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EVALUATION OF INTERFACE MODELS FOR 3D-1D COUPLING OF
COMPRESSIBLE EULER METHODS FOR THE APPLICATION ON
CAVITATING FLOWS

MARTINA DEININGER!, JONATHAN JUNG?2, ROMUALD SKODA?, PHILIPPE HELLUY? AND
CLAUS-DIETER MUNZ*4

Abstract. Numerical simulations of complete hydraulic systems (e.g. diesel injectors) can, due to
high computational costs, currently not be done entirely in three dimensions. Our aim is to substitute
the 3D solver by a corresponding 1D method in some parts of the system and develop a solver coupling
with suitable interface models. Firstly, we investigate an interface model for non-cavitating flow passing
the interface. A flux-coupling with a thin interface approach is considered and the jump in dimensions
at the interface is transferred to an additional variable ¢, which switches between the 3D and the 1D
domain. As shown in two testcases, the error introduced in the vicinity of the interface is quite small.
Two numerical flux formulations for the flux over the 3D-1D interface are compared and the Roe-type
flux formulation is recommended. Secondly, extending the first method to cavitating flows passing the
interface, we divide the density equation in two equations - one for liquid and one for vapor phase of
the two-phase fluid - and couple the two equations by source terms depending on the free enthalpy.
We propose two interface models for coupling 3D and 1D compressible density-based Euler methods
that have potential for considering the entire (non-) cavitating hydraulic system behaviour by a 1D
method in combination with an embedded detailed 3D simulation at much lower computational costs
than the pure 3D simulation.

1. INTRODUCTION

For the simulation of cavitating fluid flow (liquid and vapor) in complex hydraulic systems (e.g. diesel in-
jectors) a compressible density-based three dimensional Euler model is used. A consideration of the entire flow
path in a hydraulic system is currently not possible by the 3D solver due to high computational costs. To
reach acceptable computation time commonly the complete hydraulic system is simulated in one dimension
and time averaged boundary conditions for a 3D method is achieved at predefined locations. This 3D solver
is additionally applied for interesting, e.g. cavitating, parts of the system, using the time averaged boundary
conditions given by the 1D solver. Instead of performing this weak coupling of 3D and 1D methods, an interface
model for a strong 3D-1D solver coupling is developed, coupling at each Runge-Kutta stage (four times each
time step) and representing the bidirectional interaction of system hydraulics and three dimensional cavitating
flow (liquid and vapor). Generally, to couple a pressure-based 3D solver using the Rayleigh Plesset cavitation
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model and a 1D solver, it is sufficient to exchange pressure p and velocity u (or volume flow @) at the boundaries
between the 3D and 1D solver (compare e.g. [NI12011]). This coupling strategy is not sufficient for compressible
density-based solvers using homogeneous density cavitation model. Instead of pressure p and velocity u, we
use numerical fluxes to couple 3D and 1D density-based Euler methods and achieve two coupling algorithms.
The first considered model is valid for non-cavitating flows passing the interface. This interface model is based
on [HH2007] and is described in section 2. Secondly, in section 3, we consider cavitation bubbles passing the
interface (compare [CCJK2006]). We emphasize that for both models cavitation is allowed to occur inside the
3D domain.

To simulate three dimensional cavitating fluid flow the compressible density-based 3D-CFD code Catum
(CAvitation Technical University of Munich, [SSST2008]) is utilized. Catum solves the 3D Euler equations

OW + 0, Fsp(W) + 0,G3p(W) + 0.Hsp(W) =0, (1.1)
where
w (p, pu, pv, pw)7, (1.2)
Fsp(W) = (pu, pu? + p(p, Tp), puv, puw)’, (1.3)
Gsp(W) = (puv, puv, po* + p(p, Tp), pow) ",
Hap(W) = (pw, puw, pow, pw® + p(p, Tp))",

with the velocities u(z,y, z,t) = u, v(x,y,2,t) = v, w(x,y,2,t) = w in 2-, y-, 2-direction, and time ¢, using a
finite volume scheme with a MUSCL reconstruction scheme and an explicit Runge-Kutta 4-stage scheme which
yields second order in space and time. For detail of the numerical flux formulation of Catum and the scheme
see section 2.3.1 or [SSST2008]. The energy equation is neglected which results in the assumption of isentropic
flow and a barotropic equation of state p(x,y, z,t) = p(p,To) = p (p pressure, p density, Ty fixed initial tem-
perature). Neglecting the energy equation is not realistic, but a good approach using the available measured
fluid data. As a consequence we obtain an isentropic equilibrium model which is equivalent to the assumption
that vaporization and condensation occur infinitely fast. As fluid, we use a measured test-fluid, which behaves
like diesel. Its pressure law is determined not by a formula but by a table including the pressure p and the
homogeneous density p = apiiq + (1 — @)pyap with the liquid pi;q and vapor density pyqp, o volume fraction
of the liquid phase and the speed of sound ¢, leading to hyperbolic equations. Especially the split densities
prig and pyqp are essentially needed for the ”cavitating” interface model (see section 3). The Riemann-like flux
formulation of Catum has been successfully applied for the computation of cavitating flow fields and for the
evaluation of cavitation erosion (see [SIMMSA2011]).

Besides the 3D version of Catum, we have available a 1D version of the code, which solves the one dimensional
Euler equations

8tW+6wF10(W) =0, (14)

with W = (p, pu)T and Fyip(W) = (pu, pu?® + p(p,Tp))T and the same barotropic equation of state p(p,Tp) as
for the three dimensional Euler equations (1.1). The EOS is given such that system (1.1) and (1.4) are hyperbolic.

An exemplary mesh for a 3D-1D coupling is depicted in Figure 1.1. The coupling interface between 3D and
1D domain is located at x;p = 0. Consequently, the 3D-mesh and thus the 3D-solver is located at < 0 and
the 1D part at £ > 0. Both domains have the same cross-section in y- and z-direction with no jump in geometry
at the coupling interface. The interface connected cells in the 3D part are defined by

i=0, j=1,...,N,, k=1,...,N, (1.5)
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with number of cells N, = N, =: N for simplicity.

05 04 015

3D1D interface

FI1GURE 1.1. Geometry for the 3D-1D coupling, with the 3D mesh on the left and the 1D mesh
on the right side of the 3D-1D interface located at z;rp = 0.

2. INTERFACE MODEL FOR NON-CAVITATING FLOWS

Obviously, a three-dimensional code (based on a three dimensional system) applied on a ”one-dimensional”
domain does not behave as a one-dimensional code (based on a one-dimensional system) on the same domain.
We want to look for a condition for a three-dimensional code to behave as a one-dimensional code.

