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A FINITE VOLUME METHOD FOR DENSITY

DRIVEN FLOWS IN POROUS MEDIA

Danielle Hilhorst1, Huy Cuong Vu Do2 and Yushan Wang3

Abstract. In this paper, we apply a semi-implicit finite volume method for the numerical simulation
of density driven flows in porous media; this amounts to solving a nonlinear convection-diffusion par-
abolic equation for the concentration coupled with an elliptic equation for the pressure. We compute
the solutions for two specific problems: a problem involving a rotating interface between salt and fresh
water and the classical but difficult Henry’s problem. All solutions are compared to results obtained
by running FEflow, a commercial software package for the simulation of groundwater flow, mass and
heat transfer in porous media.

Introduction

We describe here results which have been obtained in the context of an exploratory project of CNRS (PEPS
ECODEVA) on the numerical simulation of flows with variable density for the production of lithium batteries.
More precisely, the purpose of this project is related to the exploitation of lithium deposits in salt lakes, also
known as ”Salars”. In recent years, lithium has become a strategic element for industrial countries because it
is the basic element of lithium-ion batteries used for hybrid and electric vehicles. Therefore its production has
become of high interest for all major groups involved in the car industry as well as suppliers of these groups.
Currently the largest deposit in the world is the Salar Uyuni, in the department of Potośı, in South-West Bolivia.
This deposit represents a third of the world resources. In March 2008, Bolivia has authorized the exploitation,
however reserving this right to its nationals. Chile has the second largest deposit with the Salar Atacama and
it has become the world’s largest exporter since 1997, with the German company Chemettal as main operator.
Argentina also has a lithium deposit, the Salar Hombre Muerto, which is located in the North-West of the
country. Other salar areas of the Altiplano of Argentina provide mining exploitation concessions to foreign
companies, among whom European groups.

Other deposits are exploited, including salt lakes in Tibet as well as mines in Australia, Russia and the United
States. They are not accessible to European operators. The largest deposits are either clusters of crystallized
salt (solid) or lenses of supersaturated salt water created by evaporation under endorheic conditions (which are
not led to a superficial network reaching the sea). The latter type of deposit is that of salars of the Andean
altiplano. Rational exploitation implies mastering these special aqueous flows whose density depends on the
concentration of salts (lithium included). An operating technique consists in sweeping the reservoir with fresh
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water in order to obtain a maximal recovery without earthworks and with a minimal impact on fluid levels, and
thus a minimal impact on the environment. This explains the need of implementing research methodologies
and techniques from hydrogeology. The purpose here is to extract salt water which contains lithium. In a later
stage, the lithium will be separated from the salt water.

From a mathematical viewpoint, it amounts to study a coupled system describing the interaction between
flow and transport in a porous medium, whose density ρ is a strictly increasing function of the concentration
c of the salt water; typically we have that ρ(c) = ρ0(1 + αc). More specifically, we solve a nonlinear parabolic
convection-diffusion equation for the concentration coupled with an elliptic equation for the pressure, which is
derived from Darcy’s law

Φ
∂(ρ(c)c)

∂t
+∇ ·

(
qρ(c)c− ρ(c)D∇c

)
= 0, in Ω× (0, T ],

Φ
∂ρ(c)

∂t
+∇ · (qρ(c)) = 0, in Ω× (0, T ],

q = −k
µ

(∇p− ρ(c)g), in Ω× (0, T ],

(1)

together with suitable boundary conditions. The porosity Φ is the fraction of the voids (empty spaces) over the
total volume. In the third equation of (1), namely, Darcy’s law, q is the flux (discharge per unit area), p is the
pressure, k is the permeability, µ is the dynamic viscosity, and g is the gravity.

The organization of this paper is as follows. In Section 1, we present the numerical algorithm which is applied
to solve System (1). It is based upon the standard finite volume method for the spatial discretization and a
semi-implicit scheme for the time discretization [9], [6], [7], [8]. Because of the form of the velocity vector q,
we simultaneously use two upwind directions for the discretization of the convection terms. In Section 2, we
describe Henry’s problem, together with suitable boundary conditions. The main difficulty is that we have to
compute pressure and velocity, in a case that the velocity changes direction through one of the boundaries. In
Section 3, we study the time evolution of the interface between fresh and salt water in an aquifer in a case that
the interface slowly rotates before reaching a stable equilibrium where the fresh water lies above the salt water.
A technical difficulty is that the pressure is not uniquely defined since Neumann boundary conditions are pre-
scribed on the boundaries. This leads us to slightly modify System (1) by adding a small parabolic term to the
pressure equation. All the solutions which we compute throughout this paper are compared to results obtained
by means of FEflow, a commercial software for the simulation of groundwater flow and mass and heat transfer in
porous media, which is based upon the finite element method. Finally, we present some conclusions in Section 4.

