary layers in the neighbourhood of a
periodic wall is also straightforward, and the dimension of the space is irrelevant in this context.
When w is not periodic, the Dirichlet wall law at first order still holds in three dimensions when
the wall is genuinely rough (we refer to the next section for precise definitions). More generally, all
the proofs relying mainly on weak convergence, and therefore on a priori estimates on u®, are not
affected by the space dimension. However, the derivation of error estimates and the construction
of boundary layers are much more involved, and go beyond the scope of this paper.

We also mention that most results could probably be extended without difficulty to a time
dependent setting, or to a geometry where the wall is not flat at first order. Such generalizations
are in fact considered respectively in [8,11], and show therefore the validity of the Dirichlet wall law
at first order in a very general context. The simple setting chosen in this paper allows us to identify
explicitly the main flow, which is a Poiseuille flow. But it seems very likely that the construction
of boundary layers, for instance, could be performed even if the main flow is not known; we refer
for instance to [13,18] for the construction of boundary layers near non-flat boundaries.

The organization of the paper is the following. The next two sections are dedicated to a review
of previous results: section 2 is concerned with the Dirichlet wall law, with a comparison of the
different assumptions on the roughness appearing in the literature, and section 3 with the Navier
wall law and the existence of a boundary layer. Eventually, Theorem 1 is proved in section 4.
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2. DIRICHLET WALL LAW AT FIRST ORDER

2.1. A short review of “weak” convergence results

The idea behind the Dirichlet wall law is the following: since the flow is tangent to the rough
boundary I'?, the solution of (NS®) converges towards a Poiseuille flow, provided the boundary is
sufficiently rough. The no-slip wall law is obtained simply by passing to the limit in the boundary
condition

u® - v|pe = 0.
The arguments rely on weak convergence techniques (in H'), belonging to I'-convergence theory,
rather than energy estimates.

The pioneering work in this direction is the paper by Casado-Diaz, Fernandez-Cara and Simon
[11]. Their result, modulo a slight rephrasing to match the present setting, is the following:

Proposition 2 (Casado-Diaz et al.). Assume that w € CY(R) is periodic and is not constant.

Let v¢ € H}, (QF) such that
sup [[v%[| g1, (0e) < 00, (2.1)
e>0
v® - ype = 0. (2.2)
Let v° be the weak limit in w — H&loc of v¢ along any subsequence. Then
U‘OZ =0.
Remark 3. o Actually, the result of Casado-Diaz, Fernandez-Cara and Simon is established

in a 3-dimensional setting, i.e. for a function w € C'(R?). In this case, the “non-
degeneracy assumption” on w reads

Vyn € R2\ {0}, 3z, € R? Fc € R, w(zy+cyn) # wlzn),

meaning that w has no invariant direction.
e The Dirichlet wall law for system (NS¢) is therefore a mere consequence of Proposition 2.
Indeed, in the periodic case, it can be easily proved, thanks to energy estimates, that the

solution u® of (NS¥) is uniformly bounded in H},,..

The heuristics of the proof goes as follows: if v® is bounded in H', then the trace of v® on ¥
converges strongly in L? (up to a subsequence) towards v°|s, so that

s - v|pe = o(1).

Decoupling the macroscopic variable x and the microscopic variable y;, which describes the as-
perities of I', we obtain
0lzy=0 - v(y1)Ir = 0.

Hence, as long as v(y;) takes at least two different values, v°

vanishes on the lower boundary.

This result was then extended to arbitrary roughness patterns by Bucur, Feireisl, Necasova and
Wolf in [8]. In this article, the assumption of genuine roughness is expressed in terms of Young
measures. When recast in our 2D setting, it reads:

(H) The family of Young measures (duyl)yle]R associated with the sequence (W’(./g))8 is s.t.

dpy, # 6o (the Dirac mass at zero), for almost every y, € R.
Under (H), one can show that u locally converges in H!-weak to the famous Poiseuille flow:

uw(z) = (U%22),0), U°x2) = 6¢xa(l — z2)
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which is solution of (NS)-(Di). We refer to [8] for all details.

If the non-degeneracy assumption on the roughness is relaxed, then the flow may no longer
satisfy a Dirichlet boundary condition at the limit, as the (three-dimensional) examples in [9, 10]
show: these articles study the asymptotic behaviour of a fluid slipping on a rough boundary made
of ribblets (i.e. w is invariant in one direction, and “genuinely rough” in the other). The authors
then prove the validity of the Navier condition at the limit, with a slip length of order one.

