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CHAOS AND SYNCHRONIZATION IN DELAYED SYSTEM :
APPLICATIONS TO LASER NETWORKS

Valentin Flunkert 1 and Eckehard Schöll 2
Abstract. We discuss recent results on chaos synchronization of delayed systems. We investigate the
limit of large coupling delays and discuss how in this limit the stability problem for the synchronized
solution is drastically simplified. We use these results to derive rigorous conditions for chaos synchronization of all-optically coupled laser networks. In laser systems the optical coupling phases have to be
taken into account and give rise to interference conditions. We show that the relative phases between
lasers can be used to optimize the effective coupling matrix.

1. Introduction
Chaos synchronization has been a central topic of research in nonlinear sciences, due to its potential applications in secure communication. For technological chaos based applications, semi-conductor lasers provide a
promising platforms, because they allow high bitrates and could exploit existing telecommunication infrastructure [3].
However, due to the fast dynamics of the lasers, propagation distances of already a few meters introduce
non-negligible delay times in the coupling. The synchronization of delay-coupled systems in general and in
particular delay-coupled lasers has thus been a focus of research in the last decades.
When the lasers are coupled all-optically, not only delay effects are important, but also the optical coupling phases of the coherently coupled electric fields play an important role. Coherent coupling may result in
constructive or destructive interference of incoming signals.
The aim of this contribution is to derive synchronization conditions for all-optically coupled laser networks
[4, 5]. For our stability analysis we employ recent results concerning the master stability function (MSF) [9] in
the limit of large delay times [6, 7]. Furthermore, we discuss the role of the optical coupling phases and possible
phase-shifts in the relative optical phases of the lasers.
The paper is organized as follows : In section 2 we review previous results from [6] (for more details please
refer to this work). Our main results are stated in sections 3 and 4, where we apply these results to two mutually
coupled lasers (section 3) and to networks of laser systems (section 4).
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2. Synchronization of delay-coupled systems
Consider a delay-coupled network of N identical units
ẋk (t) = f (xk (t)) +

PN

j=1 Gkj

h(xj (t − τ )) ,

(1)

where xk ∈ Rn is the state vector of the k-th node (k = 1, . . . , N ). Here, f is a function describing the local
dynamics of an isolated node, Gkj is a coupling matrix that determines the coupling topology and the strength
of each link in the network, h is a coupling function, and τ is the delay time in the connection, which is assumed
to be equal for all links. A necessary condition for synchronization is that the matrix G has a constant row sum
C1 :

σ=

PN

j=1 Gkj

,

(2)

independent of k. This condition ensures that an invariant synchronization manifold exists : Assume that all
nodes start with the same history ψ(t) = xk (t) for t ∈ [−τ, 0]. Then at t = 0 the right hand side of Eq. (1) is
independent of k only if C1 holds.
Note that if C1 is fulfilled, the row sum σ is an eigenvalue of the matrix G corresponding to the eigenvector
(1, 1, . . . , 1) of synchronized dynamics. For a given constant row sum σ the dynamics in the synchronization
manifold of Eq. (1) is
˙
x̄(t)
= f [x̄(t)] + σh[x̄(t − τ )] .
(3)
where x̄(t) = x1 (t) = x1 (t) = · · · = xN (t) denotes the synchronized solution.
If condition C1 is satisfied, that is if a synchronization manifold exists, the stability problem of the synchronized solution can be approached using the MSF [9]. The MSF depends on a complex parameter reiψ and is
defined as the largest Lyapunov exponent λ(reiψ ) arising from the variational equation
˙ = Df [x̄(t)] ξ(t) + reiψ Dh[x̄(t − τ )] ξ(t − τ ) ,
ξ(t)