2.1. A necessary and sufficient coupling boundary condition

We use the 3D-1D discretization depicted in Figure 1.1 with the interface at x;r = 0, the cells on the left of
interface are referenced by formula (1.5). We assume that the domain {z > 0} is discretized as one dimensional
domain by a row of hexahedral cells with volume Az x (Ay =: L) x (Az =: h), the cells are referenced by
indexes 4 for ¢ > 1 (the cell ¢ = 1 touches the interface x;r = 0 (see Figure 2.1) ). The surfaces of cell ¢ are
distinguished by the compass-like notation E; (east), W; (west), N; (north), S; (south), U; (upper), L; (lower)
as depicted in Figure 2.1.

FiGURE 2.1. Compass notation for surfaces of hexahedral cells in the 1D domain x > 0.
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As the domain {z > 0} is a one dimensional domain, we assume that at any time t,, the cross velocity satisfy

Vi>1, vl =w! =0.

K2

We want to deduce a condition which ensures Vi > 1, v?“ = w?“ =0 at time ;41 = ¢, + At for z > 0.
Applying a three dimensional Godunov scheme (-)%°¢ (see [G1959]) on the third equation of (1.1) on domain
{z > 0} (one-dimensional domain), gives

hLAZ[(po)i 't = (po)f] +  hAzAt(po? + )T = (pv® + p)§7
JthAt[(puv)g:’d - (puv)%d] + LAmAt[(pvw)gfd - (pvw)gfd] =0. (2.1)

—
Using the wall condition (see [BGH2000]) as boundary condition for N; (resp. S;) and defining Ny, (resp.

—
Ng,) as the unit outward normal vector on the north surface N; (resp. the south surface S;), the pressure
satisfies:

e s
pSet = pPed(Wr W Ny,), p§e? = p (W, WE, Ng,),

where @ = /g = WZ?L = (p2, (pu)?", —(pv)?, (pw)?) stands for the mirror state of W. As it holds v} = 0
for z > 0, we obtain V/V? = W/, giving

God __ God God God God

v§h = o = 0§ =0, p§t =p =pget, pRet = pt = pg°?, (2.2)

with the barotropic equation of state p(p,Tp). Inserting equation (2.2) to equation (2.1) the second term is
cancelled. With a similar argument for surfaces U; and L;, we obtain that (pvw)&"d = (pvw)i"d = 0 and
vGe4 = 0. Altogether inserted in equation (2.1), yields

hLAz(pv)!*t" + hLAt(puv) 5% = 0. (2.3)

In domain z > Az, v§°? = 0 holds. Assuming no vacuum (i.e. P > 0), equation (2.3) provides v = 0 for
all cells in x > Az (i.e. i > 2).

For the cell that touches the interface (i.e. i = 1), we obtain a condition for the third component of the
numerical fluxes at the interface (z;r = 0) denoted by surface F;—:

v =0 e (puw)5t = 0. (2.4)
The coupling condition can be written as

Vi>1, o/t =04 (puw)§ =0. (2.5)
Further applying the Godunov scheme on the fourth equation of (1.1) gives an equation for the momentum
pw analog to (2.3). Using the same arguments as for equation (2.3), we obtain the condition:

Vi>1, witt =0s (puw)gf:d1 = 0. (2.6)

Notation 1. (Interface: +,—) Commonly, for the left and the right side of a cell interface the indices 'L’
and 'R’ are used. For general problems, we use this notation. But to denote the coupling interface connected
problems, we define '—’ for the left and '+’ for the right side of the interface located at xrp = 0 (compare Figure
2.2, right).
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R

FIGURE 2.2. The left side of the interface z < x;r = 0 is denoted by '—’ and the 3D equations
(1.1) are applied. Analog the right side of the interface x > x;p = 0 is denoted by '+’ and the
1D equations (1.4) are applied.

The equations (2.5) and (2.6) are the wanted necessary and sufficient coupling boundary conditions to fit to
pure one-dimensional simulation in the right domain. The condition depends only on the value of the pv- and
the pw- components of the 3D-solver numerical flux at the interface z = 0.

Definition 2. (admissible coupling boundary) A 8D-1D coupling boundary is defined as admissible, if the pv-
and the pw- components of the 3D-solver numerical flux at the interface x = 0T are zero:

{(puw =9 (2.7)

(puw)™ = 0.

A necessary and sufficient condition for the 3D solver to give a consistent one dimensional numerical flux
at the coupling boundary is deduced. To switch at z;p = 0 from the N x N numerical fluxes F5p(W) :=
(pu, pu? + P, puv, puw)T (defined in (1.3)) in z-direction at the left side (3D domain) of the interface to one
numerical flux Fyp(W) := (pu, pu? + P)T (see (1.4)) at the right side (1D domain) of the interface, we want to
define a flux Frp in the a-direction at the interface z;r = 0 satisfying the coupling condition (2.7).

2.2. A conservative admissible interface model

Based on the admissible coupling boundary (Definition 2) we develop a conservative admissible interface
model. An a priori obvious candidate as a 3D-1D coupling interface model immediately arises considering the
projection of the three dimensional Euler equations (1.1) on the plane (O,y, z). We obtain

W + 0, Frp(W) = 0, (2.8)

with W = (p, pu, pv, pw) and Frp(W) = F3p(W) = (pu, pu® +p, puv, puw) defined by equations (1.2) and (1.3).
The interface model (2.8) does not respect the coupling condition (2.7) and the cross-velocities v and w will not
remain zero in the 1D domain as expected (see [HH2007]).

To achieve an admissible interface model, we distinguish the three and one dimensional domain with the
function

1, =<0,

2.9
0, x>0, (29)

d(x,y,2,t) = {

which does not depend on time ¢ and vanishes for the 1D domain assumed for z > 0 and we insert ¢ to equation
(2.8). We receive the admissible interface model

BY + 0, Frp(Y) =0, (2.10)

with the vector of conservative variables Y := (¢, WI)T = (¢, p, pu, pv, pw)T and fluxes Frr(Y) := (0, pu, pu® +
p, ppuv, ppuw)T (compare [HH2007): Y := (4, p,u,v) or (¢, p,u,pu)). The jump function ¢(z > 0,y,z2,t) =
¢ = 0 vanishes at the +’-side of the interface. Thus the flux F FF satisfies the admissible boundary condition
(2.7): (ppuv)™ =0, (ppuw)t = 0 and the interface model (2.10) is an admissible conservative interface model.
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2.3. Numerical scheme

We apply the 3D and 1D solver on the 3D resp. 1D domain and use the admissible interface model (2.10) to
model the numerical fluxes F’ IiF over the interface. We describe the Riemann problem at the interface in detail.
On the 3D or '—’-side of the interface we have the left states of the interface Riemann problem defined by

