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BOUNDARY LAYER CORRECTORS AND GENERALIZED POLARIZATION
TENSOR FOR PERIODIC ROUGH THIN LAYERS.
A REVIEW FOR THE CONDUCTIVITY PROBLEM.

CLAIR POIGNARD!

Abstract. We study the behaviour of the steady-state voltage potential in a material composed of a
two-dimensional object surrounded by a rough thin layer and embedded in an ambient medium. The
roughness of the layer is supposed to be ¢*—periodic, € being the magnitude of the mean thickness of
the layer, and « a positive parameter describing the degree of roughness. For ¢ tending to zero, we
determine the appropriate boundary layer correctors which lead to approximate transmission conditions
equivalent to the effect of the rough thin layer. We also provide an explicit characterization of the
polarization tensor as defined by Capdeboscq and Vogelius in [9]. The present paper revisits the
previous works of the author [11,13,16,17], and it also provides new results for the very rough case
a>1.

Résumé. Dans cet article, nous considérons le probléme de conduction dans un domaine bidimen-
sionnel composé d’une fine membrane rugueuse entourant un domaine conducteur, le tout plongé dans
un milieu ambiant de conductivité différente. La rugosité de la membrane est supposée e*—périodique,
€ étant I’épaisseur moyenne de la membrane, et o un parameétre positif décrivant le degré de rugosité.
Nous déterminons des correcteurs de couche limite conduisant a la construction de conditions de trans-
mission approchées lorsque le parametre € tend vers zero. Nous donnons aussi une caractérisation
explicite du tenseur de polarisation défini par Capdeboscq and Vogelius dans [9]. Cet article revisite
des résultats précédents de auteur obtenus dans [11,13,16,17], et présente de nouveaux résultats pour
le cas tres rugueux o > 1.

1. INTRODUCTION AND HEURISTICS

This paper is a review of boundary layer correctors and generalized polarization tensors for the steady-state
potential in a dielectric material with a rough thin layer. The roughness of the layer is supposed to be £*—
periodic, and the mean thickness of the layer is of order ¢, € being a small positive parameter, and « a positive
parameter describing the degree of roughness.

Several papers are devoted to periodically rough boundaries and derivations of equivalent boundary condi-
tions [1-3,14]. In a recent article, Basson and Gérard-Varet [6] derived approximate boundary conditions for a
boundary with random roughness. The analysis of these previous papers is essentially based on the construction
of the so-called “wall law”, which is a boundary condition imposed on an artificial boundary inside the domain.
The wall law only reflects the large-scale effect of the oscillations. Note also that in chapter 8 of the book [15],
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Marchenko and Khrushlov presented equivalent boundary conditions in the very general framework of elliptic
operators with even degree using homogenization techniques.

The core of the present paper consists in deriving transmission conditions equivalent to the rough thin layer
in the periodic case. Compared to equivalent boundary conditions, the derivation of equivalent transmission
conditions leads to several difficulties in the definition of the boundary layer correctors. In particular, a naive
approach coming from wall law derivation techniques can lead to ill-posed problems satisfied by the boundary
layer correctors. In addition, we aim at deriving accurate global error estimates, valid in the vicinity of the
rough layer, by treating in the same way the weakly oscillating thin layer and the very rough one. We also
provide explicit characterizations of the so-called polarization tensor defined in [4,5,9]. Actually we aim at
showing that the derivation of the boundary layer correctors is very efficient since it provides simultaneously an
explicit characterization of the polarization tensor and an accurate description of the electric potential in the
vicinity of the inhomogeneity, while the variational techniques as used by Capdeboscq and Vogelius [9] provide
estimates only far from the roughness. Note however that the framework of [9] is far more general since it deals
with any Lebesgue measurable small inclusions, whereas here we consider the particular case of a rough thin
layer.

For o < 1 several results have been obtained for the conductivity problem [11,16,17]. We aim at revisiting
these results using a general framework that allows to treat similarly the three cases @ < 1, a =1 and o > 1.
We emphasize that for & > 1 only weak results have been obtained in [13] by using two-scale convergence
techniques, in the sense that no error estimate has been provided for the approximation. In this paper we push
forward the analysis by defining the boundary layer corrector for « > 1 and by proving error estimates for
a € (0,2): far from the layer, we recover the results proved in [13], while in the neighborhood of the roughness
the boundary layer corrector provides an accurate description of the potential.

Notation 1.1. We now detail the notation used throughout the paper.

o All the closed curves are trigonometrically (counterclockwise) oriented.

e We generically denote by n the normal to a closed smooth curve of R? outwardly directed from the
domain enclosed by the curve to the outside.

o Let C be a curve of R?, and let u be a sufficiently smooth function defined in a tubular neighborhood of
C. We define ul|e+ by

Ve eC, ulex(z) = tliI(I)l+ u(zx £ tn(x)),

and Opulc+ denotes

Ve elC, Ohulex(z)= tli%l+ Vu(z £ tn(x)) - n(z).

where - denotes the FEuclidean scalar product of R2.
o The jump [u]c of a function u defined in a neighborhood of the curve C is given by

[“]c = ule+ — ule--

Let Q be a smooth bounded domain of R? with connected boundary 9. Let ¢ > 0 and a > 0 be small
positive parameters. We split  into three subdomains: D!, D™ and D?. The domain D! is a smooth domain
strictly embedded in 2 (see figure 1), and we denote by I its boundary, which is a connected smooth curve.

By convention the length of I' equals 1. Parameterize I' by its curvilinear abscissa denoted by W. Let x be
the curvature of I' and n its normal vector. Let f be a smooth 1-periodic and positive function. Note that
this assumption can be weakened, after appropriate modifications in the following analysis. Moreover for sake
of simplicity, we suppose that 1/2 < f < 3/2. The domain D" is a thin oscillating layer surrounding D*. We
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FIGURE 1. Geometry of the problem

denote by T'? the oscillating boundary! of D
e =0D \T ={V(0) +cf(8/e*)n(d), 6€T}.
The domain DY is defined by
DY =Q\ (DLUD™).
We also write
DY =\ DL

We define the piecewise-constant functions o€, o : 2 — R by

; 1
o1,if z€D .
. T ’ o1, if z € DY,
0°(z) =1 o, if z€ D™, o(z) = ) 0
. 0 09, if z € D,
0o, it z € D,

where 01,0, and o( are given positive constants. Let g be a sufficiently smooth function on 9 and denote by
uf the unique function satisfying

V- (6°Vu) =0, in Q, (1a)

uloq = g, (1b)
and by u° the background solution:

V- (oVu’) =0,in Q, (2a)

uo‘ag =4d. (2b)

For the sake of simplicity we suppose that g is a smooth function, but this assumption can be weakened to
g € H*(0Q) for s large enough. According to Capdeboscq and Vogelius [9], there exists a matrix M,,, the

1To ensure that I'? is a closed curve the small parameter €* must equal 1/N, for some N. € N, which tends to infinity as
goes to zero.
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so-called generalized polarization tensor, which is symmetric definite positive and such that almost everywhere
far from the inhomogeneity, which is here the rough thin layer, we have:

) = 00) = <lon — o0) [ Mo () (GG ) ) s+ ofe),

where G is the Dirichlet function defined by

V- (onG(:c,y)> = —J,,in Q,
G(z,y) =0, Va e .