(4)

where x̄(t) is the synchronized trajectory of the system determined by Eq. (3) and Df and Dh are Jacobians.
The synchronized state is stable for a given coupling topology if the MSF is negative at all transversal
eigenvalues γk of the coupling matrix (λ(γk ) < 0). Here, transversal eigenvalue refers to all eigenvalues except for
the eigenvalue σ associated to perturbations within the synchronization manifold with corresponding eigenvector
(1, 1, . . . , 1).
When the coupling delay is larger than the dynamical time-scale of the nodes, as is the case for lasers coupled
over distances of meters, the problem of calculating the master stability function is drastically simplified [6]. In
this limit (τ → ∞) it holds that
• The MSF is rotationally symmetric around the origin in the complex plane, i.e., λ(r eiψ ) is independent
of ψ.
• If λ(0) > 0, then λ(reiψ ) = λ(0) for all r (and ψ).
• If λ(0) < 0, then the MSF is monotonically growing with respect to the parameter r and there is a
critical radius r0 , where it changes sign (λ(r0 ) = 0).
We briefly sketch the derivation of these results. For simplicity we use delayed maps. Consider first the
simplest case of a fixed point in the synchronization manifold. In this case the variational equation (4) for the
master stability function is (in the case of a map) given by
ξk+1 = Aξk + reiψ Bξk−τ ,

(5)

where A and B are Jacobian matrices. The characteristic equation for the eigenvalues z is given by


det A − zI + reiψ Bz −τ = 0 ,

(6)
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where I is the identity matrix. For large delay there are two types of solutions [11]. The strongly unstable
solutions are solutions of the equation det[A − zI] = 0 with |z| > 1, because such a value of z is also a solution
of Eq. (6) for τ → ∞. If such a solution exists, the fixed point is always transversely unstable.
The other type of solution is given by the pseudo-continuous spectrum. Inserting the ansatz z = (1 + δ/τ )eiω
into Eq. (4) and taking the limit τ → ∞, we obtain
h
i
det A − Ieiω + rei(ψ−φ) e−δ B = 0 ,
(7)
with φ = ωτ . The parameter φ as well as ω take on arbitrarily dense values in [−π, π] (the spacing of the
solutions ωi is given by ∆ω ≈ 2π/τ ). From this it is clear that the phase ψ is unimportant for large delay, which
explains the rotational symmetry. Furthermore, Eq. (7) can be solved for µ = re−δ ei(ψ−φ) . Then the branches
δ(ω) are given by δ(ω) = − ln |µ(ω)| + ln r. If the MSF is negative for r = 0, it increases monotonically with
increasing r and it changes sign at some value r0 . Similar arguments can be given for periodic orbits and for
chaotic attractors [6].
This structure of the MSF allows us to draw general conclusions about the synchronizability of a given
network topology. In particular, chaos synchronization can only be stable if σ is the eigenvalue of G with largest
magnitude, i.e., the transversal eigenvalues γ1 , γ2 , . . . γN −1 have smaller magnitude
C2 :

|γn | < |σ| .

(8)

This condition (C2) is necessary for chaos synchronization (|σ| > r0 ) and it is sufficient for synchronization on
a periodic orbit (|σ| < r0 ) [6]. In fact the smaller the magnitude of the transversal eigenvalues, the easier it is
to synchronize the system.
For given synchronized dynamics (Eq. (3)), i.e., given system parameters and row sum σ, one can calculate
numerically the critical radius r0 , which then provides a necessary and sufficient condition (C3) for synchronization (provided C1 is fulfilled)
C3 :
|γn | < r0 .
(9)
While condition C3 is necessary and sufficient, its disadvantage is that one needs to calculate r0 explicitly for
the particular synchronized dynamics. In contrast, condition C2 is only necessary for chaotic synchronization,
however, its strengths lies in the fact that it depends solely on the coupling topology, i.e, the eigenvalues of G,
and not on the particular dynamics of the system.