Y35 = (6 =1, p, pu, pv, pw)i sk = (1, p, pui, pv, pw)i j i (2.11)
for (7,7, k) defined in (1.5) and the 1D or '+’-side we have the right state
YD .= (6= 0,p, pu, pv =0, pw = 0)—1 = (0, p, pu,0,0);—1. (2.12)
For the '—’-side, we need to compute the numerical fluxes
F;F = F(YiS:%J,kv Yzl:Dl’ O_)

between Yi?’:DO’ ;x and Y12 for j,k defined in (1.5). As the size of the cross-section (in y and z) at the interface
xrp = 0 is the same for the ’—’-side and the '+’-side, the finite volume scheme together with the Green formula
give us that F’ I+F is the sum of all local fluxes F' (Yf‘:% ik Y12 0%) in 2- direction by assuming N equally spaced
gridcells on the —’-side and one cell on the +’-side of the interface:

Ff o= Z FY2E 6 Vi, 07). (2.13)
§j=0,..,Ny; k=0,..N,

To receive a consistent numerical 3D-1D coupling method, we use the same finite volume scheme for the
cells connected to the interface x;r = 0 as in the interior cells of the 3D and 1D domains. But to compute
the numerical fluxes F IiF at the interface x;p = 0, we solve the Riemann problem between the left state
Y© = Y3, and right state Y = Y15 using (2.10) instead of the two original models (1.1) for the 3D and
(1.4) for the 1D part. For the calculation of the numerical fluxes F3, at the interface 27 = 0 we consider two

Riemann-based schemes: Catum scheme and a Roe-type scheme to solve the Riemann problem between (2.11)
and (2.12).

2.3.1. Catum scheme

An obvious candidate for the numerical flux calculation is the Riemann-like flux formulation Catum, as used
in the interior cells of the 1D and 3D part. The advantage of Catum in comparison with other Riemann-based
schemes for the simulation of evolution of cavitation is the uniformly consistency with respect to Mach number.
The common used numerical approximation of the cell interface pressure

« _ PL+DR | PL,RCLRUL,R
2 N

is based on compatibility relations and is not uniformly consistent with respect to Mach number. To achieve a
uniform consistency in Mach number the numerical fluxes are defined for the admissible conservative interface
model (2.10) by

FROH™ — pru* - (0,1,u*, ¢ - vr, ¢ - wr)T +p* - (0,0,1,0,0)7,
with the transport velocity u* and the pressure p*

ot = PLELYL + PRCRUR + PL — PR p* = pL + PR
pLcL + PRCR ’ 2

To achieve an upwind character for the Catum scheme, the sign of v* is used. The flux F' Ii F’&‘tum is valid for

u* > 0. For u* < 0 the indices L and R have to be reversed. The basic Catum flux formulation is uniformly
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consistent with respect to multidimensional low Mach number flows. For details see [SSST2008]. The Catum
scheme has a high numerical dissipation (influence on coupling results see section 2.4), thus as second scheme,
a Roe-type scheme, with low dissipation is considered.

2.3.2. Roe-type scheme

The interface model (2.10) can be written in condensed form as

oY + J(Y)0,Y =0, (2.14)
with the matrix J(Y") given by
0 0 0 0 0
0 0 1 0 O
JY) = 0 —u?+c 2u 0 0
puv —ouv ov ou 0
puw  —puw ow 0 oPu
and the speed of sound ¢ which verifies
> =p(p)>0. (2.15)

For system (2.14) the eigenvalues \;, the right-eigenvectors r; and the normalized left-eigenvectors [; of
the matrix J(Y) (extending the results of [HH2007] by ¢w and use conservative variables) can be analytically
calculated by

A1 =0, T = (¢a 0,0, —pv, _pw)T
Ao =u—c, ro = (0,—u+ c+ ¢u, (u — ¢)(—u + ¢ + ¢u), pve, ¢wc)T

r3 = (0,0,0,1,0)T
r4 = (0,0,0,0,1)7

As =u+ec, rs = (0,u + ¢ — ¢u, —(u + ¢)(—u — ¢ + ¢u), pvc, pwe) "

1
M=0, L= <¢,0,0,0,0>

>\3 = )\4 = ¢u7

)\2:’&76, 12:

—u—c 1
0 0,0
" —2¢2 — 2cpu + 2uc’ —2¢% — 2chu + 2uc’ )

la = (20 _ _(ou2—u?—ch)u puv(¢—1) 1.0
A3 =y = du { 37N\ T PuPF—F=2¢u® PRl Hui—c—2¢u
l

c—u 1
A= = I-=10 0,0).
soute b ( " 2¢% — 2chu + 2uc’ 2¢ — 2chu + 2uc’ >
The first, third and fourth fields are linearly degenerate while the second and the fifth are genuinely non-linear.
In comparison with the original Euler equations an additionally stationary wave A\; = 0 at the interface x;p = 0
exists for the conservative interface model (2.10).

For a Roe-type scheme, we have to linearize the Riemann problem for (2.14) at the interface z;r = 0 between
the left Y7, and the right Yg states.
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Definition 3. For the linearisation of the Riemann problem (2.14) we define the vector of averages Y =
(¢, p, pu, pv, pw)T. We recall the original Roe averages p,u, v, w:

5= \/prpL, G = VPRUR + \/pLUL 5 VPRVR + +/PLVL o - VPRWR + \/pLwr
VPR +/PL VPR +/PL VPR +/PL

and define the averages ¢ and 5 by

s _ {CLZ::CL:CR 72:pr:07,
\/Aip ,if Ap#0
3 y if up =0,

G 1 — YPRG/PRunt o ) ,z:fuméo@nd?/;(\/ﬁ%@i%@““a,
1 ,ifur # 0and f;L(\p/%i\/gL)<0,
0 ,if up # 0and VPR(PRUREVPLUL) 1

ur (vPrR+/PL)?

We define as initial condition

vr =wr =0, (2.16)
or =1, ¢p =0.

with ¢ defined in (2.9) and ’L’, 'R’ defined in Notation 1. Furthermore we define A(+) :== (\)r — ()L

The linearized Riemann problem is defined by

oY +J(Y)d,Y =0, (2.17)

~ ~ T
with Y := (¢, p, pu, pv, pw)T, the Roe-averages Y := ((b, D, pu, pu, p’fu) and the initial condition

Y., ,x<0,
Y(z,0) = {YL v o (2.18)
R ,Z .