In this paper we provide an explicit characterization of the polarization tensors for rough thin layers for any
a > 0. The parameter o can be seen as a roughness parameter: for a = 0, the layer is not rough, for a = 1 the
roughness is of same order of the thickness of the layer, and a > 1 describes very rough thin layers.

For a > 0, denoting by § = min(«,1), we define the boundary layer corrector (*A,“a) by (14), which
explicitly characterizes M,:

(0% «@
Mozt (T ).
the vector D? being defined by (29). We emphasize that even for a < 1 the matrix M, is of order 1 since,
according to estimate (15), the quantities “a and D? are of order e!7%. Note the boundary layer corrector
(*A, “a) will be useful to obtain estimates in a neighborhood of the layer (see theorem 3.1).

The outline of the paper is the following. We first rewrite the problem in appropriate coordinates to make
appear clearly the boundary layer corrector. We then derive formally the asymptotic expansion of u® at the
first order in section 2. This section is the core of the paper since it precisely describes the boundary layer
correctors for any o > 0. Section 3 is devoted to the proof of the error estimates for a € (0,2), and we also
link the first boundary layer corrector and the generalized polarization tensor in this part. We end the paper
by providing the leading term of the boundary layer corrector for @ # 1 in section 4. In particular, for very
rough thin layers, using the two-scale limit of the boundary layer corrector we retrieve the characterization of
the polarization tensor given by Ciuperca et al. in [13] and an accurate description of the potential near the
roughness is also available, as proved by theorem 3.1. In the concluding section we provide a link between
the results presented in the paper and these of Capdeboscq and Vogelius presented in Proposition 3 of [10],
where the cases of thin parallel rectangle inhomogeneities for two different cases are discussed: the case of very
oscillating inhomogeneities and the case of slowly oscillating domains.

1.1. Heuristics of the derivation of the transmission conditions

The results provided in the present paper deal with quite general geometry of rough thin layers, as described
previously. Since the derivation of the asymptotic analysis is technical, we present now the heuristics of the
analysis on a model problem to clarify the purpose. We refer the reader to the paper of Allaire and Amar [3] to
understand the difference between the derivation of equivalent boundary conditions and transmission conditions.

As proposed in [3], we consider in this paragraph the geometry of the model problem given by figure 2, where
T = R/Z. It consists of the cylindrical domain (—1,1) x T with null curvature, in order to deal with simple
expressions of the involved differential operators and normal vectors. We emphasize the relevance of this model
problem since all the analysis to treat the general case will consist of appropriate changes of variables in order
to recover the configuration of the model problem.

The normal ng to the curve {n = 0} outwardly directed from O; to its outside is simply

o= ()
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ol (1.6) € (—1,1) x T

[
0? or
e* @
W 15
01

FI1GURE 2. Geometry of the model problem

while the normal n. to the rough curve {(¢f(0/c,0),0 € T} writes

1 1
Ne = a o |-
VI+e o f(0/e) ( f'(6/ >>
Therefore, the solution to problem (1) is nothing but the continuous —periodic function wu. that satisfies

33% + Oju. =0, in the three domains,
00 (anus - El_af/(e/ga)(%%) |n+:sf(0/s”) =0m (5,,u6 - El_af/(e/ga)a@ug) ‘n*:sf(@/a‘*) ’

0-7n877u8|7720+ = 0'087;u8|7720*7
and the difference w, = u. — ug is the continuous function that satisfies

82105 + 0w, =0, in the three domains, (3)
. 1 1 aa:uO
TOtelaestoren = O = ) = (—el—af'(e/e%) ‘ (%ua)
_ 1 8xu0

Since Vuo|zf(./e) ~ Vuglo+, equation (4) shows that at the order O(¢) the fast and slow variables are uncoupled.
The idea of the asymptotics is to introduce a corrector that takes advantage of this uncoupling. Setting
8 = min(1, «), we introduce the pair (®A, “a), where A is a vector field of R x T and “a is a constant vector,
defined in the infinite strip R x T by

n=ef(0/e*)

—o+

AX,yaA = 0, in R x T\ (Co U Cﬁ;l),

o o 1 1
oV Rley, s = omVxyhle, neon = e G (—elaf’w/saﬁ))’

1
Uva,YaA|cg- ‘N, — Ule,YaA|CO— “Ne, = — (O) ,

“A —X—-—00 07 “A —X—+o00 “a.

in the geometry given by figure 3.
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FIGURE 3. Rescaled strip. § = min(1, o).

Then, the function uF* defined as

(“A(n/eP,0/P) —a) , if n > 0,

ul (1,0) = (0m — 00)e” V| g+ - {aA(n/sﬁ,9/55)7 if n <O,

should adjust the jumps (4)—(5) at the order €, but it generates an error on the boundaries || = 1 and on the
jump of the Dirichlet traces, that are a priori of order e®. We will show that this error is actually smaller, at
least for v < 2 and therefore, that this formal derivation leads to a rigorous approximation of u. by ug + ufL.
Moreover, we push forward the analysis by providing the approximation at the order ¢ in H'-norm, which is
the energy norm from the physical point of view.

1.2. The equivalent problem in a tubular neighborhood of I

It is convenient to write problem (1) in a smooth tubular neighborhood €4, of T’ (see figure 4), given for
some distance dg such that?

1
do < ——,by Qu, = {z €Q, dist(zT) < do},

[1£]loo

where k is the curvature of I', which is a smooth function of the curvilinear abscissa 6. By definition of dy, the
normal rays of I' do cross in the domain g, .
Denote by I'_4, and I'y, the closed curves respectively defined by

T_g, =004, N Dl, Lgy = 0Qq, N Dg
We consider the following Steklov-Poincaré operators Lo, £1 and 7:

Ly: Hl/Q(F—do) - H71/2(F—d0)7
‘CO : H1/2(Pdo) - H_1/2(Fd0)7
T HY?2(0Q) — H™Y2(Ty,).