We refer to [5], [11], [2], [4] for modelling aspects. System (1) has already been solved in [10] by means of a
vertex centered finite volume method as well as by the mixed finite element method. They directly applied their
numerical method to a real case, while we perform a rather detailed study of the application of our numerical
scheme to two rather intricate test cases.

1. The finite volume discretization

In this section, we discretize System (1)
Φ
∂(ρ(c)c)

∂t
+∇ ·

(
qρ(c)c− ρ(c)D∇c

)
= 0, in Ω× (0, T ],

Φ
∂ρ(c)

∂t
+∇ · (qρ(c)) = 0, in Ω× (0, T ],

q = −k
µ

(∇p− ρ(c)g), in Ω× (0, T ],
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together with the boundary conditions


c = cD(x, t), (x, t) ∈ ∂ΩcD × (0, T ],

p = pD(x, t), (x, t) ∈ ∂ΩpD × (0, T ],
∂c

∂n
= c̄N (x, t), (x, t) ∈ ∂ΩcN × (0, T ],

q · n = q̄N (x, t), (x, t) ∈ ∂ΩpN × (0, T ],

(2)

where ∂Ω = ∂ΩcD
⋃
∂ΩcN = ∂ΩpD

⋃
∂ΩpN with ∂ΩcD, ∂ΩpD the Dirichlet boundaries and ∂ΩcN , ∂ΩpN the Neumann

boundaries for concentration and pressure respectively. The initial conditions are given by

{
c(x, 0) = c0(x), for all x ∈ Ω,

p(x, 0) = p0(x), for all x ∈ Ω.
(3)

Next we introduce some notations related to the space and time discretizations.

Space discretization : Let Ω be an open bounded polygonal subset of RN and T be a mesh of Ω; for all

K ∈ T , we denote by |K| the measure of K in RN . The elements of T will be called control volumes in what
follows. For any (K,L) ∈ T 2 with K 6= L, we denote by σKL = K̄ ∩ L̄ their common interface; it is included
in a hyperplane of RN , which does not intersect K nor L. Then |σKL| denotes the measure of σKL for the
Lebesgue measure of the hyperplane, and nKL denotes the unit vector normal to σKL, oriented from K to L.
The set of boundary control volumes is denoted by ∂T = {∂K ∩ ∂Ω,K ∈ T } and for all K ∈ ∂T , we denote
σK the intersection of the boundary of K and the boundary of Ω, i.e. σK = ∂K ∩ ∂Ω.

We denote by E the set of edges σ of the control volumes. For any K ∈ T , we define the subset EK of E as
the set of edges of the volume element K. Then E =

⋃
K∈T EK . For all K ∈ T , we define the set of neighbors

of K as NK = {L ∈ T , (K,L) ∈ T 2, L 6= K, |σKL| 6= 0}.

We suppose that there exists a family of points xK ∈ Ω such that

xK ∈ K, for all K ∈ T ,
xL − xK
dKL

= nKL, for all (K,L) ∈ T 2,
(4)

where dKL = |xL − xK |. For all K ∈ T and σ ∈ EK , we denote by xσ the orthogonal projection of xK on EK
and by dKσ the Euclidean distance between xK and xσ.

Time discretization : We divide the time interval (0, T ] into Nt equal time steps of length δt = T/Nt,
where δt is the uniform time step defined by δt = tn − tn−1.

Let u(x, t) = (ρ(c)c)(x, t) remembering that the function ρ is strictly increasing. Since the function u → c
is invertible, we can rewrite the concentration as a function of u, namely c = r(u) and ρ(c) = ρ(r(u)) = R(u).
For simplicity, for any function v(x, t), we use the notations vn(x) = v(x, tn) and vnK = v(xK , tn).
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We set θ(c) =

∫ c

0

ρ(s)ds so that ∆θ(c) = ∇ · (ρ(c)∇c) and define ϕ(u) = θ(c) = θ(r(u)). The first two

equations of (1) then take the form
Φ
∂u(x, t)

∂t
+∇ · (qu(x, t))−D∆ϕ(u(x, t)) = 0, in Ω× (0, T ],

Φ
∂R(u)

∂t
+∇ · (qR(u)) = 0, in Ω× (0, T ].