We denote the solution of (2.17)-(2.18) by YV’ (YL, Yg, (%)i) If we apply a Roe-type scheme for calculating the
Riemann fluxes through the coupling interface, we consider the solution at § = 0:

Y (Yy, YR, 0%). (2.19)
Proposition 4. If the linearized Riemann problem (2.17)-(2.18) fulfills

0
pu ~ ~
AFip(Y) = A pjm;p =A (J (Y) Y) =J (Y) AY (2.20)
Ppuw

the difference between the fluz on the left Fi and on the right F}'. side of the interface is exactly preserved.

Proof. For the second component of AF;r(Y) an easy computation gives A(pu) = pAu + ul\p.
For the third component, we have to prove

A(pu? +p) = (=1 + %) Ap + 2u (pu). (2.21)
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Using the result for the second component A(pu), we obtain

“@Ap+2TA(pu) = G (pu) + pAw)
= u((pu)r — (pu)L + /pPrPL(UR — uL))
— A(y/prur(v/BR +/PL) — VoruL(VPR + VL))
= (VpPrur + vprur)(\/PrRUrR — \/PLUL)
= PRUR — LU
= A(pu?).
= Alpu®>+p) = Alpu®) +EANp.

Finally, equation (2.21) is satisfied

e for Ap =0, if Ap = 0. This condition is fulfilled as we use the same equation of state on both sides of
the interface and we defined ¢ in Definition 3 as ¢:= 0.5 * (¢, + ¢cg) = ¢, = g,
o for Ap #0,if ¢ = ﬁ—i holds as given in Definition 3 and using equation (2.15).

For the fourth component of AF;r(Y), the relation
A(Gpuv) = Punlsg — GT0Lp + GUA(pu) + GEA(pv), (2.22)

has to be verified. We have

(222) &  A(ppuv) — puvAe = (—a0Lp + 0A(pu) + GA ()b

& A(dpuw) — puv g = (avp + poAu + pulv)é.

If we use the initial condition (2.16), a long (but not difficult) computation gives

{A(¢puv) — PUDAG = —pruguy, — PEESPEWERUL/PENE) f g,

wAp + pvAu+ pulv = —prupvy,

and then we obtain

pLvL/Pr(V/PRUR + /LU -
(222) & —prugvy — == (j(p?fjpi)z L L)AQS:—pLuLULd).

Furthermore, ¢ is solution of (2.22), if ¢ satisfies

_ pLy/PR(V/PRUR + /PLUL) A
(VPR +/PL)?

—pLur ¢ = —prurd, (2.23)

and the fifth equation of AF;r(Y). Replacing v by w the same calculation gives us that a has again to fulfill
equation (2.23). To fulfill equation (2.23),

o ifurp, =0, $ can be freely chosen and qAS = % = 1_570 = %7 seems evident, even if we know that for
ur # 0, the relation (2.22) will not be verified.
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o if u; # 0, we choose ¢ = 1+ @i%ﬁ%@“) A¢ and the relation (2.20) is satisfied because it yields

A¢ = —1 at the interface. As defined ¢ € [0;1], it seems natural to choose be [0;1] and we define:

1_ VPE(VPRURTPLUL) if 0 < VPE(VPRURTPLUL)
ur(vPrR+/pPL)? ’ ur (vPR+v/PL)?
$ _ 1 if VPE(VPRURTPLUL) 0
’ ur (yPRrR++/pPL)> ’
0 if VPE(VPRURTPLUL)
’ ur(vPrR+/pPL)?

<1,

> 1.

O

Remark 5. This proof is only valid for the initial condition (2.16) because in this case (E does not depend on v
and w. We recall that if ur, =0 and if ug # 0, the relation (2.22) will not be verified and the condition (2.20)

is not preserved, but only a small error occurs.

Solution of the linearized problem. The construction of the solution of the linearized Riemann problem
(2.17)-(2.18) is classical, but we briefly recall it for an easy implementation of the Roe-type scheme.
Given the eigenvalues Ag(Y) with & = 1,...,5 (depicted in Figure 2.3) and the associated right eigenvectors

r(Y), we compute S such that:

5
YR =YL =) Buri(Y).

k=1
e A e N
if u<0: Fh t 4 if u>0: t T Fh
¢=1 1 |0 #90 S A A |
AN S
-2 “ bl “ l AN
1 V2 V3 ¢=0 ¢=1 ] u+c
— W, W, ]
¢=1 1 wy 3 PR -
AL u L |
ur vR “L |
v R v !
L YR
wy x Y ! R X
0 . 10 .

FIGURE 2.3. Characteristics and states of the linearized Riemann problem of the thin interface
model considered at the interface with k =4 =: L and k =5 =: R.

The solution of the linearized Riemann problem (2.17)-(2.18) is given by:

Yz, t)=Yo+ > Bn(Y).

zn(Y)

In order to calculate the solution Y (z,t), we need to compute 81, B2 and Bs:

_$r—¢L _ 1 a+e o1 _
B = 7 Bo 22—+ 09) (pr — PL) 26(6—u+<$u)((pu)R (pu)r),
1 4w—7c 1 1
Bs = 58(—8— o $ﬂ) (pr — pL) — 55(—8— it Aﬂ) ((pu)r — (pu)r)

~ ~

To compute the solution for all possible values of eigenvectors, we use the left-eigenvectors 1 (Y), l2(Y) and

I5(Y) because we know that if \; # A; we have li(?)rj(l?) = (. The solutions Y (Y7, Yg,07),Y (Y, Yg,0T) at
the interface 0 are then defined by:
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o if Ay(Y) >0, then Y (Y, Y, 07) = Yy, and Y (YL, Vi, 07) =Yg, + By (Y),
o if \a(Y) < 0 and A3(Y) = M\g(Y) > 0, then Y (YL,YR,07) = Yz + Bora(Y) and Y(Yy, Vg, 01) =
YL + Biri(Y) + Bara(Y),
e if \3(Y) = M\y(Y) < 0and A5(Y) > 0, then Y (Yy, Yi,07) = Yp—Bsr5(Y)—B1r1 (V) and Y (Y, Yi, 01) =
Yr — B515(Y),
e if \5(Y) <0, then Y(Yz,Yg,07) =Yg — B1r1(Y) and Y (Y7, Yg,07) = Yx.
Numerical flux and entropy correction. To compute the numerical flux Frp (Y (Y;", Y/}, 0%)), we know the
interface states Y (Y, Y2, 0F) defined in equation (2.19) as solution of the linearized Riemann problem (2.17),
we can use the barotropic equation of state p(p,Ty) to determine the pressure p(Oi) at the interface. The Roe
scheme without entropy correction can predict wrong waves and thus authorizes non-physical shocks crossing
the interface. It occurs when between two cells ; and 2,41 an eigenvalue is associated to a non linear k-field:
Ae(Y]) <0 < Ap(YR). If and only if a smooth rarefaction wave develops, an entropy correction to guarantee
the second principle of thermodynamics is needed. Many numerical entropy corrections exist (e.g. [HH1983]).
The approach presented here consists in increasing locally the numerical viscosity of the scheme, as presented
in [HHMS2010]. The advantage of this correction is that it is lipschitzian if the numerical flux is lipschitzian.