3. Two Lasers
In this section we consider two semiconductor lasers that are delay-coupled to each other with a coupling
delay and additionally receive self-feedback with the same delay time τ . The coupled system is described by
dimensionless rate equations of Lang-Kobayashi type [8]
Ė1 = 21 (1 + iα) [G(n1 , E1 ) − 1] E1 + κ11 eiφ11 E1 (t − τ ) + κ12 eiφ12 E2 (t − τ ) ,
Ė2 = 12 (1 + iα) [G(n2 , E2 ) − 1] E2 + κ22 eiφ22 E2 (t − τ ) + κ21 eiφ21 E1 (t − τ ) ,
T ṅ1 = p − n1 − G(n1 , E1 )|E1 |2 ,

(10)

T ṅ2 = p − n2 − G(n2 , E2 )|E2 |2 ,
where Ek and nk are the normalized complex electric field amplitude and the rescaled inversion of the k-th
laser, respectively, and α is the linewidth enhancement factor, p is the normalized pump current in excess
of the threshold, and κij , φij are the coupling amplitudes and phases, respectively. The gain is modeled by
G(n, E) = (n + 1)/(1 + µ|E|2 ), where the denominator takes into account gain saturation effects. Throughout
this paper we choose the following model parameters for our numerical simulations, unless stated otherwise :
Ratio between carrier and photon lifetime T = 1000, p = 0.1, α = 4, gain saturation µ = 0.26.
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The optical coupling phases φij are determined by the optical path lengths of the feedback and coupling
sections on a subwavelength scale φij = Ω0 τij , where Ω0 is the optical frequency of the laser. Since Ω0 is very
large1, one can consider the phases as parameters independent of the coupling delays. We thus choose all delays
equal, but consider the phases as free parameters.
One important peculiarity of coupled lasers is that the lasers may synchronize with a relative phase shift
u, i.e., E1 (t) = eiu E2 (t). To explicitly treat this relative phase shift, we transform to the new variable Ẽ2 as
Ẽ2 (t) = eiu E2 (t). After substituting this into Eqs. (10) and omitting the tildas for simplicity we arrive at the
following rate equations for the fields
Ė1

= ...

+

κ11 eiφ11 E1 (t − τ ) + κ12 ei(φ12 −u) E2 (t − τ ) ,

Ė2

= ...

+

κ22 eiφ22 E2 (t − τ ) + κ21 ei(φ21 +u) E1 (t − τ ) .

(11)

The artificially introduced parameter u helps in the analysis of synchronization, because we can discuss existence
and stability of the synchronized solution E1 (t) = E2 (t) in dependence on u, thereby treating synchronization
of the lasers with a phase shift.
Bringing Eq. (11) into the form of Eq. (1) essentially yields the coupling matrix


κ11 eiφ11
κ12 ei(φ12 −u)
G=
.
(12)
κ21 ei(φ21 +u) κ22 eiφ22
The row sum condition C1 is then given by
κ11 eiφ11 + κ12 ei(φ12 −u) = κ22 eiφ22 + κ21 ei(φ21 +u) .

(13)

Equation (13) can be interpreted as follows : If for a given set of coupling strengths and coupling phases there
exists a phase shift u, such that Eq. (13) is fulfilled, then there exists an invariant synchronization manifold.
The lasers can thus tune their relative phase shifts appropriately. The stability of the synchronized solution
then determines whether synchronization will be observable or not.
As a starting point for the stability analysis we consider the MSF for a laser network with row sum σ. Since
we focus on the large delay case (τ = 1000  TRO , where TRO is the intrinsic relaxation oscillations period)
the rotational symmetry discussed above holds and the MSF λ(reiψ ) depends solely on r. Figure 1(a) and
(b) depicts the MSF in the (σ, r)-plane for two different values of the pump current p = 0.1 (panel (a)) and
p = 1 (panel (b)). When the critical radius r0 (solid line) lies below the diagonal line r = σ (dotted line), the
synchronized solution is chaotic for a network with this row sum, since λ(σ) > λ(r0 ) = 0. When r0 = σ, as
occurs for instance in panel (b) for small values of σ, the synchronized dynamics is periodic. In this case the
solution λ = 0 corresponds to the Goldstone mode of the periodic orbit.
In the following we will consider different coupling topologies of the two lasers. Figure 1(c) depicts all possible
network motifs (up to exchange of 1 ↔ 2) with more than one connection. The motifs on the left (i-iv) can
exhibit chaos synchronization in the limit of large delays, while those on the right (v-vii) cannot [6] (trivially
for motif (vii)). We will illustrate the analysis for motif (ii). For the other motifs, the analysis is similar, albeit
it might be more involved [5].
We will now discuss the implications of the synchronization conditions C1–C3 for these motifs and compare the
predictions with numerical simulations. We study two measures for synchronization : The correlation coefficient
ρ of the laser intensities I1 , I2 and the synchronization probability PS
D
E