Let us emphasize that the results of [11] and [8] are true for any sequence A%, and in particular
if A* = 0 (adherent boundary). However, in this case, the non-degeneracy assumptions on the
roughness are irrelevant, and the no-slip condition always holds in the limit, although we are not
aware of any weak convergence proof of this fact. Results giving an error estimate will be provided
in the next paragraph.

2.2. Rate of convergence

Error estimates for the Dirichlet wall law in the present context were first derived in a periodic
setting by Jiger and Mikelic in [19], in the case A* = 0. The authors prove that if u° is the
Poiseuille flow in the channel €2, then

[lu® — u0||Lz = O(e).

Let us emphasize that the work of Jager and Mikelic takes place in a bounded channel (with
given pressures at the entrance and the exit of the channel). In such a setting, the derivation
of L? estimates starting from a Dirichlet boundary condition on I'* does not raise any technical
difficulty: extending u® by zero below X, one infers that v® = u® — u satisfies

—Av + 3% VoF + 07 - Vil 407 - Vo' + Vg = f5, x € OF,
dive® = 0, z € QF,

2.3
’l)€|m2:1 = 0,/ Ui O, ( )

’UE|1"6 =0

where f€ is a source term of order /z in L?. This leads naturally to O(/€) estimates in H®.
Using a rescaled Poincaré inequality in R®, the authors infer that

1oF[sllzes) = Oe),  [[v°|n2(re) = O(*/?).

The O(g) estimate in L? then follows from classical results on the very weak solutions of the Stokes
system (or Oseen’s problem); the duality arguments leading to this estimate are recalled in [5].

These results were extended by Basson and the third author in [5], for an arbitrary profile w,
still in the case A* = 0. The difficulty then relies on the derivation of H&loc and LZIOC estimates,
which require truncations in x, since the domain Q¢ is unbounded in this direction. In fact, the
well-posedness of the system (NS¢) itself is not obvious.

In the case A®* > 0, additional assumptions ensuring that w is “genuinely rough” are necessary in
order to ensure a Dirichlet wall law, in the spirit of assumption (H). In [12], the last two authors of
the present paper derive error estimates for any sequence A° provided a Poincaré inequality holds

in the rough part of Q¢ namely
(H’) There exists C > 0, such that for all 2-D fields u € C° (E) satisfying u - v|r = 0,

lullz2(ry < CVullL2(r)-

Notice that this inequality is strongly related (almost identical, in fact) to the “uniform rugosity
effect” in the recent paper by Bonnivard and the first auhor, [6].
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The arguments leading to error estimates in [5] and [12] follow the work of Ladyzhenskaya and
Solonnikov [22]. The idea is to prove by backward induction on k that

E, < Co¢*(k+1)e, Cp large enough, (2.4)
where

where Qf = Q° N {|z1| < k}. Once the bound on the Ej’s is proved, using it with k = 1 yields
E; < C ¢%¢, and thus provides a O(y/z) bound in H}

uloc*

Let us explain briefly how (2.4) is derived. First, for n € N, an approximate solution of (2.3)
in a truncated channel 5 = Q° N {|z1| < n} is constructed with f¢ = 1ps(—12¢,0) and with

U76_|[‘€ = )\E(D(UE)V)T‘FE, v°® 'l/|[‘€ =0

as boundary condition on the rough surface, where v, denotes the tangential part of v. The system
is supplemented with the following jump conditions at the interface %

[0%lls =0, [=D(v%)ez + ges]|ss = (—6¢,0)
and with Dirichlet boundary conditions on the lateral boundaries {z; = +n}. In order to lighten

the notation, this approximate solution is denoted by v in the rest of this paragraph.
Multiplying (2.3) formally by v, we obtain

| 1p@p + 0o [ el = - /|

As [[Vul||oo < C ¢, we obtain

P @v+vea’): DW) —
(®+®)D()/R

12¢)1)1 +/ 6(i)1)1.
n n n z5

ID@)1220:) < C¢ (Ilvllr2(os) I1DW)Iz2caz) + Vrelvllrzirs) + Valolleass)) - (2:5)

As v is zero at the upper boundary of the channel, Poincaré inequality applies, to provide
[vllzz0s) < ClIVlL2(as),

where C' depends only on the height of the channel. A rescaled version of assumption (H’) ensures
that
[vll2(re) < CellVollLz(rs)s (2.6)
[vllL2zs) < C'VellVollpe(rs)-

Eventually, using a homogeneous version of the Korn inequality (see [15,24]), we infer E, <
C’||D('U)||2L2(Qs )» so that, for ¢ small enough, we have the global estimate

E, < C¢*ne. (2.8)

Then the idea is to prove by backward induction on k that (2.4) holds uniformly in n. Inequality
(2.8) is used as the induction assumption; to go from k+1 to k, a truncation in x; is used, together
with energy estimates similar to the ones above.