Definition 6. (Entropy correction) If A\, (Y]') < 0 < M\e(YR) and k-field is non linear, then the numerical flux
Frr is replaced by:

: n n Y =Y
Fre(Y(Y[, YR, 05)) = Fre(Y (Y], Y, 05)) — min(e (V)] Ak (VR =
Consequently, with the interface marking function ¢(zx, y, z,t) and the admissible coupling boundary condition
(2.7), we have a conservative admissible interface model (2.10), which belongs to the thin interface models. Thus
the 3D Euler method can be coupled with the 1D Euler method for non-cavitating flows using the interface
model (2.10). The details needed for implementing the Catum and Roe-type scheme are given in section 2.4.

Notation 7. The interface model (2.10) belongs to the thin interface models (compare [HH2007]) and is called
TI. Applying the Catum (see section 2.53.1) or the Roe-type scheme (see section 2.3.2) we define the resulting
method as TICatum or TIRoe.

2.4. Numerical results

The coupling algorithms TICatum and TIRoe for non-cavitating flow passing the interface at x;r = 0 are
compared to each other and the pure 3D solution calculated by 3D Catum. The domain depicted in Figure 1.1
is decomposed by Az = Ay = Az to N x N x N equidistant hexahedral gridcells for the pure 3D simulation. For
the couplings TICatum or TIRoe the geometry is divided into two parts by locating the interface at z;p = 0, the
3D mesh for z < 0 with N, 3p x N x N and the 1D mesh for z > 0 with Ny 1p x1x1and N := Ny 3p+ Nz 1p
number of gridcells. We recall, that for the same cross-section (y- and z-direction) at the interface, there is no
jump in geometry at the interface.

As initial condition we assume p;nit >> Dsqr and u = v = w = 0, with ps, saturation pressure defined by the
equation of state and p;,;+ the initial pressure. To introduce a pressure wave passing the 3D-1D interface at
x7p = 0 one or two small regions with a pressure py,qq. > Pinst are initialised. The corresponding density p(p, To)
is obtained using the barotropic equation of state for a diesel-like test-fluid. All boundaries are assumed as walls.
The internal cut of the geometry at x;p = 0 for the coupled simulation is modelled by TICatum or TIRoe and
the 3D or 1D part is simulated by the 3D or 1D Catum. With this setup, the necessary and sufficient interface
coupling condition (2.7): (puv)™ = (puw)*™ = 0 is fulfilled. Both codes use a cfl 1.0 and to assure synchro-
nous timestepping, the minimum of the valid timestep of the 1D and 3D code is used as timestep for both codes.

For the solution of the 3D-1D coupling, we expect that the 3D part of the combined 3D-1D solution yields
the same as for the solution for the pure 3D simulation.
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Remark 8. In the following, we only consider the solutions for the x- and y-direction. The results for the z-
direction are the same as for the y-direction and are neglected. The results of Figure 2.5 - 2.8 show the solution
at the simulation time t1 > 0 or to > t1, corresponding to the time when the wave reaches the interface.

2.4.1. Testcase 1: Non-cavitating flow with zero averaged cross-velocities

By introducing one pressure peak p,,q. as initial condition, we receive a pressure wave, which travels over
the interface depending on time ¢. As depicted in Figure 2.5 at time ¢; > 0, the primitive variables are approx-
imated very well by the TIRoe scheme in comparison to the pure 3D solution. The assumption of the constant
1D-values p1p,uip,p1ip(p) and the cross-velocity vip = 0 as constant right state of the local 3D Riemann
problems at the interface x;r = 0 for the computation of the fluxes FIiF over the interface, implicates small
artificial jumps within each local Riemann problem and thus leads to an error in the 3D-1D solution. Especially
with the interface model TICatum this error can be detected in the interface connected cells of the 3D part for
the velocity u. We achieve a direct comparison of the 1D part solution and the pure 3D solution by averaging
the 3D solution with respect to the x-axis. As depicted in Figure 2.6, all results fit very well, with only a small
influence in the vicinity of the interface located at x;p = 0.

In Figure 2.4 the L?—errors for the density p, the momentum in z-direction pu and in y-direction pv calculated
with the solver TICatum and TIRoe in comparison with the pure 3D solutions, based on the averaged values
depicted in Figure 2.6, are shown. The solutions calculated with the two different flux formulations Catum and
Roe are almost the same. Concluding, this testcase illustrates that the interface models TIRoe and TICatum
introduce only small errors to the flow in the vicinity of the interface. As shown in the averaged solutions in
Figure 2.6, the averaged momentum in y-direction pv = 0 is zero for the 1D part and thus the solution of ¢pv
at the interface coincides with the model assumption (¢puv)™ = 0. A setup with pv # 0 at the interface is
considered in the second testcase.

Testcase 1 | 12 _errornormof | L2 —errornormof || 1€8t€@€2 | 12 eprornorm of | 12 —error norm of
(v=0) | pure 3D - TICatum | Pure 3D - TIRoe (v#0) | pure 3D - TICatum | Pure 3D - TIRoe
p 1.704 1.695 p 0.186 0.191
pu 2151.18 2139.51 pu 168.78 14713
pv 112.03 111.99 pv 173.35 165.26

FIGURE 2.4. L2-error for the solver TICatum and TIRoe in comparison with the pure 3D
solution at time ¢ for testcase 1 (see left side and section 2.4.1) and time ¢o > t; for testcase
2 (see right side and section 2.4.2).