(I1 − hI1 i) (I2 − hI2 i)
|I1 (t) − I2 (t)|
p
,
PS = Prob
<ε .
(14)
ρ=
hI1 i + hI2 i
(∆I1 )2 (∆I2 )2
1Typically, the optical frequency is of the order 1014 s−1 , corresponding to a value of Ω ≈ 1024 in the dimensionless units used
0
here.
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Figure 1. Panel (a) and (b) : MSF λ(r) in the (σ, r)-plane for p = 0.1 (panel (a)) and p = 1.0
(panel (b)). The solid line depicts the critical radius r0 with λ(r0 ) = 0. The dotted line is
the diagonal line r = σ. The blue dot corresponds to a parameter set that we will use in the
following numerical investigations.
Panel (c) : Possible motifs for two delay-coupled lasers. Motifs i-iv can (for certain parameters)
exhibit zero-lag chaos synchronization and are discussed in more detail below. The motifs v-vii
cannot exhibit zero-lag chaos synchronization.
Here, h·i denotes the time average and (∆Ik )2 denotes the variance of the respective intensity. Although, the
correlation coefficient can in principle distinguish between identical synchronization (ρ = 1) and imperfect
(generalized) correlation (ρ < 1), it is not the most sensitive measure for this purpose, because imperfect
synchronization may still yield very large correlation ρ ≈ 1.
To overcome this disadvantage of the correlation coefficient, we calculate the synchronization probability PS .
PS is defined as the probability that at any time t the relative error between I1 (t) and I2 (t) is smaller than a
threshold ε We choose ε = 0.01 in the following.
We now show how the conditions C1-C3 can be discussed for a laser network. We focus on the motif (ii) in
Fig. 1c. This setup consists of two unidirectionally coupled lasers with self-feedback and has been studied in
different contexts. The importance of the coupling phases in this coupling scheme has been recognized in [10].
In this reference it was observed in an experiment that depending on the (relative) feedback phases the synchronization behavior ranges from perfect synchronization to an almost uncorrelated state. So far these experiments
have not been sufficiently explained. It turns out that the experimental results can be well understood in the
light of the synchronization conditions C1–C3 :
The coupling matrix corresponding to motif (b) is given by


0
κ11 eiφ11
G=
(15)
κ21 ei(φ21 +u) κ22 eiφ22
and the row sum condition C1 can be brought into the form
q
κ21 = κ11 − κ22 eiΦrel = κ211 + κ222 − 2κ11 κ22 cos(Φrel )

(16)

with Φrel = φ22 − φ11 , by eliminating the relative phase u. This
 phase shift u between the laser can then be
calculated and is given by u = φ11 − φ21 + Arg κ11 − κ22 eiΦrel where Arg denotes the complex argument.
Condition C2 on the other hand reads for this case κ22 < κ11 = |σ|, i.e., chaos synchronization is possible,
if the self-coupling of laser 2 is weaker than that of laser 1. For a given set of parameters, synchronization is
stable if condition C3 is fulfilled, i.e., if κ22 < r0 (κ11 ).
To illustrate these conditions, we consider the following parameter set
κ11 = 0.2,

κ22 = 0.09,

φ11 = 0,

φ21 = 0

(17)