(5)

Next we present our numerical scheme which is based upon the standard finite volume method. In order to
make this scheme more intuitive, we first formally integrate the two equations of System (5) on the domain
K × (tn−1, tn) for each K ∈ T and n = 1, ..., Nt to obtain∫

K

Φ
(
u(x, tn)− u(x, tn−1)

)
dx +

∑
σ∈EK

∫ tn

tn−1

∫
σ

(qu) · ndsdt−
∑
σ∈EK

∫ tn

tn−1

∫
σ

D∇ϕ(u) · ndsdt = 0, (6)

∫
K

Φ
(
R(u(x, tn)−R(u(x, tn−1)

)
dx +

∑
σ∈EK

∫ tn

tn−1

∫
σ

(qR(u)) · ndsdt = 0. (7)

Applying a semi-implicit scheme then yields

Φ

∫
K

(
un − un−1

)
dx + δt

∑
σ∈EK

∫
σ

qnun · nds− δt
∑
σ∈EK

∫
σ

D∇ϕ(un) · ndsdt = 0, (8)∫
K

Φ
(
R(un−1)−R(un−2)

)
dx + δt

∑
σ∈EK

∫
σ

(qnR(un−1)) · ndsdt = 0. (9)

In view of Darcy’s law, we define the discrete flux through an interior edge σ = σKL between the elements
K and L by

FKL(pm, un) =
k

µ
|σ|
(pmK − pmL

dKL
+ g · nKLR(ûnKL)

)
, (10)

where

ûKL =
uK + uL

2
. (11)

We also introduce the upwind scheme for the convection term in equation (9)

ũKL =

{
uK , if FKL(p, u) > 0,
uL, otherwise.

(12)

For the diffusion term, we define

QKL(un) = −D |σKL|
dKL

(
ϕ(unL)− ϕ(unK)

)
. (13)

Therefore, a semi-implicit finite volume scheme corresponding to Problem (1) is given by the following
equations

c0K =
1

|K|

∫
K

c0(x)dx, u0
K = ρ(c0K)c0K , (14)

Φ|K|
δt

(
R(un−1

K )−R(un−2
K )

)
+
∑
L∈NK

FKL(pn, un−1)R(ûn−1
KL ) = 0,

Φ|K|
δt

(unK − un−1
K ) +

∑
L∈NK

FKL(pn, un−1)ũnKL +
∑
L∈NK

QKL(un) = 0,

 (15)
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where the convection term FKL is defined by (10) and the diffusion term QKL is defined by (13). Note that
when n = 1, the first term of the first equation in System (15) is omitted.

2. Henry’s problem

Henry’s problem describes the advance of a salt water front in a confined aquifer which is initial charged
with fresh water. Henry developed a solution method to compute the steady-state distribution of the solute. To
this end, he applied the Boussinesq approximation, which involves a stream function. Henry derived analytical
expressions for the stream function and the concentration in the form of a Fourier series, the resulting algebraic
equations for the determination of the Fourier coefficients must be obtained numerically. The ’mystery’ of
Henry’s problem is that no numerical model so far has been able to closely reproduce his semi-analytical solu-
tion. Nevertheless, because of the absence of other non numerical solution for this kind of nonlinear problems,
Henry’s solution has become one of the standard tests for variable density groundwater models.

Figure 1. The various parts of the boundary for Henry’s problem.

Mathematically, Henry’s problem is defined as System (1) in the rectangle Ω together with the boundary
conditions 

c = 0, over Γ2 × (0, T ],

c = 1, over Γb3 × (0, T ],
∂c

∂n
= 0, on (Γ1 ∪ Γ4 ∪ Γh3 )× (0, T ],

p = ρ0|g|(α(1− y)− y), on Γ3 × (0, T ],

q · n = 0, on (Γ1 ∪ Γ4)× (0, T ],

q · n = q0, on Γ2 × (0, T ],

(16)

where Γ3 = Γh3 ∪ Γb3 and y is y-coordinate. Figure 1 shows the configuration of the boundary conditions. The
initial conditions are such that c(x, 0) = 0 and that the pressure p(x, 0) satisfies ∇ · (qρ(c)) = 0 for all x ∈ Ω.

