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GREEDY ALGORITHMS FOR HIGH-DIMENSIONAL NON-SYMMETRIC
LINEAR PROBLEMS *> **

E. Cancis!, V. EHRLACHER® AND T. LELIEVRE!

Abstract. In this article, we present a family of numerical approaches to solve high-dimensional linear
non-symmetric problems. The principle of these methods is to approximate a function which depends
on a large number of variates by a sum of tensor product functions, each term of which is iteratively
computed via a greedy algorithm [20]. There exists a good theoretical framework for these methods in
the case of (linear and nonlinear) symmetric elliptic problems. However, the convergence results are
not valid any more as soon as the problems under consideration are not symmetric. We present here
a review of the main algorithms proposed in the literature to circumvent this difficulty, together with
some new approaches. The theoretical convergence results and the practical implementation of these
algorithms are discussed. Their behaviors are illustrated through some numerical examples.

Résumé. Dans cet article, nous présentons une famille de méthodes numériques pour résoudre
des problemes linéaires non symétriques en grande dimension. Le principe de ces approches est de
représenter une fonction dépendant d’un grand nombre de variables sous la forme d’une somme de fonc-
tions produit tensoriel, dont chaque terme est calculé itérativement via un algorithme glouton [20]. Ces
méthodes possédent de bonnes propriétés théoriques dans le cas de problemes elliptiques symétriques
(linéaires ou non linéaires), mais celles-ci ne sont plus valables dés lors que les probléemes considérés
ne sont plus symétriques. Nous présentons une revue des principaux algorithmes proposés dans la
littérature pour contourner cette difficulté ainsi que de nouvelles approches que nous proposons. Les
résultats de convergence théoriques et la mise en oeuvre pratique de ces algorithmes sont détaillés et
leur comportement est illustré au travers d’exemples numériques.

INTRODUCTION

High-dimensional problems arise in a wide range of fields such as quantum chemistry, molecular dynamics,
uncertainty quantification, polymeric fluids, finance... In all these contexts, one wishes to approximate a function
u depending on d variates x1, ..., x4 where d € N* is typically very large. Classically, the function u is defined
as the solution of a Partial Differential Equation (PDE) and cannot be obtained by standard approximation
techniques such as Galerkin methods for instance. Indeed, let us consider a discretization basis with N degrees
of freedom for each variate (N € N*), so that the discretization space is given by

Vi = Spaﬂ{%(ll)(ffl)"'%(j)(ﬂ?d), I <iy,--+,ig < N}7
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where for all 1 < 7 <d, (@j )) i is a family of IV functions which only depend on the variate ;. A Galerkin
_/L_

method consists in representing the solution u of the initial PDE as

u(e, oz~ Y A (@) 0l (a),

1<iy,+,ig<N

and computing the set of N¢ real numbers (/\1-17..‘7id)1<i17,”7id<N. Thus, the size of the finite-dimensional
problem to solve grows exponentially with the number of variates involved in the problem. Such methods
cannot be implemented when d is too large: this is the so-called curse of dimensionality [2].

Several approaches have recently been proposed in order to circumvent this difficulty. Let us mention among
others sparse grids [21], tensor formats [11], reduced bases [4] and adaptive polynomial approximations [6].

In this paper, we will focus on a particular set of methods, originally introduced by Ladeveze et al. to perform
time-space variable separation [12], Chinesta et al. to solve high-dimensional Fokker-Planck equations in the
context of kinetic models for polymers [1] and Nouy in the context of uncertainty quantification [15], under the
name of Progressive Generalized Decomposition (PGD) methods.

Let us assume that each variate x; belongs to a subset X; of R™7, where m; € N* for all 1 < j < d. For each

d-tuple (r®) ... (@) of functions such that ) only depends on z; for all 1 < j < d, we call a tensor product
function and denote by r(Y @ - .- @ (9 the function which depends on all the variates z1, - - - , x4 and is defined
by
Xy x - x Xy — R
Dg...grd. 1 d
g er { (@1, wa) = D (@)@ ().

The approach of Ladeveze, Chinesta, Nouy and coauthors consists in approximating the function u by a
separate variable decomposition, i.e.

n

u(ey, - ag) = Y (@) P wa) =Y @@ (e, 2a), (1)
k=1 k=1

for some n € N*. In the above sum, each term is a tensor product function. Each d-tuple of functions
(r,(:), e ,r,id)) is iteratively computed in a greedy [20] way: once the first k terms in the sum (1) have been

computed, they are fixed, and the (k + 1)!* term is obtained as the next best tensor product function to
approximate the solution. This will be made precise below.