2We use the notation
[l&]loc = sup |k (8)].
0T
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2

FIGURE 4. Tubular neighborhood €24, 0f the layer

Using the convention of the direction of the normals (see notation 1.1), we define the operator £1 by

_ Ou

vdj S Hl/Z(F—do)v l:l(d)) - %

)

F*dO

where u is the harmonic function in Q\ (D% U Q4,) equal to ¢ on I'_y,. The operator Ly is defined by

Vo € H'?(Ty,), Lo(¢) = —

where v is the harmonic function in Q\ (D! U Qg4,) equal to ¢ on I'y, and vanishing on 0. Similarly .7 equals:

ou

vx e HIA09), T() = - -

)

FdO

where w is the harmonic function in Q \ (D' UQy,) equal to x on 90 and vanishing on I'y,. Moreover, the
operators .7, Lo and £, satisfy the following inequalities, for a dy-independent constant C':

Vg € H1/2(5Q)7 |99|H71/2(rd0) <C |9|H1/2(aQ) ) (6a)
Vu € Hl/Q(Fdo)a |£OU|H71/2(F%) <C |u|H1/2(FdO) ) (6b)
Vu € Hl/Q(F—do)7 |Llu|H—1/2(r7dO) <C |U|H1/2(r7d0) ) (6c)

and the following coercivity inequalities hold:

Yu e HY2(Ty,), (Lou,u)Lz(FdU) >C |“|i11/2(1“d0) , (6d)
Vu € Hl/Q(F—do)) (£1u7u)L2(F—dU) >C |u|§{1/2(1‘—d0) : (66)
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Problem (1) is then equivalent to

V. (6Vu®) =0, in Qq,, (7a)
anuE|Fd0 + £0u8|Fd0 = _ygu on Pd(n (7b)
Onuflr_,, — L1uflr_, =0, 0on g4, (7c)

1.3. The problem in local coordinates

The goal of this paragraph is to write problem (1) in the coordinates that live in a domain similar to the
domain given in the heuristics of paragraph 1.1.
Denote by @ the smooth diffeomorphism
V(n,0) € (—do,do) x T, ®(n,0) =¥ (0) + nn(0).

Since dy < 1/||£|lco, the open neighborhood of I' denoted by €4, can be parameterized as follows:
Qa, = {(n,6), (n,0) € (~do, do) x T}.
Let O = (—do, dp) x T and denote respectively by O!, O™ and 0? the domains:

O = (=dp,0) x T,
or ={(nf(8/e").6): (1.0 € (0,2) x T},
ol=0\0tuor,
We also denote by O° the domain O\ O!. Define the oscillating curve ~. by
Ve ={(ef(0/¢%),0), 6 € T}.
We write v = {s} x T for any s € R. The Laplacian written in (7, 8)—coordinates equals

1 ! !
Apo= Wa” ((1 + 77*6(9))377) T R) % (1 + nn(9)80> '

We also need the normal derivatives on I' and I'. in (7, 6)-coordinates. In the following, the notation V, 4
denotes the derivative operator:

0,

U
0o )"

Y(n,0) € (—do,do) x T, wv(n,0) =uod(n,0).

Vo = ((1 + k)1
Let u be defined on €2, and define v on (—dyp,dy) x T by

We denote by d2v the following normal derivative on 7. in the local coordinates

P —
aan|»\/E - vnvev|7£ : n’}’s’
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where n.,_ is defined by

1
no = . | _etre/en)
el f(0/e) C1+enf(/e)
\/ b (wa/))

Moreover, we define the bounded linear operators respectively corresponding to £y and L1, and denoted by
Ao : HY2(y%) — H=1/2(y%) and Ay : HY?(y=%) — H=1/2(y=%) as follows:

<A08077/’> = <‘C()(90 © (I)_l)a /(/) o (I)_1>v v 2 1/1 € H1/2(’yd0)7

(Mg, ) = (La(po @), Yo @7h), Vo,pe HYP(y~0).

According to (6), there exists an e-independent constant C' > 0 such that

Vue HY(T),  (Aou, ) paimy > Clulfsary (8a)
Yue HYA(T),  (Ayu,u) oy > Clulf e - (8b)
With this notation, we can write problem (1) in local coordinates. Denoting by v the solution to problem (1)
in (7, 0)—coordinates,
v& =uod.

Then, v is continuous and satisfies

A, pv° =0, in O'UOTUO?, (9a)
(1 + dok)0yv°[n=dy + Aov®|y=dy = —(Tg) 0 P, (9b)
(1 - doﬁ)anvﬂn:*do - AlUE'n:*do =0, (90)

with the following transmission conditions:
D, e P, e
oo 0, v | + =0 0,0 | _,
e Ve

T Oy, _ov = 01 Opv®|, .

From now on, all the results will be obtained on v, but the results for u can be straightforwardly derived
using the map ®.

1.4. Localization of the roughness

The derivation of the expansion of v° is mainly based on the localization of the oscillations, which leads
to solve a boundary value problem in a domain with one oscillation. In order to make appear this “profile”
problem, we introduce the following notations. Denote by 8 = min(1, «). We aim at tackling in the same way
all the cases, from the weakly oscillating (o = 0) to the very rough cases (a > 1). This is the reason why we
use the parameter § and we perform the rescaling

(1,6) = (X,Y) = (1/”,6/<").
For sake of simplicity we suppose that the length of I" equals 1, whereT = R/Z. Let Cy and Cg.; be the curves

Co={(0,Y),Y €T}, Cs1={(f(Y/e"P)Y),Y eT}. (10)
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Denote by nc,,, the normal to Cg;1, which is equal on T to

1 1
VY T, n, 81 Y)= 1—a p7 a— )
B Sy )

ney (V) = ((1]) .

It is convenient to denote by né‘o and né‘ﬁ_l the following two unitary vectors:

ng (V) = ((1)> , ng,, (V)= \/1 - <E1_a;,(y/€a_ﬂ))2 <61“f/(i”/saﬁ)> .

and let n¢, be the normal to Cy defined by

Before performing the asymptotic expansion we would like to make the following remark.

Remark 1.2. According to the definition of n.,_, the slow and the fast variables (respectively the variables 6
and 0/e%) are mixed in 2v|,.. In order to derive easily the formal asymptotics of the potential, it is convenient
to uncouple these variables. Denote by f. and M, the following function

VY €T, f.(Y)=f(Y/e"P)and M.(Y) = N <f /(i/iw)ﬁ»y
1+ (elmaf/(Yor

we emphasize that M. is uniformly bounded with respect to €. Using these notations, the normal vector n.,
writes:

N, =nc,, (0/6%) + enfe(0/27) [M2(0/%)nc,, (0/€%) + M-(0/°)ng,]
+0(e%),

and for any sufficiently smooth function ¢

+0(£?).

n=0+

82
- s n¥
vn,9<,0|,ya vnﬁ‘ﬂh;:o +€f8(9/5 ) (—K&g(p-l—an@@(p)

Hence, the following two formulae, which will be useful in the derivation of the asymptotic expansion write

3590“5 = VU,GSDHE -ncﬁ;l(e/gﬁ)
+erfe(0/e”) Vol - [M2(0/°)ne,, (0/€”) + M(0/”)ng, | (11)
+0(£?).

ag;ﬂ'ys = Vnﬁﬂnzo : an;l(Q/Eﬁ)

v Efs(t‘)/eﬁ){ (o)

+ K6V o¢ly=o+ - [M2(0/")nc,, (8/€7) +Ms(9/€ﬁ)néo]}

“neg, (0/7)
n=0+

(12)

+O(e?).
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We emphasize that the terms in O(g?) involve third order derivatives of the function ¢, and they are bounded
in L™ by 2, up to a multiplicative constant since ¢ is assumed to be smooth enough.