We perform the numerical tests on the space domain Ω = (0, 1)× (0, 1), with T = 0.05 (day). We use 20x20
square control volumes in Ω. The parameters are given in Table 1. In our study, the unit length, the unit time
and the unit mass are chosen as the meter, the second and the kilogram respectively.
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Symbol Value Unit
k 1.02× 10−9 m2

D 6.6× 10−6 m2.s−1

g 9.81 m.s−2

Φ 0.3 −
µ 10−3 Pa.s
ρ0 103 kg.m−3

α 0.025 −
q0 −6.6× 10−5 m.d−1

Table 1. Parameter values for Henry’s problem.

Figure 2. The velocity field at the initial and the end times for Henry’s problem.

The simulations describe the intrusion of salt water in a confined aquifer. The salt water enters from the
right-hand-side, while the fresh water, of density ρ0, flows in from the left-hand-side at a constant rate. There-
fore, the concentration in the area near the coastal side increases in time. At first the interface between the
fresh and the salt water coming from the right-bottom corner has a large slope, which slowly decreases in time
while the salt concentration enters deeper in the domain. Figure 2 shows the velocity fields at the initial and
at the end times.

The simulations in the figures 3 - 4 show the comparison between our numerical results and those obtained
with the FEflow software. FEflow, which is developed by the German group DHI-WASY GmbH, is a professional
software package for modeling fluid flow, transport of dissolved constituents and heat transport processes in the
subsurface. It contains pre- and post processing functionalities together with an efficient simulation engine. A
user-friendly graphical interface provides easy access to a number of modeling options.

3. The rotating interface problem

We now consider the case of a rotating interface between fresh and salt water. The salt water, which is
heavier than the fresh water, has a tendency to flow to the bottom, while the fresh water flows to the top. At
the initial time, the space domain is divided into two rectangles as shown in Figure 5. The left rectangle is filled
with salt water while the right one is filled with fresh water. The interface between these two liquids rotates
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FVM t=0.001 days t=0.002 days t=0.003 days t=0.005 days

FEflow t=0.001 days t=0.002 days t=0.003 days t=0.005 days

Figure 3. Fluid concentration from t=0.001 to t=0.005 days for Henry’s problem.

FVM t=0.01 days t=0.02 days t=0.03 days t=0.05 days

FEflow t=0.01 days t=0.02 days t=0.03 days t=0.05 days

Figure 4. Fluid concentration from t=0.01 to t=0.05 days for Henry’s problem.

counterclockwise until it becomes horizontal. The simulations described below permit to follow the rotation of
the interface.

We suppose that c and q satisfy the boundary conditions:
∂c

∂n
= 0, on ∂Ω× (0, T ],

q · n = 0, on ∂Ω× (0, T ].
(17)

A technical problem is that if p is a solution, also p + c is a solution, with c an arbitrary constant. This

leads us to transform the elliptic equation for p into a parabolic equation by adding the extra term ε
∂p(x, t)

∂t
to the pressure equation, which makes the model slightly compressible. In literature, this is referred to as a
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pseudo-compressibility approximation (cf. [3]). The second equation in Problem (1) becomes

ε
∂p

∂t
+ Φ

∂R(u)

∂t
+∇ · (qR(u)) = 0. (18)

Therefore, the semi-implicit finite volume scheme corresponding to this new problem is given by:

c0K =
1

|K|

∫
K

c0(x)dx, u0
K = ρ0

Kc
0
K ,

p0
K =

1

|K|

∫
K

p0(x)dx, for all K ∈ T ,

 (19)

ε|K|
δt

(pnK − pn−1
K ) +

Φ|K|
δt

(R(un−1
K )−R(un−2

K )) +
∑
L∈NK

FKL(pn, un−1)R(ûn−1) = 0,

Φ|K|
δt

(unK − un−1
K ) +

∑
L∈NK

FKL(pn, un)ũnKL +
∑
L∈NK

QKL(un) = 0.

 (20)

3.1. Numerical results

We take as space domain the domain Ω = (0, 100) × (0, 100) and consider the time interval (0, T) with
T = 500 (days). We use 21x21 square control volumes. The values of the parameters are given in Table 2 and
the time evolution of the densities is plotted in the figures 6 and 7.