2.3. Comparison of the assumptions on the boundary

When A > 0, as we already mentioned, assumptions on the roughness of the boundary are
necessary in order to retrieve a Dirichlet wall law. Assumption (H) is sufficient for I'-convergence
techniques, while (H’) ensures that error estimates hold.
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Let us now compare the two assumptions in the most common settings: it can be proved
(see [12]) that if w is Lipschitz, then

A
(H) < 34>0, inf / W (g1 + )dt > 0. (2.9)
y1 €ER 0

Therefore, the following facts are easy to check [12]:

e If w is periodic, or quasi-periodic and smooth (w € C?(R)), then (H’) holds if and only if
w is not constant.

e Assume now that w is random and stationary in an ergodic setting. Denote by (M, u)
the underlying probability space, and by (7, )y, cr the measure-preserving transformation
group acting on M. We recall that there exists a function F' € L (M) such that

w(yi,m) = F(ry,m), w1 €R, me M.
As in [5], we define the stochastic derivative of F' by
OmF(m) :=w'(0,m) VYm € M,
so that w'(y1,m) = O, F(1,,m) for (y1,m) € R x M.
Then
A
(H) < 34>0, essinfmeM/ |0 F (1ym)|? dt > 0. (2.10)
0

In general, the above assumption is more stringent than merely requiring that F' is not
constant almost surely.

On the other hand, in the stationary ergodic case, the family of Young measures associated with
the sequence w’'(-/¢) can be easily identified: indeed, according to the results of Bourgeat, Mikelic
and Wright (see [7]), for all G € C'(R) and for all test function p € L'(R x M), there holds

| e (Zam)) ctmm) dys dutm) = | BIGO,F)lolan.m) s d(m).

RxM

By definition of the Young measure, the left-hand side also converges (up to a subsequence) towards

/ (G dpy,Yplyr,m)) dy dp(m).
Rx M

As a consequence, we obtain
(G,dpy,) = E[G(0mF)] for a.e. y; € R.
Hence condition (H) is equivalent (in the stationary ergodic setting) to
E[|0,,F|?] >0, 1i.e. Fnon constant a.s.

We deduce that assumptions (H) and (H’) are equivalent in the periodic and quasi-periodic settings.
In the general stationary ergodic setting, however, condition (2.9) is stronger than (H), but seems
necessary in order to have quantitative error estimates.

3. NAVIER WALL LAW AT SECOND ORDER

In order to improve our description of u®, we must analyze the behaviour of the fluid in the
boundary layer. The starting point of this analysis is a formal expansion: we anticipate that, near
the rough boundary, we have

ut(z) = ul(x) + 6pev(x/e) (3.1)
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where u is the Poiseuille flow, and v = v(y) is a boundary layer corrector, due to the fact that
u®|pe does not satisfy either the Dirichlet boundary condition when A* = 0, or the slip boundary
condition when A® # 0.

Classically, the rescaled variable y belongs to the bumped half plane Q% := {y, y2 > w(y1)},
and by plugging the expansion in (NS¢), one finds that

—Av+Vp=0, ye
{ p y (BL)

dive=0, yeQ’

The boundary condition on Q% then depends on the scaling of A°. In this paragraph, we will
review mainly two cases:

e )¢ =0 for all € > 0 (adherent boundary): in this case, the boundary condition on 90" is
an inhomogeneous Dirichlet boundary condition, namely

vlr = —(y2,0); (BL-Di)

e inf..gA° > 0 (slippery boundary): in this case, the boundary condition on 9Q% is an
inhomogeneous Navier boundary condition, namely

(D)) = —=(D((y2,0))v),, yE€ alea

bl (BL-Na)
v-v=—(y2,0) v, yeIN",
where 1
i
y:yy = — —W y ,1
W) = s ).

is a unit normal vector.