2. FORMAL ASYMPTOTICS

2.1. Zeroth-order approximation

Let v° be the continuous “background” solution defined by

A, 0" =0, in O'UOY,
(]. + d0/<;)8771)0|n:d0 + ono|n:do = —(yg) © q)?
(1 — dok)Iyv°p=—dy — A10°)y=—ay =0,
00877'00|n:0+ = 0'1(9771)0|77:0—.
Since g € C*(09), the potential v° belongs to H'(Q) and it is smooth in each subdomain O and O°.
Denote by w® the error v — v°. This continuous function is the unique solution to
An’gwo =0,in O'UO°,
(1 + dok)Iyw®|y=dy + Aow®|y=a, = 0,
(1- dO”)anwo‘n:fdo - A1w0|n:,d0 =0,
UOaSUJOL{: = U'rnag)wohg + (om — UO)ag)UOHEa
am&]wo|n:0+ = ala,,wo\niof + (o0 — am)a,]v°|n:0+,
w’|p0 = 0, on IN.
Since we are interested in the derivation of terms up to order 1, we throw away all the terms, which are «a

priori of order greater than €. This approximation will be rigorously justified in the next section for the case
a € (0,2). From the above equality (12), we infer

[Oag;wo] Ye = (UO - Um)vn,9U0|n:0+ . ncﬁ;l (9/55) + O<5) (13)
Observe also that
[Uanvo]n:o = (0¢ — Jm)Vmng\n:m ‘N, -

Therefore, it is natural to introduce a boundary layer corrector in order to correct the Neumann transmission
conditions.

2.1.1. Boundary layer corrector

We split the infinite strip R x T into three domains:

RxT={X<0YeTu{0<X < f(Y/e* "), Y €T}
U{X > f(Y/e*P),Y € T} UCo U Cpj,

where Cy and Cg,; are defined by (10) and let ¢” be the conductivity corresponding to o in the strip R x T:

oo, inYy={(X,Y), X>f(Y/e*P),Y €T},
0" =S 0o, mYS={(XY), 0<X<f(Y/e* "),y eT},
o1, in le{(X,Y), X<O,Y€T}.
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FI1GURE 5. Rescaled strip

Observe that the case o < 1 (8 = «) is very different from the case o > 1 (§ = 1): in the first case, the
domain Y2 is a thin domain with non constant (but non oscillating) thickness, while in the second case Y,? is
a domain of measure O(1) with oscillating thickness. These two cases will lead to different leading terms, as it
will be proved in section 4.

Define the pair (A, %), where “A is a vector field of R x T and “a is a constant vector, by

Axy®A=0,inRxT\ (CoUCgu), (14a)
[0V xyAley,, ncﬁ;l}cﬁﬂ = ey, (14D)
[abvx,yo‘Ako '”CULO = —ne,, (14¢)
A—-x 50, —x_ 1 ‘. (14d)

We emphasize that “a is inherent to the problem in the sense that it cannot be imposed as a kind of a Dirichlet
condition: the unknowns of the above problem are the vector-field “A and the constant vector “a. Denote by &
the space of functions defined by

o ¢ € (Hp (R x T))2 : ¢ is y—periodic,
Vo e L2RXT); ¢ —xooo0 '

Endowed with the norm

16

2 / [6(X, V)P dX Y + / IV6(X, V)P dX a,
RxT RxT

& is a Hilbert space. Since the function ¢ € & vanishes as X tends to —oo, the semi-norm

\/ [ Iveex v axar,
RxT

is equivalent to the norm || - ||¢ on &. The pair (*A, “a) satisfies the following properties.
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Property 2.1. There exists a unique solution (A, ) to problem (14) in & and there exists an e-independent
constant C' such that

/ [VeA(X,Y)|2dX dY < Ce'=P, || < Cel=P. (15)
RxT
Moreover, the constant vector “a is linked to the vector-field “A through the following formula:

oo“a= (09 — om) /1 A (51—5f(Y/506—5)7Y) dY + (o — 01) /1aA(0, Y)dYy
0 0 (16)

1
+el=P / f(Y/eP)dY ne,.
0

Remark 2.2. The Y-periodicity and the equations satisfied by *A imply that “A decays exponentially fast for
X — —oo and similarly “A — % decays exponentially fast as X — +oo, as described in [11].

Proof. The variational formulation of problem (14) writes:
Find *A € & :

1 et PRy e )
Vv e &, / o’V AVvdX dY = / / V-u(X,Y) dX dY,
RxT 0 Jo

which straightforwardly leads to existence and uniqueness of *A € & and to inequalities (15).
Prove now equality (16). Let M > 2. By integrating by parts (14), *A satisfies the following variational

formulation: )
Yo e (H'([-M,M]xT))", o/ (°A,v)=2B(v),
where & and £ are given by

1
o (“A,v) = —/ o’V °A.Vv dX dY + 0'0/ Ox Al x=p v|x=p dY
0

[—M,M]xT
1
—/ 010x “Alx=—m v|x=—n dY,
0
L el B (v /en )
%’(v)z// V-o(X,Y) dX dY
0o Jo
:/ ncﬁil(s)v(s)ds—/ ne, (s)v(s) ds.
Cip ' Co

Moreover, for any function v € H2([—~M, M] x T) , by integrating by parts once again we infer
1 1
%(aAﬂ)) 2—0'0/ OéA(.Z\f, Y)ax’l}lj\/[ dY-|-01/ aA(—M, Y)@Xv\,M dY
0 0
1 1
+O’0/ 6XQA(M,Y)1;|M dY*O’l/ GXO‘A(fM,Y)v\_MdY
0 0

+ /CB;1 A [abanv} o ds + /c0 A {Jbﬁnv} e ds

—|—/ o’ A - Av dX dY.
[— M, M]xT
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Let 1 be the function defined by
VX, Y)e (0,M)xT, ¢X,Y)=X,

and choose v = (,9)7 in (17). Denoting by Ry the terms

1 1

Rar = 01/ A(—M,Y) dY+aoM/ Ox A(M,Y)dY
0 0
1
+01M/ Ox°A(~M,Y)dY,
0

we infer that for all M > 2,

1 1
ao/ A(M,Y)dY = (09 fcrm)/ YA (VP F(Y/e7PY) dY
0 0
1
m— “A(0,Y)dY
+ow=a) [ "A0.Y)

1
+51-5/ f(Y/e“P)dY ne, + R
0

Let M tend to infinity to end the proof.