Symbol Value Unit
k 3.10× 10−12 m2

D 3.3× 10−6 m2.s−1

g 9.81 m.s−2

Φ 0.5 −
µ 10−3 Pa.s
ρ0 103 kg.m−3

α 0.3 −
ε 10−5 −

Table 2. Parameter values for the rotating interface problem.

Figure 5. Initial conditions for concentration and pressure.

The initial concentration is given by c(x, 0) = 0 if x belongs the right half domain and c(x, 0) = 1 otherwise.
The pressure p is such that p(x, 0) = 0 at x0 = (0, 0) and satisfies ∇ · (qρ(c)) = 0 for all x ∈ Ω \ x0. Figure 5
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shows the functions c(x, 0) and p(x, 0).

The salt water diffuses from left to right. Under the influence of gravity, the heavier fluid (the salt water)
goes down while the light fluid (fresh water or slightly salted water) goes up. Therefore, the interface slowly
moves from a vertical to a horizontal line. After a long time (about 500 days), the fluid is in balance and the
motion stops.

Our method and the FEflow software first give very similar results while they are slightly different for very
large times t (around 200 - 500 days). Our numerical results are plotted above and the pictures plotted below
are obtained with FEflow.

FVM t=10 days t=20 days t=30 days t=50 days

FEflow t=10 days t=20 days t=30 days t=50 days

Figure 6. Comparison of the results from t=10 to t=50 days.

FVM t=100 days t=200 days t=300 days t=500 days

FEflow t=100 days t=200 days t=300 days t=500 days

Figure 7. Comparison of the results from t=100 to t=500 days.



ESAIM: PROCEEDINGS 385

Table 3 shows the error in the concentration between two methods. We define the error as

e =
||CFVM − CFEflow||L2(Ω)

||CFEflow||L2(Ω)
, (21)

where CFVM is the concentration obtained by our method and CFEflow is the result from the FEflow program.

time mesh 31x31
t=0 0
t=10 0.0155
t=20 0.0192
t=30 0.0219
t=50 0.0271
t=100 0.0379
t=200 0.0495
t=300 0.0660
t=500 0.1061

Table 3. Error between the solutions obtained by the finite volume method and by FEflow.

Next we discuss the conservation of mass. For each t, we integrate the transport equation on Ω× [0, t]:

∫
Ω

Φ(ρ(c(x, t))c(x, t)− ρ(c0(x))c0(x))dx +

∫ t

0

∫
Ω

∇ · (qρ(c(x, t′))c(x, t′))dxdt′

−D
∫ t

0

∫
Ω

4θ(c(x, t′))dxdt′ = 0, (22)

which yields∫
Ω

Φρ(c(x, t))c(x, t)dx =

∫
Ω

Φρ(c0(x))c0(x)dx−
∫ t

0

∫
∂Ω

ρ(c(x, t′))c(x, t′)q · ndxdt′

+D

∫ t

0

∫
∂Ω

∇θ(c(x, t′)) · ndxdt′.

In view of the boundary conditions (17) we obtain∫
Ω

Φρ(c(x, t))c(x, t)dx =

∫
Ω

Φρ(c0(x))c0(x)dx.

Similarly summing the second equation in (20) yields∑
K∈M

|K|ρnKcnK =
∑
K∈M

|K|ρ0
Kc

0
K , (23)

which expresses the fact that the finite volume method exactly conserves the mass.
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time FVM FEflow
t=0 6.5 ×106 6.5 ×106

t=10 6.5 ×106 6.5 ×106

t=20 6.5 ×106 6.5 ×106

t=30 6.5 ×106 6.5 ×106

t=50 6.5 ×106 6.5 ×106

t=100 6.5 ×106 6.5 ×106

t=200 6.5 ×106 6.5 ×106

t=300 6.5 ×106 6.5 ×106

t=500 6.5 ×106 6.5 ×106

Table 4. Total mass with the finite volume method and with FEflow.

4. Conclusion

Both our finite volume code and the FEflow package provide efficient computations for the density driven
flow problem which we have been studying. Possibly our code is slightly more diffusive. Future work will
involve a recently developed finite volume scheme such as SUSHI, which will permit to also consider cases that
the diffusion constant D and the permeability k are replaced by full diffusion tensors [1].
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