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GLOBAL ANALYSIS FOR A DELAY-DISTRIBUTED SIR EPIDEMIC MODEL

Abdelhadi Abta1, Mohamed El Fatini2, Soufiane Elkhaiar1 and Abdelilah
Kaddar3

Résumé. En épidémiologie le retard joue un rôle très important dans la représentation de la période
d’incubation. Dans ce travail, nous étudions un modèle SIR à retard distribué, avec une fonction
d’incidence non linéaire. Pour analyser la stabilité globale du point d’équilibre sans maladie et du point
d’équilibre endémique, nous utilisons la théorie de Lyapunov et le principe d’invariance de LaSalle.

Abstract. One of the most tools for describing the incubation period in the epidemiological dynamic
models is the distributed delays. In this paper, we propose a delay-distributed SIR epidemic model
with a nonlinear incidence rate. Using the Lyapunov theory and LaSalle’s principle, we show the global
asymptotic stability of the disease-free and the endemic equilibria. This analysis extends and performs
existing results.

Setting the problem

The analysis of mathematical models describing the spread and control of infectious disease is one of major
area biology. Transmission of a disease is a dynamical process driven by the interaction between susceptible
and infective. The SIR infections disease models have been studied by many authors. The behavior of SIR
models are greatly affected by the way in which transmission between infected and susceptible individuals.
It divided the population being studied into three class labeled S, I and R, where S denotes the number of
individuals who are susceptible to the disease, I denotes the number of infectious individuals and R denotes
the number of individuals who had been infected and were removed from the possibility of being infected again
or spreading infection. One fundamental parameter governs the spread of diseases, and is also related to the
long term behaviors and the level of vaccination necessary for eradication. This parameter is called the ”basic
reproduction number”, R0. R0 is defined by epidemiologists as ”the average number of secondary cases caused
by an infectious individual in a totally susceptible population”. When R0 > 1, the disease can enter a totally
susceptible population and the number of cases will increase, whereas when R0 < 1, the disease will always
fail to spread. Therefore, in its simplest form R0 tells us whether a population is at risk from a given disease.
Nowadays, the results of many epidemiological research are presented in terms of basic reproduction number.

The epidemicity of disease is closely related to the stability of the solutions of the mathematical models. Given
the global asymptotic stability conditions of those equilibria is of utmost biological relevance. Much attention
has been paid to the analysis of the stability of the disease free equilibrium and the endemic equilibrium of the
epidemic models. The fraction of papers that obtain global stability of these models is relatively few, especially
the models with time delays [2, 12,15,19].
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In this paper, we consider an SIR epidemic model with distributed delay. An SIR model with distributed
delay was studied in [3, 16, 17]. The distributed delay allows infectivity to be function of the duration since
infection, up to some maximum duration. Here, we study an SIR model with nonlinear incidence. To analyze
the stability of epidemic model, we use the Lyapunov’s method.

The paper is organized as follows. In the next section, we present the model and derive the disease-free
equilibrium and the endemic equilibrium. In the third section, we carry out a qualitative analysis of the model.
Stability conditions for the disease-free equilibrium and the endemic equilibrium are derived. In the last section,
we give some concluding remarks.

The mathematical model

In this work, we propose the following distributed delayed SIR epidemic model with a nonlinear incidence
rate as follows : 

dS
dt = A− µS(t)− f(S(t), I(t)),

dI
dt =

∫ h

0

P (τ)f(S(t− τ), I(t− τ))dτ − (µ+ α+ γ)I(t),

dR
dt = γI(t)− µR(t),

(1)

where P is a nonnegative function such that

∫ h

0

P (τ)dτ = 1.