O
We now define the boundary layer corrector of order 0, v%; on O by
“A(n/eP,0/eP) —a) , if n >0
o) oot iy [ (AW ity>0
VB (1,0) = (om = 00) no s A(n/e?,0/e8), if n < 0.
From equality (11) with ¢ replaced by v%;, and according to (15), we deduce the jump of 92v%; across v.:
1 @, .0 0 B
O — 00 [06n UBL] Ye = vnﬂv |77:0Jr *Neg,y ('9/6 )
+ P09V 3,00 ot - {(Om — 00) M(Y) (*Alc,, — ) by, /e
0 ) W [ M2y % (18)
+ gﬁvnﬂv |77:0Jr fe( ) s( )ncﬁzl( )
+ M.(Y) {a"@yaA} > } +0(£?).
ot Jy_gsen
In addition, observe that
83v0|n:0+ = —n@nv0|n:0+ - 3(3”0\n:0+,

1y, (0/67) = =KV 00" e,
n=0%

—K0yv? — Y
87,39110

— 0V 00" [0t g, (8/7).
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Therefore, using (12)—(18) we infer

[085 ('UO + 'UOBL)]“/E = (om — UO)gﬁaGVmGUO ) [El_ﬂfa(y)néﬂ;l (Y)

+ (om — 00)M.(Y) (‘1A|cﬁ;1 — O‘a)]

Y=0/eP
+ (Om — 00)e KV 5 900 g+ - [al—ﬂfE(Y) (ME(Y) [a"ayaAL
81
+re,, (V)]
Y=0/eP
+ O(e?).
On the other hand,
1 1 1
st =35 (s ~1) B Wi Dol
2 0
N
1 - T]I-i' o
T n (Hax Alnjesorer = ez A|n/eﬁ,o/af*> Vo0’ lp=o+
b Nk’
+ mo‘Aln/eﬁﬁ/sﬁ . (83Vn79’[}0|n_0+ — mwa&vnﬂvo“_(yr) .

Uncoupling the slow and fast variables, and denoting by O(e) any function which is of order ¢ as |n|/e” is
bounded, and which decays exponentially fast as ||/c® tends to infinity, we rewrite the previous equality as

follows

oo Anovr = (0x A = 2X0 ) [xv)=nyes 0769+ (FV o0 In=ot)

+ 20y Al (xy)=n/e5 0/ - 0V y,60°|—o+ + O(e).
Therefore, W° = v° — (v¥ + v}, ) satisfies

“ o g MnoW? = (0x A = 2X 0 A) ixv)=nyes 0/e5 + (FV ot In=ot)
+ 20y "Al (x,y)2n/er 0/20 - 0V 00" |y—o+ + O(e),

7[‘76;{;”/0]’75 = 75B89v77»9v0 ’ {(Um —00)M(Y) (aA|C,6:1 - aa) + Eliﬁfs(y)né_gu(yﬂ

Om — 0g Y=0/eP

: + neg, (Y))] (21)

— &P kY 000, o+ - [sleE(Y) (ME(Y) [Ub(?yo‘AL )
Y=0/e

B;

+0(?).
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Denoting by (G7);j—1,2 and (B7);-1 2 the following terms:
G' = — (9x°A — 2X02°A), G2 = —20y°A,
B! = —' 5. (M. [0*0y°A] o neas )
B2 = [(gm — 00) M. (“Ale,., — ) + 5175f5né&1} :

we infer

An,QWO :(Um - UO)“vn,9U0|n=0+ : Gl(??/fﬁ, 9/55>

+ (am - (7'0)89v77,9v0|77:0Jr : GQ("?/‘?B? 9/65) + O(&),

[0S WO, =(0 — 00)e’ £V, 90°| =0+ - B (/")
+ (0 — 00)P 09V, 00° - B2(0/°) + O(£?),
[JanWO]Wo =0,
[Wo]’)’s :07
[WO]% =(om — UO)Eﬁ “a- vnﬂvo‘n:O*’
with the boundary conditions:
(1 + dOK’)aﬂWO|77=do + A0W0|77=d0 = _U%L|do7
(1 - don)anwol’f]:*do - A1W0|7I:*d0 = _U%’L|*d0'

Define (Dj)j:LQ by
DI :/ e dXdY+/ B (s)ds.
RxT Cpi

Simple calculations imply

1
D = (o —o0) [ Ma(s)hds =7 [ fy/e ) dyn,
0

Cﬁ;l

2.1.2. Properties of the coefficients Dy and Do

Property 2.3. The following properties hold.

(1) The coefficient D' vanishes.
(2) The first component D% of the vector D? satisfies

2 a,
DX = 0p ay,

151

(22a)
(22b)

(22¢)

(29)

where the index X (resp. Y ) denotes the first (resp. the second) component of the corresponding vector.

Proof. According to (14), D' writes

D' = 7/ 0’ dx (X9x°A) dXde/ o’ X0%“AdX dY
RxT R

xT

_el=s /CB:1 <f€ (ME [abayaA} o + ncm)> ds.
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Then, integrating by parts the first two integrands and using (16) imply that D! equals zero.
For the second property, let w be

X, if X >0,

VX eR, w(X)= (30)

0% it x <o,
01
and define V' by

WXJﬁeRxT,‘dXJU:( — Ay (XY) >.

w(X)+“Ax(X,Y)
Observe that according to (14), V satisfies

AV = O, in R x T\ (Co UCg;l),

lim 8)(V‘M = <O) 5
M——+oco 1

{JbﬁnV] = (om — 00)Mcnc,, {UbanVL =0.

Cg o

Take v = V in (17), use the expression of D? given by (29) and let M tend to infinity to infer

1 1
—ﬂf%%+D§—€1ﬂ(/‘U&@lﬁﬂYkaﬁ%Y)—VﬂQY» ﬂf—/’wwé‘ﬁﬁ7&f%JﬂdY>.
0 0
But similar calculations lead to

7/“(%YP%M%X] Af/(myp%mﬂx] zekﬁ/‘%xkkﬂﬂykwﬁyywy
Cﬁ;l C1;8 Co Co 0
/

and on the other hand, using the jumps (14b)—(14c) we infer

1
_ cay@#afAX} - aAy&#&ﬂAg] S C%Y@Lﬁfayw*%Jq
Cpin Coi Co Co 0
—%ﬂ&ﬂ)ﬂﬁ
1
=10 [ (v @), y)
0
~Vx(0,)) av,
hence

D_%( = anay. (31)
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2.2. First order approximation

It is then possible to obtain the first order coefficient of the expansion. Define v! by

Ay pvt =0, in O'UO°,
(1+ dom)a,,v1|7,:d0 + onl\n:do =0,

(1- don)aﬂv”ﬂ:—do - A1U1|77:—d0 =0,
with the following transmission conditions:

‘70877U1|77:0+ — 013,,111\77:07 = (o — 00)D? - 89V,779U|2:0+,

U1|n:0+ - U1|n:0* = (om —00)% - (vnﬂvo) |77:0+'

Remark 2.4. Observe that the term “a- (V, gv°) |,—o+ is natural, since it comes from the jump of v%; across
the curve 7. However the introduction of the slow variable term D2, which is obtained by integrating a fast
variable term can be seen as artificial. Actually the jump (24) only involves fast variable terms, and we could
have thought that they would be corrected in the next boundary layer correctors.