In all cases, the inhomogeneous boundary terms come from the Poiseuille flow (22(1 — 23) & eys
near the boundary).

3.1. Well-posedness results for the boundary layer system

The first result of well-posedness for (BL)-(BL-Di) was proved by Achdou et al. in [1] (see
also [2,3]) for periodic roughness. These results were then refined by Jéger and Mikelic in [19] (see
also [20]) and by Amirat et al. [4]. If the function w is periodic, say with period L, the functional
setting for (BL) is clear: one looks for a solution in the space

L o)
{v e L} (%), vis L — periodic in y, / / |Vo|? dys dy; < oo} .
0 Jw(y1)

The well-posedness relies on a mere application of the Lax-Milgram Lemma.

If the roughness is not periodic, on the other hand, the boundary layer domain becomes un-
bounded in all directions, which prevents the use of functional inequalities such as the Poincaré
inequality. The construction of boundary layers in a random and stationary environment for sys-
tem (BL)-(BL-Di) was achieved by Basson and the third author in [5] (see also [16]). However,
the method of [5] relies on the use of the random environment; the boundary layer term is not
constructed for any realization of the rough boundary, but is intrinsically probabilistic.

This difficulty was overcome by the third author and Masmoudi in [17] for the boundary con-
dition (BL-Di). The two main steps of the construction are the following:

(1) One replaces system (BL) by an equivalent system, set in the channel
Qb = QY N {y < 0}

This equivalent system involves a nonlocal boundary condition at y, = 0, with a Dirichlet-
to-Neumann type operator.
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(2) Once brought back to the channel Q= one can derive energy estimates and follow the
same general strategy as in the previous section, based on the truncated energies
Ey = vl

iz(Qzl’_) + ||VU||12(921,—) + ||D(U)||12(Qzl—)

The first step relies on the notion of transparent boundary conditions in numerical analysis.
The formal idea is the following: the solution v of (BL) satisfies the boundary value problem
—Av+Vg=0, y» >0,
V-v=0, y2 >0, (3.2)
V]y,=0 = o,

where v9 = vly,=0. Using the Poisson kernel for the Stokes problem in a half-plane, we have the
representation formula:

v(y) = /RG(t,yg)vo(yl —t)dt, q(y) = /]R Vy(t,ya) - vo(yr —t)dt (3.3)
2y2 yi v1v2 2y,
where G(y) = ——22 (v wnp), S -
ere (y) W(y% T y§)2 (yl ys 2 ) 9(y) w(y% T y%)

Thanks to this representation formula, we can express the stress
(Ovv — qU)|y,=0 = —02v + ge2
in terms of v at yo = 0. Formally, this leads to some relation
(=020 + gea)|(y,=0y = DN (v]y,=0})

for some Dirichlet-to-Neumann type operator DN. Hence, and still at a formal level, we can
replace the system (BL)-(BL-Di) by the following system in Q°:
—Av+Vqg=0, ye~,
V.ov=0, ye,
v=—(y2,0), y €I,
(=020 + qea)|(y,=0y = DN (vl(y,=0})-

(3.4)

Performing energy estimates as in the previous section, in the spirit of the work by Ladyzhenskaya
and Solonnikov [22], leads to the existence of a solution v of (BL)-(BL-Di) in H}.,(Q") such that

sup / |Vo]? < +o0.
k bl

k,k+1

The case of the boundary condition (BL-Na) has been treated by the last two authors in [12],
using arguments similar to the ones above. The main difference comes from the lack of a Poincaré
or Korn type inequality in Q% ~, since the Dirichlet boundary condition is replaced by a Navier
condition. Therefore an additional assumption is required in order to ensure the uniqueness and
existence of v, namely

(H”) There exists C > 0, such that for all 2-D fields u € C'° (E) satisfying u - v|r = 0,

1
lullzzmy < CIDWL2m),  D(w) = 5 (Vu+ (Va)').
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This assumption is related to the paper by Desvillettes and Villani [14], in which the authors prove
that for all bounded domains  C RY which lack an axis of symmetry, there exists a constant
K () > 0 such that

[1D(w)[r2(0) = K(Q)[|VullL2(0)

Vu e HY Q)N st u-v|pq = 0.
As in [14], it is proved in [12] that condition (H”) expresses the absence of rotational invariance
of the boundary I'. Let us stress that this notion is related, although not equivalent, to the non-
degeneracy assumption (H’): it is clear that (H”) implies (H’). However, the converse does not
seem to hold in general. In a periodic setting, both inequalities are equivalent to the condition “w
not constant”.