The first two equations in system (1) do not depend on the third equation, and therefore this equation can be
omitted without loss of generality. Hence, system (1) can be rewritten as

dS
dt = A− µS(t)− f(S(t), I(t)),

dI
dt =

∫ h

0

P (τ)f(S(t− τ), I(t− τ))dτ − (µ+ α+ γ)I(t),
(2)

The initial condition of delay differential equations (2) is given as :

S(θ) = ϕ1(θ), I(θ) = ϕ2(θ), θ ∈ [−h, 0] (3)

with ϕ = (ϕ1, ϕ2) ∈ C+ × C+, such that ϕi(θ) ≥ 0 (−τ ≤ θ ≤ 0, i = 1, 2). Here C denotes the Banach space
C([−h, 0],R) of continuous functions mapping the interval [−h, 0] into R equipped with the sup-norm. The
nonnegative cone of C is defined as C+ = C([−h, 0],R+).
where S is the number of susceptible individuals, I is the number of infectious individuals, R is the number of
recovered individuals, A is the recruitment rate of the population, µ is the natural death of the population, α
is the death rate due to disease, γ is the recovery rate of the infectious individuals, and h is the incubation period.

In model (2) the formulation of the nonlinear incidence rate f(S, I), i.e., the infection rate of susceptible in-
dividuals through their contacts with infectious, includes the three forms : The first one is the bilinear incidence
rate βSI, where β is the transmission rate [7]. The second one is the saturated incidence rate βSI

1+α1S+α2I
, where

α1 and α2 are the parameter that measure the inhibitory effect [1,4,10,11,18,20]. The third one is the standard

incidence rate βSI
S+I+R [6].

In [11], Kaddar et al. considered a local properties of a SIR model with constant delay and its corresponding
SEIR model, and they observed that if µτ is close enough to 0, then the delayed SIR and SEIR models generate
identical local asymptotic stability. In [13], Korobeinikov established global stability for ordinary differential
version of 2. In [9], Huang et al. have considered two epidemiological models with the constant time delays and
nonlinear incidence rate of the form f(S)g(I). In [8], Huang and Takeuchi established the global properties of
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epidemiological models with constant delays and nonlinear incidence rate f(S, I). In [5], McCluskey established
global stability for the following SIR epidemic model with distributed delays :

dS

dt
= A− µS(t)− βS(t)

∫ h

0

P (τ)I(t− τ)dτ,

dI

dt
= βS(t)

∫ h

0

P (τ)I(t− τ)dτ − (µ+ α+ γ)I(t).

In [6], Enatsu et al. established global asymptotic stability for the following SIR epidemic model with distributed
delays : 

dS

dt
= A− µS(t)−

∫ h

0

P (τ)f(S(t), I(t− τ))dτ,

dI

dt
=

∫ h

0

P (τ)f(S(t), I(t− τ))dτ − (µ+ α+ γ)I(t).

In this paper, by constricting an appropriate Lyapunov functionals, we estabilish the global asymptotic stability
of a delayed SIR model (2).
We assume that f : R2

+ −→ R2
+ is continuously differentiable in the interior of R2

+ satisfying f(0, I) = f(S, 0) = 0
for S, I ≥ 0 and the following hypotheses.

(H1): f(S, I) is a strictly monotone increasing function of S ≥ 0, for any fixed I > 0, and a monotone
increasing function of I ≥ 0, for any fixed S ≥ 0,

(H2): φ(S, I) = f(S,I)
I is bounded and monotone decreasing function of I > 0, for any fixed S ≥ 0, and

K(S) = limI→0+ φ(S, I) is continuous on S ≥ 0.

We note that K(S) > 0 holds for any S > 0. System (2) always has a disease-free equilibrium E0 = (Aµ , 0). On

the other hand, under the hypotheses (H1) and (H2), if

R0 =
K(S0)

(µ+ α+ γ)
> 1, S0 =

A

µ
,

then system (2) also admits a unique positive equilibrium E∗ = (S∗, I∗), where S, I satisfying the following
equations (see Korobeinikov [13]). {

A− µS∗ − f(S∗, I∗) = 0,
f(S∗, I∗)− (µ+ α+ γ)I∗ = 0.