We emphasize that it is necessary to introduce D? so that the next boundary layer correctors be well-
defined. Without this term, the next boundary layer correctors would have satisfied ill-posed partial differential
equations.

Denote by w! the following quantity:
wh =W — Pyl
Since we have
opvt |y, =ne, - Vi ov' =0+ + O(e),

- 1 _ 1 1 catisfies:
and since 0,v"|,—o+ = nc,.Vy,ov" |;=o+ then w" satisfies:

1
Om — 0p
(1+ doﬁ)anwl‘n:do + A0w1|n:do = 98-1—7

(1 - doﬁ)anwl‘ﬂ:*do - A1w1|77:*d0 = 9877

Ay owt = K(0)G1(n/e?,0/e7) -V, 00| =o+ + Ga(n/”,0/e%) - 05V 00°], =0+ + O(e),

with the transmission conditions:

1
——— [o0hw'] =< (s(0)B1(6/").V 00" =0+ + Ba(0/=").06V 60" o+
m — 00 €
- Eﬁncﬁ;l 'v77»9v1|77:0+ + 0(52)7
1 2 0 1
Om — 0o [Uaﬁwl]nzo = —"D%.09V 00" y=0+ + "1y V00 =0+

and

[w']],. =0, [w']ly=0 = 0.
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We now introduce two boundary layer correctors at the order 1 defined in R x T. For j = 1,2, the pair
(*Abd eald) with ®A'J continuous, satisfies

AAY =G inRx T\ (CoUC), (32a)

[abanaAlﬂ} =B, (32b)
Cﬁ;l

[Ubﬁno‘Al’]} = -DJ, (32c¢)
Co

aAl,j — X oo 0’ (XAl,j — X oo aal,j. (32d)

According to the definition of (D7) j=1,2, the compatibility condition that ensures both existence and uniqueness
of the solution to problem (32),

/ abdoXdYJr/ Bjds—/ D7 ds =0,
RxT Cg:1 Co

is satisfied. Define the boundary layer corrector of order 1 vh; on O by

V>0, vhp(1,0) = (0m — 09)e? (“(9) [PAM (n/e”,0/2P) — cal 1] - Ty g0 o
+ [(AY2(n/<,0/€P) = 2at?] - 0gVy,00° =0t

+ [aA(n/Eﬁ’ H/gﬁ) - aa] : vn,0U1|r]—0+> ’
V<0, vpL(n,0) = (om — 00)e*” (H(9)°‘A1’1(77/6B,9/€ﬁ) - V00" [=0+
+ A2 (n/e7,0/£%) - 06V 00" =0+ + “A(n/e”,0/") 'Vn,9U1|n_o+>-

3. ERROR ESTIMATES FOR « € (0,2)

In the previous section we have formally derived the first order of the asymptotic expansion of v¢, by defining
appropriate boundary layer correctors. The aim of the section is to prove that this formal construction is indeed
an approximation of v¢ at the first order.

Theorem 3.1. Let a € (0,2). Suppose the boundary data g be smooth®. Define W' by
W =0 — (v* + 0%, + P (v? +vp)) -
Then, W' is H'—regular in each subdomain Oy and Oy, and it satisfies
”WlHHl(OO) =+ ||W1||H1((91) = o(e).
Remark 3.2. The above theorem ensures that v° +v% +e8 (! +wvk, ) gives an approximation of v° at the order

o(g) in the whole domain Q. In particular, we have provided an accurate description of v* in a neighborhood of
the rough thin layer, which was not obtained by the analysis derived by Vogelius et al.

3This hypothesis can be weakened to g € H*(9Q2) for an index s large enough.
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For a < 1, more accurate estimates hold:
W a1 00) + W H1(0,) = O(E?).

Proof. According to the derivation of the first order terms, the function W' satisfies the following boundary
value problem:

A, oWt =F. in0O'uOm™ U0,
(1 + dok) Oy W p—dy + AW |ymay = 9its
(1= dor) oW |p=—ay = MW p=—ay = g5,

with the following transmission conditions:

D 1 D 1 1
o0y W+ = omOp W - +&'PR;,
1 1 1
Om Oy Wm0+ = 010, W, =0~ + €' TP RS,

and

1 _ 1
Wi e =W,
W, —or = W',—o- +7Rs.

Let £(v¢) be the arc length of 7., which equals

£(1e) = 1+ f(0/e).

For o < 1, since £(~.) is bounded with respect to e, therefore for any smooth function ¢ defined in O, the
following equality holds

1
P = / (P(eF(6/=°.0)) £(.) do,

L2(7s) by |l¢llm1(0) uniformly with respect to . Observe that according to

|1,

ensuring the boundedness of |<p|7€

estimates (15), the source terms R5, forj = 1,2 are of order e!=P hence following the proof of Theorem 4.1 of
Ciuperca et al., we infer that
W1 00) + W |11(0,) = O(?).
For a € (1,2) the arc length £(7.) blows up like ¢!~ hence

ler, 22y < Ce" ol (o)
Moreover, since [ equals 1 in this case, estimates (15) do not provide any gain in power of €, hence
W1 (00) + W 101y = O(E*F77%) = o(e),

since a < 2. 0

Remark 3.3. As soon as a > 2, the estimate dramatically crashes since the arc length £(.) cannot be
compensated by the first order term of the asymptotic. It is therefore necessary to derive higher order terms
in the expansion of v in order to obtain appropriate results. This is quite technical, but we are confident that
the reader has all the tools to push forward the expansion at the desired order.
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3.1. Generalized Polarization Tensor

Generalized polarization tensor as described by Vogelius, Ammari, Kang et al. [4,5,7,9] has a wide range
of applications, in particular in the inverse problem research area (see the book of Ammari and Kang [5] and
references therein). In this section we provide an explicit characterization of the polarization tensor using the
zeroth order boundary layer corrector. Denote by G(z,y) the Dirichlet solution for the Laplace operator defined
in [4,5] p. 33 by

Vg - (OVIG(x,y)> = —J,,in Q,
G(z,y) =0, Vax e .

Let K be a tubular neighborhood of 00! and let gy be such that for any € € (0,¢), O™ C K. According to the
definition of v! and to theorem 3.1, the following equality holds almost everywhere far from the layer:

v (y) —(y) = E/

(0 =0 M, (3?;) - (3’;%) (5,9) dr(s) + 0(e), ae. O\K,

where M, is the polarization tensor defined by

According to estimates (15) and using the definition (29) of D?, the polarization tensor is of order O(1).
Property 2.3 ensures the symmetry of M, as proved in [9]. It is also worth noting that the polarization tensor
does not depend on the curvature of the domain, but only on the characteristics of the oscillations, since
the boundary layer corrector (“A,“a) does not depend on the curvature. Therefore, (*A,%*a) leads to define
explicitly the polarization tensor for rough thin layer, for any roughness parameter « € (0, 2).

In addition, an accurate approximation at the order o(e) is obtained in a neighborhood of the rough thin
layer, whereas the variational techniques used by Vogelius et al. provide estimates that are valid far from the
layer.