3.2. Definition of the slip length

The solution of (BL) now at hand, the Ansatz (3.1) shows that we still need to understand
its behaviour as y» goes to infinity in order to derive a wall law. In the periodic context, Fourier
analysis shows that solutions of the Stokes system (3.2) converge towards constants as ya — o0.
Moreover, the constant is equal to

/ v(y1,c) dy
T

for all ¢ > 0, and because of the divergence free condition, it can be proved that

/vg(yl,O) dy; = 0.
T

Additionally, the Fourier coefficients corresponding to non-zero modes in y; all converge towards
zero asymptotically fast. Setting

o= / Ul(yl,O) dyl,
T

v (g) ~ (o, 0)

up to exponentially small terms, as soon as y2 > . This leads to a Navier wall law of the type
(Na) with A = 6ag, for which we will give some error estimates in the next paragraph.

we thus obtain

In a general setting, such a convergence does not always hold: a counterexample is constructed
in [17] for the Stokes system (3.2). When transposed to the original system (BL) this suggests
that there may be some w for which v does not converge transversally to the boundary. For the
corresponding rough channels, the Dirichlet boundary condition can certainly not be improved.
Therefore, in order to retrieve a Navier wall law, an additional ergodicity property must be added.
The following result is proved in [5] in a random stationary and ergodic setting:

Proposition 4. There exists « € R such that the solution v of (BL)-(BL-Di) satisfies
v(y) — (a,0), asy2 — 400,

locally uniformly in y1, almost surely and in LP(M) for all finite p.

This proposition is based on the integral representation (3.3), and the ergodic theorem. It
remains true for the system (BL)-(BL-Na) (the condition at the rough boundary does not play
any role beyond ensuring that the second component of the limit velocity is zero).

From this convergence result, the last two authors have derived in [12] a series of estimates
on v, using an idea developed by Souganidis [25]. The difficulty is that the use of the ergodic
theorem in Proposition 4 prevents from deriving convergence estimates in Liloc(le), for instance.
However, this difficulty can be bypassed by using norms of the type

1 R oo 1/2
30D ——r / / () — (0, 0)2dy |
R>1 R1/2 ( —RJw(y1)
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which are weaker than L2, .

The main estimates derived in [12] are the following:

Lemma 5. e Regularity estimate: Let 3 € N2 be arbitrary, and let v be the solution of
(BL). Then for all a > 0, there exists a constant C, depending only on the Lipschitz
constant of w, on B and on a, such that

k+1 %) 9
sup/ / |V'@Vv| <C.
keZ Jk a

e (Convergence estimates: almost surely,

1
sup R [v(-/e) = (a70)||L2(QR) =o(1),

R>1
1 o x’l 1) ’ (Z‘l 1)
sup ——- vo | —,— | dz v|—,— | —« =o(1).
RZIi R/2 (H/O ’ ( € ¢ ! "\e'e H3(—R,R) W

Let us also mention that it is possible to derive upper and lower bounds for the “slip length”
a. Such bounds were established by Achdou et al. [2] in the periodic setting. They are still valid
in the random stationary case. Along the lines of [3], one can prove: for w € C?(R) N W2 (R),

H3(—R,R)

—supw < a < —infw. (3.5)
R R

3.3. Proof of convergence

Once the slip length is defined, there remains to derive estimates for the difference u® — u”,

where u” is the solution of (NS)-(Na) with A = 6ae. The idea is to introduce an approximation
of u® defined as follows:

oy @) = 00(@) 6620 (T) 4wl (@) +er(a) + 665" (2)

where the correctors u! and r¢ ensure that ug,, satisfies the Dirichlet boundary condition at
the upper boundary and the zero flux condition. The term v' is a boundary layer term which
compensates the tangential trace of u® + 6¢ev at the rough boundary?.

Additionally, u! is intended to be O(1) while r¢ = o(1).

> The term u! is the solution of

—Aut 440 Vul +ut VUl +Vpl =0, z€Q,

V-ul=0, z€Q,

u|1x2=0 = Oa u‘l;@:l = (*6¢O¢, 0)5

[, ur = —6¢a.
Notice that we assume that u! satisfies a no-slip condition at the lower boundary. This stems from
the non-degeneracy of the frontier I'*: in order that the non-penetration condition is satisfied at
order e, u' must vanish at x5 = 0. We recall that the same argument led to the no-slip condition
for u® at x5 = 0.