Thus, the algorithm consists in solving several low-dimensional problems whose dimensions scale linearly
with the number of variates and can be applied when classical methods are not. In this case, if we use a
discretization basis with IV degrees of freedom per variate as above, the size of the discretized problems involved
in the computation of a d-tuple (’I"](cl), e J,id)) is of the order of Nd and the total size of the discretization
problems is n/Nd.

This numerical strategy has been extensively studied for the resolution of (linear or nonlinear) elliptic prob-
lems [5,10,13,18,20]. More precisely, let u be defined as the unique solution of a minimization problem of the
form

u = argmin £(v), (2)
veV
where V is a reflexive Banach space of functions depending on the d variates z1, ..., zg, and £ : V — R is a

coercive real-valued energy functional. Besides, for all 1 < j < d, let V., be a reflexive Banach space of functions
which only depend on the variate x;. The standard greedy algorithm reads:

(1) set up =0 and n = 1;
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(2) find (7“7(11), e ,r%d)) € Vy, x--- xV,, such that

(rf}), e 77’5{”) € argmin & (unfl +rWeg...® r(d)> ,

(T(1)’... ,T(d))vel XX Vo,

(3) set up = up_1 —&—7“,(11) ®---®r§,d) and n=n+1.
Under some natural assumptions on the spaces V, V,,, ..., V;, and the energy functional &, all the iterations of
the greedy algorithm are well-defined and the sequence (uy,)nen+ strongly converges in V' towards the solution
u of the original minimization problem (2).
This result holds in particular when u is defined as the unique solution of

find u € Vsuch that
Yo eV, a(u,v) =1(v),

where V is a Hilbert space, a is a symmetric continuous coercive bilinear form on V' x V and [ is a continuous
linear form on V. In this case, u is equivalently solution of a minimization problem of the form (2) with
E) = 1a(v,v) —I(v) for allv € V.

However, there is no obvious generalization of the iterative algorithm presented above when the function u
is not defined as the solution of a minimization problem of the form (2). This situation typically occurs when
u is defined as the solution of a non-symmetric linear problem

find v € Vsuch that
Vo eV, a(u,v) =1(v),

where a is a non-symmetric continuous bilinear form on V' x V and [ is a continuous linear form on V.

The aim of this article is to give an overview of the state of the art of the numerical methods based on
the greedy iterative approach used in this non-symmetric linear context and of the remaining open questions
concerning this issue. In Section 1, we present the standard greedy algorithm for the resolution of symmetric
coercive high-dimensional problems and the theoretical convergence results proved in this setting. Section 2
explains why a naive transposition of this algorithm for non-symmetric problems is doomed to failure and
motivates the need for more subtle approaches. Section 3 describes the provably converging algorithms existing
in the literature for non-symmetric problems. All of them consist in symmetrizing the original non-symmetric
problem by minimizing the residual of the equation in a well-chosen norm. However, depending on the choice
of the norm, either the conditioning of the discretized problems may behave badly or several intermediate
problems may have to be solved online, which leads to a significant increase of simulation times and memory
needs compared to the original algorithm in a symmetric linear coercive case. So far, there are no methods
avoiding these two problems and for which there are theoretical convergence results in the general case. In
Section 4, we present some existing algorithms designed by Nouy [16] and Lozinski [14] to circumvent these
difficulties and the partial theoretical results which are known for these algorithms. Section 5 is concerned
with another algorithm we propose, for which some partial convergence results are proved. In Section 6, the
behaviors of the different algorithms presented here are illustrated on simple toy numerical examples. Lastly,
we present in the Appendix some possible tracks to design other methods, but for which further work is needed.

1. THE SYMMETRIC COERCIVE CASE

1.1. Notation

Let us first introduce some notation. Let d be a positive integer, my, ..., mq positive integers and A7, ..., Xy
open subsets of R™1, ..., R™4 respectively.
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Let piz,, .., pz, denote measures on X, ..., Xy respectively. Let L*(X1; i, ), -y L2(Xa; pz,) be associated
L? spaces, i.e. vectorial spaces which are complete when endowed with the scalar products

vag € L2(Xj;/l’fbj)7 <f7g>Xj = /X f(x])g(irj):u%](d‘rj)? V1 S] < dv

and their associated norms || - || x,, ..., || - ||x,. For instance, in the case when X; = (0, 1) and p,, is the standard
Lebesgue measure on Xy, the spaces L?(0,1), L2.,(0,1) and L§(0,1) := {f € L?(0,1), fol f= 0} are examples
of such L? spaces.