2.4.2. Testcase 2: Non-cavitating flow with non-zero averaged cross-velocities

To achieve a non-zero averaged cross-velocity, two pressure peaks p.nq. are initialised at different x and y
locations in the 3D part within the geometry given in Figure 1.1, to obtain an asymmetric cross-velocity field.
With this flow field, the strength of influence of the model assumption (puv)* = 0 of the thin interface model TI
can be observed. As shown in Figure 2.7 on the left row, at time ¢; > 0 the densities p have the same predicates
as in the first testcase (see section 2.4.1). To approximate the velocity v in the 1D part, we assume vip = 0. In
the right plot of Figure 2.8 we clearly see, that this assumption is fulfilled. The condition (puv)* = 0 leads to a
zero pv-flux over the interface, thus the momentum in y-direction jumps between the last cell layer of the 3D-
and the first cell in the 1D-part. But we also detect an error in the averaged y-momentum at time ¢, for TTRoe
and TICatum, which is a result of the jump at the interface. By comparing the L?—error in the right table of
Figure 2.4, the error within the 3D-1D domain is small, which is also depicted on the right three rows in Figure
2.7. Again the TTRoe interface model approximates the solution better than the TICatum model. Thus also for
non-zero averaged cross-velocities, the thin interface approach TI seems to be a suitable model for the 3D-1D
coupling for the application on non-cavitating flows and especially TIRoe in combination with Catum for the
3D and 1D domain is recommended.
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FIGURE 2.5. Non-cavitating testcase with zero average velocities.
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FIGURE 2.6. Averaged solution of the density p, momentum in z-direction pu and momentum
in y-direction pv of the pure 3D, TICatum and TIRoe with respect to the x-axis.
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pure 3D

3D-1D Catum

L 1| s3p-Dcatum 3D-1D Catum

3D-1D Roe 3D-1D Roe

t2>t1: velocity u x-direction [m/s]

3D-1D Roe

t2>t1: velocity v y-direction [m/s]

1>0: density [kg/m?] t2>t1: density [kg/m’]

FIGURE 2.7. Non-cavitating testcase with non-zero cross-velocities.
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FIGURE 2.8. Non-cavitating testcase with non-zero cross-velocities at time t; > 0 and to > ¢1.
With respect to the x-axis averaged solutions of density p, momentum in z-direction pu and
momentum in y-direction pv of the pure 3D code, TICatum and TIRoe scheme.
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3. INTERFACE MODEL FOR CAVITATING FLOWS

Based on the admissible conservative coupling interface model (2.10) for non-cavitating flow passing the
interface, an extension to cavitating flow is developed. The limit of interface model (2.10) with respect to
cavitating flow passing the interface, is the calculation of the flux for the 1D solver at the interface. An addition
of the local three dimensional fluxes is performed (see equation (2.13)), which is not valid for local two-phase
regions. The equation of state is non-linear in the two-phase region in comparison with the linear liquid region,
which leads to inconsistent densities in the 1D flux for local cavitation regions in the 3D domain at the interface
xrr = 0. A model considering the local vapor fraction at the interface is needed and developed in this section
by splitting the homogeneous density p = apjiq + (1 — &)puyap (Where a is the volume fraction of liquid) to its
liquid piiq and vapor pyap ratio. Splitting the homogeneous density, the original equation of state is valid over
the interface for cavitating flows and cavitation bubbles can pass the interface. We recall that the interface
model is only applied for the interface connecting cells. The other fluxes inside the domain are computed by
the 3D respectively 1D Catum scheme.

3.1. Governing equations

The same barotropic equation of state for a diesel-like test-fluid as mentioned above is used and it is given
by a table, which includes the pressure p as function of the homogeneous density p, the liquid density p1 := piq
and the vapor density ps := puqp and the volume fraction of the liquid phase o with the homogeneous density
p = ap; + (1 — a)py. This table gives unique pressure laws p; = p1(p1, 7o) and ps = p2(p2, Tp). We are able to
consider the ideas described in [CCJK2006] as extension of the interface model (2.10) fulfilling equation (2.7),
where the mass conservation is split into two equations coupled by a source term. We define the following
interface model:

{at(VvHaxFIF( )+ 0,Grr(W) + 8. Hrp(W) = Sp(W) 5.1)
O + udza + v0ya + wo,a = k(p1(p1) — p2(p2)),
where
W = (¢,m1,mq,pu, pv pw)T,

Frr(W) = (0, miu, mou, pu® +p,¢)puv dpuw)’,

Grr(W) = (0,myv, mgu, puv, pv* + p, pvw)T

ﬁ;F(W) = (0, miw, mow, puw, pvw, pw —|—p)

Sir(W) = (0, Mg2(p2) — 91(p1)), =A(g2(p2) — 91(p1)),0,0,0)7,

= %ﬂ (with M; the mass of phase ¢ =1 2) pi = 1\‘;[1

the density of each phase, ¢ is define by (2.9), g; is the free enthalpy of each phase, that satisfies d—l = % gz ‘
and the pressure law p = ap1(p1) + (1 — @)p2(p2).

. o V1
with oo = T

Remark 9. If we add the second and the third equations of system (3.1), we obtain Oip + 0 (pu) = 0, which is
the equation of mass conservation. The source terms cancel because of the opposite signs. The last equation of
(3.1) can also be written as

I(ap) + Ou(apu) + 0y (apv) + 9. (apw) = kp(p1(p1) — p2(p2))- (3:2)

The splitting of the mass conservation and using a source term, considers the vapor density ps separately
from the liquid density p;. Using this splitting, we can perform a valid addition of fluxes (2.13) at the interface
located at z;p = 0.
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3.1.1. Properties of model (3.1)

For smooths solutions Y, we can write system (3.1) in condensed form

Y + J,(Y)0,Y + J,(Y)0,Y + J.(Y)B,Y = 8;p(Y),

313

(3.3)

where ¥ = (¢, m1, ma, pu, pu, pw, a)” = (W7, )T, §4(¥) = (S (W), k(p1 (p1)—pa(p2)))" and matrix Ja (V)
Jy(Y) and J,(Y") are given by

0

o O O

puv
puw

where y; = ]]\\/[4 =

0 0 0 0 0 O 0 0 0
uY2 —uyr yr 0 0 O 0 vy —vY
—UY2 uy1 y 0 0 0 ~ 0 —vys vy
d—-u? A—v? 20« 0 0 N |, J,Y)=|0 -—uw —uv
—puv —¢puwv  pv ¢u 0 O 0 & —v?2 3—?
—puw —¢uw ¢w 0 o¢u 0 0 —wvw —vw
0 0 0 0 0 wu | | O 0 0
[0 0 0 0 0 0 0]
0 wY2 —wWyY1 0 O Y1 0
0 —wy wyY1 0 0 w2 O
J.Y)=10 —uw —uw  w 0 uw 0 |,
0 —ww —vw 0 w v O
0 &—w?> 3-w? 0 0 2w N
| 0 0 0 0 0 0 w |
7’;‘ , = le t is the squared sound Ve10(31ty of each phases with i = 1,2 and N =

by ¢ the speed of sound of the mixture, it yields ¢? = y;¢3 + yac3.