Hereafter, we replace µ+ α+ γ by δ and ψ(t− τ) by ψτ for any given function ψ.
Our main results are the following.

Théorème 0.1. Assume that the hypotheses (H1) and (H2) hold. Then the disease free equilibrium E0 of the
system (2) is the only equilibrium and globally asymptotically stable, if and only if R0 ≤ 1.

Démonstration. We consider the following Lyapunov functional.

V (t) =

∫ h

0

P (τ)

∫ Sτ

A
µ

(
1−

K(Aµ )

K(u)

)
dudτ + I(t)

+δ

∫ h

0

P (τ)

∫ τ

0

Iududτ. (4)



4 ESAIM: PROCEEDINGS

The time derivative of V satisfies

dV (t)

dt
=

∫ h

0

P (τ)

(
1−

K(Aµ )

K(Sτ )

)
Ṡτdτ

+

∫ h

0

P (τ)f(Sτ , Iτ )dτ − δI(t)

+ δ

∫ h

0

P (τ)[I(t)− Iτ ]dτ

=

∫ h

0

P (τ)

(
1−

K(Aµ )

K(Sτ )

)
(A− µSτ )dτ

+ δ

∫ h

0

P (τ)

(
φ(Sτ , Iτ )

δ

K(Aµ )

K(Sτ )
− 1

)
Iτdτ.

By the hypothesis (H1), we obtain that

µ

(
1−

K(Aµ )

K(Sτ )

)(
A

µ
− Sτ

)
≤ 0,

where strict equality holds if and only if S(t) = S0. It follows from the hypothesis (H2) that

φ(Sτ , Iτ )

δ

K(Aµ )

K(Sτ )
≤ K(Sτ )

δ

K(Aµ )

K(Sτ )

=
K(Aµ )

δ
= R0.

Then, R0 ≤ 1 ensures that dV (t)
dt ≤ 0 for all t ≤ 0, where dV (t)

dt = 0 holds if S(t) = A
µ . It follows from system (2)

that E0 is the largest invariant set in {(S(t); I(t)) ∈ C × C|dV (t)
dt = 0}. From the Lyapunov-LaSalle’s principle

(Theorem 5.3, p. 30 in [14]), we obtain that E0 is the only equilibrium of system (2) and globally asymptotically
stable. This completes the proof. �

1. Global stability of the endemic equilibrium

In this subsection, we give a proof of the global asymptotic stability of the endemic E∗ for R0 > 1.

Théorème 1.1. Assume that the hypotheses (H1) and (H2) hold. If R0 > 1, then the endemic equilibrium E∗
of system (2) is the only equilibrium and is globally asymptotically stable.

Démonstration. We define the following Lyapunov functional.

V (t) =

∫ h

0

P (τ)

∫ Sτ

S∗

(
1− f(S∗, I∗)

f(u, I∗)

)
dudτ

+ I(t)− I∗ − I∗ ln
(
I(t)
I∗

)
+f(S∗, I∗)

∫ h

0

P (τ)

∫ τ

0

Iu
I∗
− 1− ln

(
Iu
I∗

)
dudτ.

(5)
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Using the relation A = µS∗ + f(S∗, I∗) and δI∗ = f(S∗, I∗), the time derivative of the function V (t) along the
positive solution of system (2) becomes

dV (t)

dt
=

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)

)
Ṡτdτ

+

(
1− I∗

I(t)

)
(

∫ h

0

P (τ)f(Sτ , Iτ )dτ − δI(t))

+ f(S∗, I∗)

∫ h

0

P (τ)

(
I(t)

I∗
− Iτ
I∗

+ ln

(
Iτ
I(t)

))
dτ

=

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)

)
(µS∗ − µSτ )dτ

+ f(S∗, I∗)

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)

)(
1− f(Sτ , Iτ

f(S∗, I∗)