Hence the vector field u! is a combination of Couette and Poiseuille flows:

ui(z) = 6¢(—4daxs + 3axd), wus(z)=0, z€Q
and we extend u! by zero outside .

11t can be checked that this extra boundary layer term is needed only when the original slip length A® is of order
one.
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> The additional boundary term v' solves the system

—Av! + Vg =0 in Q¥
vt v =(y3,0)-v onT,
AU(D(WHr)r = (v + (y2,0))r + A°(D((y3,0))v); on T,

under the condition

sup / |Vol|2.

keZ lek+1
Using the same techniques as the ones briefly described above, energy estimates in H! loc(Qb_l) for
v! can be proved, leading to existence and uniqueness of v!. Additionally, there exists 3 € R such
that

lim Ul(ylay2) = (ﬁa 0)
Y2—00

almost surely, and exponentially fast in the periodic case.

Notice that to simplify the presentation, we have chosen A* = A% > 0.

> Part of the quality of the approximation is limited by the corrector term r¢. The idea is to
choose a vector field r¢ € HZ () satisfying
V.re =0,

_ _ 1 1(z 1

fozzo_o’ riszrg 1 _6¢ [(O& 0)—1}(?1,g) —&v (%’E)] )
fgrf = _f s\gul 6¢f (v1 + evt)(z/e) + 6,

Of course, the precise definition of 7 depends on the model under consideration: for instance,
n [19], there is no condition on the flux of u®; however, the pressures on the lateral boundaries
of the bounded domain are prescribed. Therefore, in that case, r® rather takes the form of a
boundary layer corrector located on the lateral sides of the domain.

In the periodic case, v(y) converges exponentially fast towards («,0) as ya — o0, so that

Tan=1 = 0(e), /Uri = 0(e).

Hence in this case, it is possible to find a vector field r¢ such that 7 = O(e) in H?. In the
general stationary ergodic case, however, no rate of convergence is known for the convergence of
the boundary layer term. Therefore the only available estimate on r¢ is

1
o1 izl @ngzi<ry = o(1) and [[rf w2 (o) = O(1).

The construction of such a function ¢ is given in [5], and the above estimates in the stationary
ergodic case are derived in [12].

Let us also mention that in [16], the third author studies the case when the rough boundary
has no correlation at large distances. In this case, the convergence of v towards (a,0) is much
sharper than in the general random case, and in particular, it can be proved that

1=l 2, ) = O("/?|In(e)[2).
By construction, the function ug,, satisfies

—Aul o +us - Vul o 4+ VpL o =divGE+ ¢ in Q°\ X,

app app app app
uapp|$2 1 =0,
uapp vipe =0,
(uapp) |F€ )‘0( (u pp)y) |FE +g y

[Uzpplls =0, [D(uapp)eg —p 62] |s = D(er® + eules|s =: ¢°
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o = o () e () )
#2000 () ot () ) e
£ (ool (Q) e () o) 2 (oo (0 (2) == (2) +)

fo=—eAr®, g° = 6¢(*v! (z/e) — (23, 0))r |-

The error terms satisfy estimates of the type

IG5 =o(e), £l =o0(e), ¢l =ole) +O(g), llg°ll = O(e?)

in adequate norms (we refer to [12] for more details). Setting w® = u® — ug,,, we obtain
—Aw® + (u° - V)w® + (0 - V)ug,, + Vg¢© = —div G° — f* in Q°\ X (3.6)

and w*® satisfies the same boundary and jump conditions as ug,

Writing energy estimates on w® in the same spirit as in Section 2 leads to

sup R1/2 [|u® — ;ppHLQ(Qm{WSR} =o(e) almost surely.
In the periodic case, this estimate becomes (see [19])
3/2
”u 7uapp||L . O(E / )
On the other hand, the function u?V is explicit, namely
l+ea o 1 e

N = (6¢UN($2)70) with Uy (z2) = 1+ 45a$2 + 1 +4€ax2 * 1+ 4ea’
so that
uN =’ + 6¢e(,0) +eu' + 0(?) in L},.(Q).