and vary Φrel = φ22 and κ21 . These coupling strengths (σ, r) = (κ11 , κ22 ) are marked by a blue dot in Fig. 1a
and are chosen such that synchronization is stable (condition C3 is fulfilled). Figure 2 depicts the correlation
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Figure 2. (Motif (b)) Synchronization probability PS (left) and correlation coefficient ρ
(right) as a function of φ22 = Φrel and κ21 . The dotted line corresponds to the synchronization
condition C1 (Eq. (16)). Other parameters : κ11 = 0.2, κ22 = 0.09, φ11 = φ21 = 0.
coefficient ρ and the synchronization probability PS in the (Φrel , κ21 )-plane. The dotted line corresponds to
Eq. (16), where condition C1 is satisfied. This condition clearly coincides with high synchronization probabilities.
As discussed above, high correlations are also possible without perfect synchronization. In the regions of high
correlation and low synchronization probabilities, we observe generalized synchronization.
The blue dotted line (condition C1) in Fig 2 roughly marks the boundary between regions of high and low
correlations. Below the line, we observe no synchronization at all and the correlation in this case is very low.
In Fig. 2(left) there is a region on the dotted line Φrel ∈ [0.2π, 0.5π], where the synchronization probability
is low. In this region we observe multistability between identical synchronization solution, a state of generalized
synchronization. Which state is chosen depends in our deterministic simulations sensitively on the initial conditions. Including noise in the simulation results in spontaneous switching between the three states, albeit it is
hard to distinguish between identical synchronization and generalized synchronization in the presence of noise.
Thus although our synchronization condition C1–C3 give the correct existence and stability of the identical
synchronized solution, we certainly cannot exclude the existence of other attractors.
The experimental investigations in Ref. [10] were performed under similar parameter conditions, i.e., κ22 < κ11
(obeying condition C2). As Φrel was varied, the correlation varied from almost perfect to almost no correlation.
Varying Φrel for a fixed value of κ21 in Fig. 2 reproduces this behavior, provided the value of κ21 intersects the
dotted synchronization curve. Thus the experimental results can be understood as interference effects, which
may or may not lead to the existence of a synchronization manifold, corresponding to high and low correlation,
respectively. The other motifs shown in Fig. 1c, can be discussed in a similar way [5].

4. Laser networks
We now move from the two-laser system to networks of N all-optically coupled lasers. The synchronization
of laser networks is on one hand important for applications for instance in high power laser arrays, where the
synchronization of optical phases yields an intensity I ∝ N 2 for interfering beams in contrast to the case of
randomly distributed phases that gives I ∝ N .
On the other hand, laser networks have been proposed as optical information processing systems [1, 2].
Understanding stability properties of dynamical states in these networks is a necessary first step for controlling
and utilizing these systems.
For a network of N all-optically coupled lasers, the coupling terms in the Lang-Kobayashi rate equations are
given by
Ėk = · · · +

PN

j=1 κkj

eiφkj Ej (t − τ ) .

(18)

Here κkj and φkj are matrices describing the coupling strength and coupling phase, respectively, of the connection
j → k. Again the lasers may synchronize with relative phase shifts uk , which we define with respect to laser

46

ESAIM: PROCEEDINGS

Figure 3. Panel (a) : Principal structure of coupling matrix for a bidirectional ring. The
matrix entries are given by Gkj = κkj ei(φkj +uk −uj ) and depend on the relative phases uk .
Panel (b) : All-to-all coupling of multiple lasers via a common mirror.
one E1 (t) = eiuk Ek (t), i.e., u1 = 0. Performing the corresponding transformation (as before in Eq. (11))
Ẽk (t) = eiuk Ek (t) and omitting the tildas for simplicity we obtain the field equations
Ėk = · · · +

PN

j=1 κkj

ei(φkj +uk −uj ) Ej (t − τ ) .

(19)

The necessary condition C1 for synchronization is then stated as follows : There exists an invariant synchronization manifold if and only if there is a combination of relative phases uk (k = 2, . . . , N ), such that the complex
row sum
PN
σk = j=1 κkj ei(φkj +uk −uj )
(20)
is independent of k. As we saw before, this condition is already very difficult to analyze for two lasers when
all four connections are present and in an experiment it is virtually impossible to control more than a few
phases. For larger networks, optoelectronic, incoherent optical feedback or coupling via a common relay may
thus be a more promising coupling method. However, in certain cases all-optical coupling may be feasible in an
experimental situation.
To illustrate the complexity of the synchronization condition C1 in a simple case, we consider a system of
bidirectionally coupled lasers.