We thus have provided a link between boundary layer correctors and polarization tensor for rough thin layers,
for a roughness parameter a € (0,2). Observe that as soon as a < 1, the corrector (“A,“a) depends on ' ~%,
while for o > 1 it depends on e~ !: in the next section we explicitly characterize the leading term of (*A,“a)
for a # 1.

4. LEADING TERM OF THE CORRECTOR (“A,%) FOR (3 # 1

In the previous section we have derived the first order boundary layer correctors (%A, %), involving the
parameter (3, which is nothing but the minimum between a and 1. For o = 1 the problem satisfied by (“A, “a)
does not involve any small parameter, but as soon as o # 1 it does. The aim of this section is to provide the
leading term of (%A, %) in the two different cases & < 1 and a > 1.

4.1. The weakly oscillating case: a € (0,1)

According to property 2.1, “A is bounded by e'~#. Therefore, for a < 1, it is possible to approximate (“A, “a)
by its leading term. This case is quite simple, since it deals with a smooth thin layer of non-constant thickness
and has been previously described in [16]. More precisely, the geometry is described by figure 6.

Performing the rescaling = = X /¢!~ in Y2, and denoting by ®V the profile:

VEY)e{Y eT,0<E< f(YV)}, “V(EY)="A>'""ZY),
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Om, Y2
00, Yo
Ca
>y -8
Co
o1, Y1
=1

FIGURE 6. Geometry of the strip

we infer

Axy®A =0,in {X <0}U{X >e'"Pf(YV)},
02V 4+ (e19) 2 9y°V =0, in {Y € T, 0 < E < f(V)},

0=V
o0Vx,y Al -5 5(v),y) - nesn = om (618‘;@ ) E=f(Y) " NCs1 = MCpi1s

1
o10x Aoy — Umgfﬁaaav\(o,y) = —N¢y,
“A

oy =Vloy)y, “Alec-erv),y) = Vg
“A —X—-—0c0 07 A X —+o0 “a.

Then, assuming the ansatz

A=Y () A

n>0
V=3 (",
n>0

and identifying the terms with the same power in e ~? we infer that Ay identically equals 0, and that A, equals

0, if X <0,

Ar={1
! <f> if X >0,
Om \ 0

from which we infer that

Om

ay — 1AL (fqr f(é’) dY) + O,

and

D2 =" (fT f(g) dy) +O@EP),
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Therefore, setting 9! = v!/e'=P, we infer

Ay 9t =0, in O*UO°,
(I+ dO’f)anﬁl‘n:do + A07~)1|n:do =0,

(1 - doﬁ)anﬁl‘nz—do - A11~)1|77:—do =0,
with the following transmission conditions:

ann51|n=0+ - 013n171|77=07 = (om — 00)783U‘2:0+,
Om — 00—
= f8n1)0|77:0+,
Om

61‘7}:0‘* - 'Dl‘n:O— =

where

According to theorem 3.1, we have shown that far from the layer:
v® — 0’ = e + o(e),

which means that the mean magnitude of the roughness provides a first order approximation of v, as previously
described in [16], and the polarization tensor writes:

70y
Mo=Ff <0m > , (34)
0 1

as obtained by Beretta et al. [7,8] in the case of constant thickness (o = 0).

Observe that as 3 € (0,1) goes to 1 the convergence rate of e!7%A; to ®A decreases, meaning that the
mean-value of the roughness is no more sufficient to approach v°: the roughness effect becomes as important as
the layer thickness, and the tangential component of the zeroth order potential v° is necessary to define v'.

4.2. The very oscillating case a > 1: two-scale limit of the boundary layer

We now focus on the case a > 1. Then, €*~! goes to zero, and we denote by § this small parameter. Denote
by Cy and Cs the closed curves defined by

Co=1{0} xT, Cs={(f(Y/5),Y), VY €T}, with§=e*""1.

The exterior normal to Cs is denoted by n¢;, and n¢, is the exterior normal to Cy:

1 1 1
e = (0> S T T (Y)9) ) (—f’(Y/é)/é) '
Let of be the function defined by

oo, n{(X,7), T7€T, X > f(r)},
V(X,7) €ERXT, o*(X,7)={0m in{(X,7), 7€T,0<z< f(r)}
o1, in{(X,7), 7€T, X <0}
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Observe that
Y(X,Y)eRxT, o (X,Y)=0c"X,Y/)).

To highlight the dependence on § we rewrite o” as 0%. Since we focus on the case 3 = 1, we rewrite (“A, “a)

00, %

FIGURE 7. Rescaled strip

in (A%, a®). We recall that % is a continuous vector field and a® is a constant vector, which are given by the
unique solution to the following problem

A° =0,in R x T\ (CoUCs), (35a)
(30,20 ., = e (35b)
[UE@HQ@LO = —ng,, (35¢)
A = 0 0,0 =,y @ (35d)

Remark 4.1. For all § > 0, the existence and the uniqueness of the pair (2, a’) are shown in property 2.1.
We recall that the convergence rates are exponential as proved in [11]. We aim at deriving the limit corrector
as d goes to zero.

Denote by &* be

¢ € (HL (R x T x T))2 : ¢ is Y-periodic and T—periodic,

& =
/ IVA(X,Y,7)||? dX dY dT < +00; ¢ —x o0 0
RxTxT

Observe that the variational formulation of problem (35) is

Find 2° € & such that for all ¢ € &,
1 f(Y/8) (36)
/ olVA -V dXdY:/ / V.- ¢(X,Y) dX dY.
RxT 0 0
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We remind that a straightforward application of Lax-Milgram lemma leads to existence and uniqueness of A,
which were obtained previously in [11]. Moreover, from the variational formulation (36) we derive straightfor-
wardly the following estimate as

1

min (0g, O, 01)

/ VA (X,Y)|? dX dY < (37)
RxT

Therefore, there exists a 2 x 2 matrix-function x° defined on R x T x T such that x°(-,-,7) belongs to & for
almost all 7 € T and, up to a subsequence, V2’ two-scale converges to x°.
Let (0%, ') belong to & x &*. We rewrite equality (36) with

¢(X7Y) = (pO(X’Y) +5¢1(X7Y7Y/6)'

Passing to the limit for ¢ tending to zero implies
f()
/ ofx0 - (Vxye?+V,p') dXdYdr = / (Vx,y - "+ 0-0y) dX dY dr, (38)
RxTxT TxT JO

where for ¢ € &%, V1) denotes the following matrix

_ (0 o
Vtp = (O aqu)y() : (39)

Suppose that x° writes
V(X,Y,7) eERxTxT, xX,Y,7)=Vxy2°(X,Y)+ V. A(X,Y,7).