From there, we obtain

SuP Rl/? ||'LL UEHL2(Q§%) = 0(5) almOSt Surely

in the random stationary case, and ||u® — uNHLzl = 0(£%/?) in the periodic case. In the ran-
dom case with no correlation at large distance [16], the estimate becomes |u® — uV|| 2 e =
O(*/?[1n(e)['/?).

4. OPTIMIZING THE SLIP IN A PERIODIC SETTING

This section is concerned with the optimization of the slip length «, starting from the boundary
layer system (BL)-(BL-Di). We prove that for adherent boundaries, i.e. boundaries on which the
fluid satisfies a no-slip condition (A\° = 0), the roughness does not enhance slip. Our result holds in
two-dimensional and three-dimensional settings. In three dimensions, we merely replace (BL-Di)
by

vlr = —ya(en,0), (4.1)
for some ej, € R4™1, |ey,| = 1; notice that if we take d = 2 in (4.1), we retrieve (BL-Di).
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e We start by making precise the setting of our study. Let w : T¢"! — R be a continuous
function (d = 2 or 3), and let

le = {(yhvyd) S Tdil X Ra Yd > (.U(yh)}

When \* = 0, the boundary layer system is (BL)-(4.1). It has a unique solution v € H} (%)

such that
/ |Vv]? < oo,
Qb

which we denote in the rest of this section by v, (-; ep).
It can be checked that there exists a matrix M = M(w) € My_1(R) such that

Mep = lm vy, (Yn, yasen) = (Vw,n(-, cien))
Yd— 00

where ¢ is an arbitrary constant chosen so that ¢ > supw. The homogenized Navier condition at
the lower boundary is then

ui|$d:0 = 5Madui|zd:0~

The slip length, which we wish to optimize, is defined as

a(w) = sup (Mep, ep) .
ehERd71,|6h|:1

The goal of the present section is to maximize a(w) among all roughness profiles w. However
this optimization only makes sense provided the average of w is prescribed: indeed, it can be easily
seen on system (BL)-(4.1) that for all H € R, y € Q%

Vot 7 (Yn> Yai en) = Vo (Yn,ya — Hsen) — H(ep, 0).

Hence M (w + H) = M (w) — HId and therefore a(w + H) = a(w) — H for all H € R: translating
the rough surface results in a translation of the slip coefficient. Therefore, instead of maximizing
«, wWe maximize
6(w) = aw) + (@)
this amounts to prescribing the average height of the rough surface. In terms of the original system
(NS9), this is equivalent to working with a given volume for the channel Q°.
Our result is the following:

Theorem 6. o The supremum problem is well-defined:

sup &(w) < +o0.
w€eC(T?)

o Maximum slip coefficient is achieved for flat surfaces:

wg{l}igg)&(w) =a(0) =0.

Remark 7. (i) This theorem means that the roughness does not enhance slip for adherent sur-
faces.  In other words, the Navier wall law should really be seen as a means to effectively
compute the velocity of the fluid, but not as the expression of an increase of the surface slip.

(ii) The above theorem implies in particular

a< —(w),

which is more precise than the previous estimate (3.5) (see [3]).
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Proof. We give two different proofs of the Theorem. The first one is very short, and relies merely
on a Poincaré inequality. The second is slightly longer, but more general, and could probably be
adapted to other contexts. Therefore we have chosen to include it in the present paper.

o Reformulation of (BL)-(4.1) and associated energy.

First, notice that thanks to the invariance by translation of the function &, we can always
assume that we work with functions w such that supw < —1/2, for instance, so that the rough
boundary does not intersect the surface yq = 0.

In order to reduce the problem to a scalar equation, it is easier to work with homogeneous
boundary conditions. Hence we define

uw (Y5 en) = vo(ys en) + yalen,0)1y,<o-
The function wu,, satisfies

—Au, +Vp=0, ye\x,
div u, =0, ye QY

Uw‘l—‘ = 0;
[uwHE = Oa
[Oyyuw — pea]ls = —(en, 0),

where ¥ = T4~ x {0} and [f]|s = f(yn,07) — f(yn,07). The above system is the Euler-Lagrange
equation associated with the energy

1
E(ujep) = 3 /le \VU\Q —/guh -ep,

weH, :={uecH Q) ulr =0, divu=0}.
On the other hand,
(M(w)en,en) = (Vunls-en) = (Uonls - en)

1 ) 2
1] /QM [Vuy,|® = —7|Td71|E(uw;eh)
2

= e urg%ﬁ E(u;ep).