To study system (3.3), we have to examine the three matrices J, (W), J,(
Az j=1,..,7, right-eigenvectors r, j—1, . 7 and left-eigenvectors I, j—i . 7 of the matrix J(Y) are

Aav,l = 07

>\x,2 =u—-c,

Az j=3,4 = U,

Az,j=5,6 = QU,

Ag,7 = U+ c,

Tyl = (¢a 07 Oa Oa —pv, —pw, O)Ta

1
lz,l = ($’0’0’07070’0)7
Puc Ppwe T
r,2 = 07 » Y2, ) ) 70
re2 = 0y —c —u+c+ou —u-+c+ ou )
uc+c? uc+ci 1 N
l:r = T o 9 y T 5 oD Yy 55 )
2= 2c? 2c2 2c 0,0 202)
2
Tr3*(071307ua07077%)T ZIS*(O y202a ’Uig 30 O 0 2
2
Tm4*(0 0317U,07 ’7%)T lm4*(0 *yigl,yigl,OOO— Cg
rz5 = (0,0,0,0,1,0,0)
rz6 = (0,0,0,0,0,1,0)7 '

pv  (SE+ul(1-¢)pv  (cE+u(1-4))¢v uvg(1—

?)

W) and {Z(W

1,0

t)
)

OO o OO O

Y1
Y2

2v

IS
o cocococo
c oZoocoo

ag . Denoting

). The eigenvalues

3

N v
i

5

Ty 7 = (07y1,92»U +c,

0,0,0,0,—%,1,0)

v
Puc pwe T
) 70)
u+c—ou u+c— pu

7 — 5—uc 1 N
ci —uc ¢ —uc 0.0

lz :0a77777a sy 'y o)
7= 2¢2 2¢2 ' 2c 2c2)

(5 e T (6-2) WP T (3-2) W= L ou? (52"
=(
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The eigenvalues Ay j—1,.. 7, right-eigenvectors ry j—1, 7 and left-eigenvectors I, j—1, 7 of the matrix Jy(f/) are

)\y,l = O, Ty,1 = (15050707()’0’0)T7 ly,l = (170707()’07070)7
ve+ ¢ ve+ 3 1 N
)\y;Q =u-—-gc, 76?/2 = (O7y17y27u7v - caw70)T’ lll;2 = (O’ 202 17 2C2 27 ,_%7 ’@)
rys = (0,0,0,1,0,0,0)T lys = (0,— %, — 1% 10,0, - Yu)
) ry,4—(0000010)T Iy =(0,0,0,—%,0,1,0)
- =, ,
y,j=3,4,5,6 Tys (0’ 1,0,0,v,0, — )T y5 _ (07 yigz’ 6227 N32/1)
rye = (0,0,1,0,0,0,— )T ly6 = (0,0,0,0,—%,1 0)
2 —ve & —ve 1 N
N =, rya= Oy u o+ ew, 07, Ly = (0,92 B2 0 0, %),

The second and seventh field are genuinely non-linear while others are linearly degenerated. B
For eigenvalues X, j—1, 7, right-eigenvectors 7, j—1, 7 and left-eigenvectors I, j—1 7 of the matrix J,(Y") we
obtain a similar formula as for matrix J,(Y).

3.2. Numerical scheme

To solve system (3.3) with source term S;(Y), we firstly solve the conservative part of (3.3) and secondly,
we take the source term into account.

Definition 10. (M-equilibrium condition) The M-equilibrium condition is fulfilled, if the pressure of the liquid
phase p1 in a gridcell © is the same as the pressure of the vapor phase ps:

p1(p1) = pa(p2). (3.4)

The M-equilibrium condition is formally equivalent to suppose k — oo in system (3.1) (see [CCIK2006] for
details).

The M-equilibrium algorithm is subdivided into the following steps.
(1) Conservative part. Solve the conservative part of equation (3.3) with a finite volume scheme between
time step ¢,, and ¢,,41.
e Update W with a Roe-type scheme and obtain Wnt1/2,
e Update o with an upwind scheme (see below) and obtain antl/2,
As result receive Y 1/2 = ((Wn+1/2)T a2,
(2) Source term. Consider the source term S;x(Y) with the M-equilibrium condition (3.4). An ordinary

differential equation (3.9) has to be solved in [0; At] with the initial condition Y"1/2 = ¥ (z,y, z,0).
(3) Update a. Update « such that it satisfies the M-equilibrium (3.4).

3.2.1. First step: Conservative part

In this step, we want to solve the conservative part of system (3.3)

(3.5)

8t(W)+amF[F( )+8 G[F( )+8H[F(W) 0
Ora + U000 + vOya + wo, o = 0,

with an explicit first order finite volume scheme. rljhe fluxes G 1r and H ¢ are computed with a classical Roe
solver (see e.g. [CCJK2006]). The interface flux Frp contains the function ¢ and thus has to be explained.

Analog to the Roe linearisation in subsection 2.3, we have to define the state Y with Y = (WT, a)T.
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Proposition 11. The classical Roe averages p, u, U and W are defined as

5= VPRVR ++/pPLVL &= v/PRWR + \/prL.
VPRt +/PL VPR +/PL VPRt \/PL

5= /PRPL, = VPRUR + \/pLUL

Assume §; as

i = VPRYi,R T \/PLYi,L i 1.9
7 ﬁpR_’_ ﬁpL ) ’

and assume that there exists ¢ and N such that the following discrete jump condition is verified

LMp= 3" aA(m) + Nia.
i=1,2

If the initial condition is

vr = wr =0, (3.6)
¢L:17 ¢R:07

and (E is defined as

P {; Jifup =0
= VPR(VPRURT/PLUL) .
L= v > fun #0,

the relation

is satisfied. Thus the difference of the flux on the left F and on the right F;'F side of the interface of system
(3.3) is exactly preserved.

Proof. The proof is similar to the proof of proposition 4 and thus is not given. O

Remark 12. As for Proposition 4, the proof is only valid for the initial conditions (3.6) because in this case $
does not depend on v and w, we recall that if up, = 0 and if ug # 0, the jump relation for ¢ will not be verified
(see Proposition 4).

To compute the interface flux Frp, we have to find the solution Y (Yz,Yg,0%) of the linearized Riemann
problem:

&gf/ + Jgg(f/)ax(f’) =0,
- Y. i 0 3.7
I A o
Yr, if >0,
which is

Vat) =+ 3 Bura(¥).