4.2.1. Problem satisfied by A
Denote by ¢ the cumulative distribution function defined by

VX eR, ¢(X) =/T]1{o<x<f<r>}d7~

From equality (38), by taking ¢° identically equal to zero, we infer that for any 1 € &*

_ot 0
(—aﬁ( o (X, T)OvAx ) -84 X Y dr,

# 1 _
ot (X, 7)o, 2" - 9; dXdeT—/
/RXTX’H‘ *.7) v X, 7)0v Ay + Ljocx<f(r)}

RxTxT

hence the ordinary differential equation satisfied by 2A':

o —ot 9y AL
br oy O v
0 (o*0-U') = o~ (aﬁaymg + ]1{0<X<f(T)}> '

Since [ 8,A' dr = 0 we deduce

0
aﬁ) A+ | 4 9(X)/om |. (40)
{0<X<f(m)} fT 1/0-ﬁ dr

1

# 1_ _
"0 2 (fT 1/ctdr

Observe that

VX <0,Y(Y,7)eTxT, o0, 2AX,Y,7)=0. (41)
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4.2.2. Problem satisfied by A°

From equality (38), by taking ¢! independent of 7, we infer

/ ( / (X, 7) (Vxy2%(X,Y) + VA (X,Y, 7)) dr) Vxye’ dXdY = ¢(X)ox % dX dY.
RxT T RxT

Hence, denoting by &* the function
VX € R, 7 (X)= / o (X, 1) dr,
T
we infer that A° satisfies

V- (@@VA) =Vxyq—Vxy - (/ ot (L, T)VAN, ., T) d7> , in{X >0} xT,
T

AA° =0, in{X <0} xT,

(690,21

Co = ng,-

Therefore, according to (39)—(41), we infer the strong formulation for 2°, which is continuous and satisfies:

dx (@ oxA°) + Mamo =Vgq, in{X>0}xT, (42a)
AA° =0, in{X <0} xT, (42b)
[T ox2A°] . = nc,, (42¢)
A —x . 000, A" —x_ . a (42d)

Remark 4.2. We recall that
ne, = ((1)> , and [Eﬁanmo} o = TmOxA° | x—or — 010xA° | x—o-.

We emphasize that since ¢(0) = 1 and ¢(M) = 0 for all M > ||f||cc, the compatibility condition to ensure
existence and uniqueness of A is satisfied (see [11] Lemma 2.2).
Equation (42a) can be rewritten as

W (T igonan) v) =

and this has to be related with the well-known homogenization formula for laminate structures: in the laminate
alignment (here the X-direction), the mean of the conductivities appears, while in the transverse direction (the
Y-direction in our case) the harmonic mean holds.

4.2.3. Computation of the coefficients a® and D?.

Observe that the second component of a® is necessarily equal to 0, since all the source terms vanish according
to (42a). To obtain the value of the first component a%, multiply (42a) by a test function v € H*([-M, M]x T),
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which is independent of Y and integrate by parts twice to obtain

1 1 1
ao/ ng((M,Y)amedY—al/ m&(—M,Y)aXU\_MdY—UO/ Ox A% (M, )0] s Y
0 0 0

1
+01/ OxAY (=M, y)v|_prdY — o125 - 0%v dX dY — A% - Ox (770xv) dX dY

(=M,0)xT (0,M)xT
+oo
/ / 8)(’1) dX

Now choose v as follows:
X
1/5%(s)ds, if X >0,
w01 1
X/oy, X <0,

to infer the value of a%:

0 _ e q(s) s
ay = /o ﬁ(s)d' (43)

According to property 2.3, and since aj- = 0, we infer that D% = 0. Moreover, note that 2. is identically
equal to 0 in the whole strip R x T. Therefore, equality (40) leads to

X)/o
0,25 =1 _aX)/om
7O T O O T  AoRar

Then, passing to the two-scale limit in (28), we infer that D? converges to D, where

I s g(X)(1 - ¢(X)
Dae = /0 (Um UU)UOQ(X) + UWL(l - q dX /f (44)

The polarization tensor is then equal to

M, (fo oo ds o) (45)

[ awas= [ sy
UOGg((UOUm)/OJFOO 2 ds */f

Hence, the formula for oga% and the coefficient (o, — 00)r1 - f of the polarization tensor given by Ciuperca et
al. (Theorem 2.3, p. 6 [13]) coincide.

Remark 4.3. Note that since

we have

5. DISCUSSIONS

We end this paper by linking our results to the results of Capdeboscq and Vogelius presented in Proposition
3 of [10], where the cases of thin parallel rectangle inhomogeneities for two different cases are discussed: the
case of very oscillating inhomogeneities and the case of slowly oscillating domains.
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(a) 6 =1/2 (b) 6 =2

FI1GURE 8. Geometric framework of the inhomogeneity as described by Capdeboscq and Vo-
gelius [10], e tending to zero and § being a positive parameter such that the condition
e < min(é, (§ + V&) ~! be satisfied.

For ¢ tending to zero, under the restrictive condition
0 < e <min(s, (5 + V6™,

the period of the oscillations is small, hence this describes the case of very thin vertical inclusions whose length
is smaller than 1, while for § tending to infinity the period of the oscillations tends to infinity and the inclusions
are thin, horizontal, and of length 1.

The above geometry involve two small parameters € and J, as described by figure 8. Moreover for § tending
to zero, the length does not necessarily tends to zero. Therefore, it is difficult to link straightforwardly the
results of [10] to our case. However, we consider here two configurations that model similar problems.

5.1. The case of rectangle inhomogeneity

Let oo > 1: we are in the very oscillating case. Define the oscillating function f¢ on T for a given parameter
£ €(0,1) as follows:

L, f0<7<VE/(1+ V9

0, elsewhere.

VTET, fg(T):{

Observe that f¢ is not smooth, however as mentionned in the introduction, our result holds in this case after
appropriate modifications. According to (45), the polarization tensor is then given by

_ Ve (ME 0
et (0 ) i
where
Mg = (1 + (00 — UM%) ; (47)

Passing to the limit for £ tending to zero, we deduce the formula

. 1 0
%IL%MO‘ N (0 O'Q/O'm> ’
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while for £ tending to infinity the polarization tensor is given by

lim M, = <00/ Im 0).

£—+oo 0 1

Observe that these formulae are similar to the results of Capdeboscq and Vogelius [10] in Proposition 3, since
in their paper, x; is the tangential coordinate and x5 is the normal coordinate, while here the first component
refers to the normal coordinate and the second component to the tangential coordinate.

5.2. Conclusion

In this paper we have derived boundary layer correctors for the conductivity problem involving rough thin
layers. We have provided a general framework that allows to treat simultaneously the cases of soft, rough and
very rough thin layers, and we have shown error estimates that are valid in the whole domain. More particularly,
our results lead to accurate description of the potential in the vicinity of the roughness. We also have explicitly
described the generalized polarization tensor M. In particular, for @ < 1, the polarization tensor is a diagonal
matrix given by (34). For o = 1, the polarization tensor is a full 2 x 2 matrix, while for o > 1, it is diagonal
again, but the matrix coefficients involve a mixture of the conductivities (see (45)). Numerical results have been
published in [12].
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