These identities prove that the supremum is well-posed, and also lead to the first proof of the
Theorem. Indeed, for all y;, € T4,

0
Uy (Yn,0) = / Oatte;(Yn, ya) dya,
w(yn)

so that, using the Cauchy-Schwarz inequality,

0
/Uw,h'eh = / / Ot h (Yn»Ya) - en dy
b3} Te=1 Jw(yn)
1/2 0 1/2
(/ IW(yh)ldyh> (/ / Iaduu,h(ymyd)-ehIQdy)
T~ ra-1 Joy)
12 1/2
[ wtom) dun ( / |Vuw|2>
Td—1 Qv

IN

IN
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Eventually, we infer
(M(w)en, en) = (vo,nlz - en) <[ (w) ],
and thus a(w) < | (w) |. Therefore
a(w) <0 Vw.
Since &(w) = 0 if w is constant, the theorem is proved.

o Alternative proof based on the study of a scalar problem:

133

In order to simplify the presentation, we assume from now on, without loss of generality, that
IT?='| = 1. The idea is the following: since v, is scalar when w is constant, we study the
optimization for a scalar problem associated with (BL)-(4.1), and we prove that the optimum in

the scalar case is attained by a flat boundary.

First, we deduce from the equalities of the previous paragraph that for all e, € R%~! such that

|eh| =1,

sup  ((M(w)ep,en) + {(w)) =—2  inf ( min E(u;ep) — % <w>> .

weC(Tad—1) wel(Td—1) \u€Hy

Obviously, for all u = (u1,--- ,uq) € Ha,

/ Vul? > / V(- en) 2,
Qb Qb

1
min E(u) >  min 7/ |Vu-eh|2—/u~eh .
ueH,, uer' (2%, \ 2 Jaou b

u|p:0

so that

Hence we now consider the minimization problem

1 1
I := inf i - Vgl* - / - = .
1 wecl(IrJlrdegeI_'IIrlltggz)’ (2 /le | g| Zg 2 <w>>

glr=0

Notice that the function g above is scalar.
For y, € T4t g € HY(QY), define

1
Flg;yn] == =

e 1
5 | 990 doa = ghu-oln) — ()

(vn) 2

By definition,

I = inf min Flg; dur .
1 weC(Ta1) ge FIH (%), Jpa—1 [9 yh] Yh
glr=0

For all g € Hl(fo) such that g|r = 0, there exists g, € T¢~! such that

Flg;yn] < Flg; yn] dyn.
Td—1

Let

g(y}uyd) = g(ghvyd)v
@(yn) = w(Yn)-
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Then g € H(QY), and Ilya=ayn) = 9(Un,w(Fn)) = 0. Using the definition of g together with
the fact that g does not depend on y;,, we infer

1 1
7/ |v9|2—/g—f<w>=/ Flg, ya] dys
2 QZZ » 2 Td—l

1 [ B 9 B 1
> - IV9(@n, ya)l* — 9(Un,0) — sw(Tn)
2 w(Fn) 2
1 [ B 9 _ 1
> 5 IVa(yn, ya)l” — g(yn,0) — s@(yn)
2 Jatyn) 2

1 1
= = Vi - [ - = (@).
2[%|9| Ag 5 (@)

Hence the minimum in [; is attained for constant w and for g which does not depend on y,:

P . {/WW 2y H
= 1 min - — -0 — — |-
1 H<0 gEHl(H,oo), 9 - dd 9lya=0 9

gldeH:O

In conclusion, we have proved that

1 [ H 1
inf  min (2/ 1049]* = gly,—0 — 2) < inf (min E(u;ep) — 3 (w)) .

H<0geH' (H,0), H = wec(Td-1) \ueH.,
glyd:H=0

On the other hand, for H < 0 and g € H'(H,00) such that g|,,—x = 0, let u = g(ex,0). Then

u € Hy and
1 1 [ H
Bluien) = 5 ) = 5 [ 10a9F ~glumo =5

Hence

1 [ H 1
inf min </ 1049]* — glyg=0 — > > inf (min E(u;ep) — 3 (w>) .

H<0 e[ (H,00), \2 JH 2 weC(Tdé—1) \ueM.,
glyy=m=0

Eventually, we deduce that

1 [ H
su a(lw) = -2 inf min f/ d4q|%* — — —)
wéC(Tgfl) ) H<096H1(H700)7(2 H 109" = =0 2
g|yd:H:0
= 0=a(0).
O
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