)
dτ

+ f(S∗, I∗)

∫ h

0

P (τ)

(
1− I∗

I(t)

)(
f(Sτ , Iτ )

f(S∗, I∗)
− I(t)

I∗

)
dτ

+ f(S∗, I∗)

∫ h

0

P (τ)

(
I(t)

I∗
− Iτ
I∗

+ ln

(
Iτ
I(t)

))
dτ

=

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)

)
(µS∗ − µSτ )dτ

+ f(S∗, I∗)

∫ h

0

P (τ)

(
2− f(S∗, I∗)

f(Sτ , I∗)
+
f(Sτ , Iτ )

f(Sτ , I∗)

− I∗f(Sτ , Iτ )

I(t)f(S∗, I∗)
− Iτ
I∗

+ ln

(
Iτ
I(t)

))
dτ.

Here by using

ln

(
Iτ
I(t)

)
= ln

(
f(S∗, I∗)

f(Sτ , I∗)

)
+ ln

(
I∗f(Sτ , Iτ )

I(t)f(S∗, I∗)

)
+ ln

(
Iτf(Sτ , I

∗)

I∗f(Sτ , Iτ )

)
, (6)

a straightforward calculations give

dV (t)
dt =

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)

)
(µS∗ − µSτ )dτ

+f(S∗, I∗)

∫ h

0

P (τ)

(
1− f(S∗, I∗)

f(Sτ , I∗)
+ ln

(
f(S∗, I∗)

f(Sτ , I∗)

))
dτ

+f(S∗, I∗)

∫ h

0

P (τ)

(
1− I∗f(Sτ , Iτ )

I(t)f(S∗, I∗)
+ ln

(
I∗f(Sτ , Iτ )

I(t)f(S∗, I∗)

))
dτ

+f(S∗, I∗)

∫ h

0

P (τ)

(
1− Iτf(Sτ , I

∗)

I∗f(S(t− τ), Iτ )
+ ln

(
Iτf(Sτ , I

∗)

I∗f(Sτ , Iτ )

))
dτ

+f(S∗, I∗)

∫ h

0

P (τ)

(
Iτ
I∗
− f(Sτ , Iτ )

f(Sτ , I∗)

)(
f(Sτ , I

∗)

f(Sτ , Iτ )
− 1

)
dτ.

From hypothesis (H1), we have (
1− f(S∗, I∗)

f(Sτ , I∗)

)
(µS∗ − µSτ ) ≤ 0,

and from hypotheses (H1) and (H2), we have(
Iτ
I∗ −

f(Sτ ,Iτ )
f(Sτ ,I∗)

)(
f(Sτ ,I

∗)
f(Sτ ,Iτ )

− 1
)

= Iτ
I∗φ(Sτ ,I∗)f(Sτ ,Iτ )

×
(φ(Sτ , I

∗)− φ(Sτ , Iτ ))(f(Sτ , I
∗)− f(Sτ , Iτ )) ≤ 0.
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since the function g(x) = 1− x+ ln(x) is always non-positive for any x > 0, and g(x) = 0 if and only if x = 1.

We conclude that, dV (t)
dt is non-positive. Hence, the functional V satisfies all the conditions of Theorem 5.3 of

Kuang [14]. This proves that E∗ is globally asymptotically stable. �

2. Conclusion

In epidemiological research literatures, a latent or incubation period can be medelled by incorporating it as
a delay effect (SIR models with constant or distributed time delay), or by introducing an exposed class (SEIR
models).

In this paper we considered the global stability of an SIR epidemiological model with nonlinear incidence
rate and distributed time delays (system (1)). We established the global asymptotic stability by using an appro-
priate Lyapunov functional techniques. For R0 ≤ 1, we showed the global stability of disease-free equilibrium
in Theorem 1 and for R0 > 1, we obtained the sufficient conditions of the endemic equilibrium in Theorem 2.
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