2 ,1(Y)
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To calculate the solution f/', we need to identify 5, , with &k =1,2,3,4,7, as explained for the eigenvectors
of J, in section 3.1.1:

1
Bz,l = ZAQS
¢+ &+ e 1 N
/BJIJ,Q = — A(ml) + =~ A(mg) — 7&(,011) + TAO{,
2c2 2¢2 2c 902
72 72 AN
R NEIR - IO
¢ ¢ ¢
TN
Bra = =L A(m) + L Am) — = Ao
¢ ¢ ¢
& —ae 3 —aé N
Bor = —=—NA(m1) + 2—=—A(m2) + =A(pu) + —=Aa
2c? 2c? 2 ¢

The interface states are then defined by
o if Ay a(V) > 0, then ¥ (Vy, Vi, 07) = ¥, and ¥ (Vi Vi, 0%) = V1, + Barran (V)
o if A\po(Y) < 0and Ay 3(Y) = Apa(Y) > 0, then ¥ (Vy,, Yz, 07) = Vi, + Boors2(Y) and ¥ (¥, Vi, 07) =
Vi + 5@1%71(?) +Aﬁx,27“a;,2(§/), ) ) )
o if \y3(Y) =X4(Y) <0and A\y7(Y) >0, then Y (Y1,Yr,07) = Y — Bo7727(Y) — Bp172,1(Y) and
Y (YL, 3;:1?,, 0F) =Yg — 591:,7%,7(?)’ R
o if \;5(Y) <0, then Y(Yz,Yr,07) =Yg — B;17,,1(Y) and Y (YL, YR, 0") = Yg.

Now the three fluxes FgD, flgD and G’gD can be calculated and we can update W. To finish the first step, we
have to update « using the second equation of system (3.5) and the following upwind scheme:

n+1/2 n At ~n ~n n n ~n ~n n n
Q; 2 o — m((uz = ui Nadyy —af) + (@ + [ uf (o —ai”y)). (3.8)

3.2.2. Second step: Source term
We integrate the ODE system:
{at(W) = S1p(W)
da = k(p1(p1) — p2(p2)),
over [0; At] with the initial condition

f’(w,y, z,0) = }7”+1/2(x,y, z,0).

We assume the M-equilibrium (3.4), which means that the last component of the source term kp(pi(p1) —
p2(p2)) = 0 is zero or similarly we suppose that « is chosen such that

P (%) =p2 (1m20) : (3.10)

using the pressure laws p1(p1,7Tp) and pa(p2,Tp). With assumption (3.10), system (3.9) is transferred to

{at(VT/) = Sip(W) (3.11)

8ta =0.
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We deduce an approximate ODE system that allows explicit integration instead of a direct numerical integration
of system (3.11) to assure stability and maximum principle purpose. Therefore, we scale parameter A by setting
A = myma, where X is supposed to be a large constant and we fix the (g — g1) term as (go —gl)”“/2 evaluated

at f/inﬂ/ % We obtain the simplified ODE system

¢ (m1) = myima(ga — 91)?“/2 = ml(ﬂ?ﬂ/2 —mi)A(ge — 91)?“/2, O(p) =0, d(pu) =0,

which can be solved explicitly

+1/2
oY

n+1/2 <, n+1/2 n+1/2 ’
(W‘1>exp(—/\tﬂi+/(92—91)i+/)+1

mi (1) = p(t) = pi 2 () = w2,

Let us notice that the above relation ensures my(t) € [0;p(¢)] for all ¢ > 0. We now complete the source
integration step by setting

P = TR g = R ) = (A8), ()

Pi =0 ) Uy Uu; o — (ml)ﬂ+1.

=P 7

3.2.3. Third step: Update «

We update a by remapping « into the M-equilibrium states (3.4). In fact, o™ is the solution of equation

(3.10), then we finally obtain
<m?+1> <mg+1)
D1 =D2 .
o l-«o

Remark 13. The ”cavitating” interface model (3.3) is not conservative as the admissible conservative interface
model (2.10) for non-cavitating flows. But the interface model (3.3) is valid for cavitating and non-cavitating
flow passing the interface. The error received at the interface depends on the amount of cavitation bubbles
passing the interface. But this model ensures the same pressure p~ = p' over the interface and changes the
volume fraction a instead. The constant pressure over the interface is essential for a density-based compressible
Euler method and suppress pressure waves introduced by the interface.

4. RESULTS AND OUTLOOK

For the 3D-1D coupling of compressible density-based Euler methods two interface models are evaluated.
The first interface model - admissible conservative interface model (2.10) - is valid for non-cavitating and the
second interface model (see equation (3.3)) is valid for cavitating and non-cavitating flow passing the coupling
interface assumed at xyp = 0. The considered domain for the 3D-1D coupling is divided to two parts, a three
and a one dimensional domain connected at the coupling interface. Within the 3D part a 3D version of Catum
(CAvitation Technical University Munich [SSST2008]) and within the 1D part a 1D version of Catum is used
to calculate the (non-) cavitating flow. Only the fluxes over the coupling interface have to be considered by the
interface model.

The first "non-cavitating” interface model is based on [HH2007] and uses an interface marking jump function
¢ to perform the jump in dimensions at the coupling interface. For the so called flux coupling approach two
Riemann-like flux calculations are considered resulting in two thin interface models TICatum and TIRoe. In
section 2.3 all details for an easy implementation of both models are given, which includes the numerical flux
formulation for TICatum and the eigenvalues, eigenvectors and Roe averages for the Roe-type interface model
TIRoe. As shown in the two testcases in section 2.4.1 and 2.4.2, the thin interface model TICatum and TIRoe
perform very well comparing the L?—error of the averaged solutions and the flow fields. Though our coupling
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case is much more complex than the one used in [HH2007], the errors in the vicinity of the interface are small.
We recommend as an interface model for non-cavitating flow TIRoe instead of TICatum.

An extension of the interface model (2.10) for non-cavitating to cavitating flow passing the interface is de-
duced by splitting the density p into the vapor density p; and the liquid density p, with the homogeneous
density p = ap; + (1 — a)ps. Using two instead of one mass conservation equation, a source and a sink term is
modelled using the free enthalpy g¢; (see equation (3.1)). Applying the equation of state for the two densities
pi,© = 1,2, it is possible to update the volume fraction . We gain a valid equation of state at the interface for
cavitating flows, hence we can add the fluxes at the interface and use them as numerical flux for the 1D code
without violating the barotropic equation of state.

Both interface model approaches for non-cavitating and cavitating flow passing the interface can be applied
for the 3D-1D coupling of compressible density-based Euler methods for the application on cavitating flow inside
the 3D domain. Only for cavitation bubbles passing the interface, the cavitating interface model has to be used.
The combination of the ideas of the interface model [HH2007] and the cavitation model given in [CCJK2000]
seems to be a sustainable concept for the coupling of three and one-dimensional cavitating flow.

In future works we have to consistently model the local values at the '+’-side for the calculation of local fluxes
for the 3D solver at the interface and not only use the constant values given by the 1D solver to reduce the
influences of the interface on the flow in the vicinity of the interface as depicted in section 2.4. Overall the two
proposed interface models (2.10) and (3.3) for the coupling of 3D and 1D Euler methods have a high potential
for considering an entire (non-) cavitating hydraulic system behaviour and also with acceptable computational
costs in comparison with a pure 3D simulation for the entire hydraulic system.
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