4.1. Rings of bi-directionally coupled lasers
For rings of bi-directionally coupled lasers, the coupling matrix has the principal structure shown in Fig. 3a
with Gkj = κkj ei(φkj +uk −uj ) . For this network matrix we obtain the N complex row sums σk and the necessary synchronization condition C1 corresponds to 2(N − 1) equations (each complex equation yields two real
equations)
σ1 = σ2 , σ2 = σ3 , . . . σN −1 = σN .
(21)
However, there are only N − 1 relative phases uj (u1 = 0) that the system can choose freely. Thus, in an
experiment we need to control N − 1 coupling phases to satisfy the synchronization condition C1. For a ring of
N = 3 elements, controlling two coupling phases may still be feasible, but this approach quickly fails for larger
N.

4.2. Coupling via a common mirror
We will now discuss one promising all-optical setup that should, in principle, be robust to phase mismatches.
Consider the setup [1] sketched in Fig. 3b. The laser fields are coupled into a common fiber, which is terminated
by a mirror. As before, we assume that the coupling delays are equal (the light paths are equally long on a cm
scale), but allow for coupling phases, i.e., differences in optical path-lengths on wavelength scales. In this setup,
the connection from each laser k to the mirror corresponds to a certain optical path length with a corresponding
phase ψk . Similarly, the connection from each laser to the mirror has an associated coupling strength ck , which
could in an experiment be controlled by an attenuator in the corresponding fiber. The coupling phase φkj and
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the coupling strength κkj from laser j to laser k are then given by
φkj = ψk + ψj

and

κkj = ck · cj .

(22)

PN

(23)

Under these conditions, the row sum is given by
σk =

PN

j=1

κkj ei(φkj +uk −uj ) = ck ei(ψk +uk )

j=1 cj

ei(ψj −uj ) .

The sum on the right hand side is a complex number independent of k. The row sum condition can thus be
satisfied if the prefactor is also independent of k, i.e., all coupling strengths are equal (ck = c) and the relative
phases uk are chosen by the system to give2 ψ1 = ψk + uk with k = 2, . . . , N . In essence, all lasers couple to the
optical mean field and compensate for the difference in optical path length of their individual fiber by adjusting
their relative phase shift. As long as the setup obeys Eqs. (22), the coupling phases ψk may vary, e.g., due to
thermal effects, and do not need to be controlled.
Assuming that all coupling strengths are equal and the relative phases uk are tuned appropriately by the
system the coupling matrix is given by
Gkj = c2 ei(ψk +ψj +uk −uj ) = c2 ei2ψj .

(24)

PN
This matrix has one eigenvalue corresponding to the row sum σ = c2 j=1 ei2ψj and the N − 1 transversal
eigenvalues are zero (γn = 0 with n = 1, . . . , N − 1), such that this setup is optimal for synchronization.
Recently, this coupling scheme has been proposed for optical information processing using multi-mode
lasers [1]. For multi-mode lasers, the same argument as above holds for each mode, such that the setup is,
in principle, robust to phase mismatches. However, it may still be difficult to realize the assumptions Eqs. (22)
in an experimental setup.

5. Conclusion and outlook
We have discussed chaos synchronization conditions for all-optically coupled lasers. In all-optical coupling,
the coupling phases play a crucial role for the synchronizability. The condition of constant row sum corresponds
to specific interference conditions, i.e., the input signals of each laser should interfere in such a way that each
laser receives the same input signal, relative to its own phase. This corresponds to the existence of an identical
synchronization manifold. Through interference, the phases may compensate for mismatches in the coupling
strengths.
Using these interference arguments we have explained experimental findings [10] and discussed necessary and
sufficient conditions for synchronization of a network motif of two all-optically coupled lasers.
Further, we have considered synchronization of larger laser networks, and singled out the difficulties that arise
in all-optical coupling schemes due to the interference conditions. We predict that a setup of all-to-all coupling
via a common mirror may under certain conditions be robust to phase mismatches and thus be optimal with
respect to stability of the synchronized chaotic dynamics.
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2The special role of laser 1 stems from our choice u = 0.
1
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