In the rest of this article, for the sake of simplicity, we will omit the reference to the measures fiz,, ..., fa,
and denote by L?(X1) = L?(X1; iy )y ey L*(Xa) = L?(Xa; piy)-

We introduce the space L?(X; x -+ x Xy) := L?(X}) ® --- ® L*(X;). This space is a Hilbert space when
endowed with the natural scalar product

Vf,g S LQ(Xl X X Xd)? <fag> = /X X f(xla"' ,xd)g(l‘l,"' axd) :uall(d‘rl) "'de(dl'd),

and the associated norm is denoted by || - || ay x - x 2, -

Let V. C L?(X; x -+ X Xy), Vo, C L2(X1), ..., Vi, C L%*(X,) be Hilbert spaces endowed respectively with
scalar products denoted by (-, -)v, (-, ")v,,s --s (-, *)v,, and associated norms || - [|v, || - v, s - || [Ivi,-

We define V',V , ..., V] as the dual spaces of V, V,,, ..., V,, with respect to the L? scalar products (-, -),
(; Yy - (s )x;- These dual spaces are endowed with their natural norms || - ||y~ etc.

Lastly, the Riesz operator Ry : V — V' is defined by

Yo,w eV, (v,w)y = (Ryv,w)y v.

It holds in particular that [lv|ly = [|[Ryv[ly-. Similar operators Ry, , ..., Ry, are introduced for the spaces
Vays ooy Vay-
For any d-tuple (r(l), e ,r(d)) € Vy, x -+ x Vg, we define the tensor product function rD@...@rd as
follows
Xy x--ox Xy — R
Dg...grd. 1 d
r ® ®T : { ('Tla"' 7$d) |_) r(l)(ajl).r(d)(ajd)

In the particular case when d = 2, we shall denote respectively =, &1, mi, Vg, by z, X, m, V; and z9, A,
ma, VCEQ by ta T7 my, ‘/t

Besides, for any Banach spaces Hy, Hs, the space of bounded linear operators from H; to Hs will be denoted
by S(Hl, HQ)

1.2. Theoretical results
We recall here the theoretical framework of the standard greedy algorithm in the coercive symmetric case.

Let us consider the problem
{ find u € V such that 3)
Yo €V, a(u,v) =1(v),
where
e a(-,-) is a symmetric, coercive continuous bilinear form on V' x V;
e [ is a continuous linear form on V.
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Then, problem (3) is equivalent to the minimization problem

u = argmin &(v), (4)

veV

where )
Yo eV, E) = 5@(1},1}) —1(v). (5)

The greedy algorithm reads:
(1) let up =0 and n =1,
(2) define (rg), e ,T&d)) € Vy, X --- xV,, such that

(r,(zl), e ,r,(f)) € argmin £ (un_1 +rVg...® r(d)> ; (6)

(T(”w- ,r(d))Ele XX Vi

(3) define w,, = up—1 + 7“7(3) R ® ry(,d) and set n =n -+ 1.
Let us denote by
5 {Tu) @ @r@ rDey, ... rde Vzd} (7)
and make the following assumptions:
(A1) Span(%) = V;
(A2) X is weakly closed in V.
These assumptions are usually satisfied in the case of classical Sobolev spaces [5].

Theorem 1.1. Assume that (A1) and (A2) are satisfied. Then, for alln € N*, there exists at least one solution
) d)

(r%l el ) € Vi X -+ x Vo, (not necessarily unique) to (6) and any solution satisfies Ve @ri® £0

if and only if u,—1 # u. Besides, the sequence (uy,)nen+ strongly converges towards u in V.

The following Lemma will be used later. Although the proof is given in [10], we recall it here for the sake of
self-containedness.

Lemma 1.1. For allv € V, let us denote by ||v||q := v/a(v,v). Then, for all n € N*,

- W ... g
rD g .. or® a(u—un—1,rM @ @r?)

= sup
e (T(1>7"‘7T(d))evz1X"‘szdvT<1)®"'®""<d)#0 Hr(l) ® ®T(d)”a

Proof. Let us prove (8) for n = 1. The proof is similar for larger n € N*. The d-tuple (r§1)7 e ,rgd)) €

Vo, X -+ x V,, solution of (6) for n = 1 equivalently satisfies:

1 2

(Tgl)v"' 7T§d)) S argmin Py Hu*f”(l) ®"'®r(d) . (9)
(r(l),m,r(d))GVIl><-<~><Vzd 2 @

The Euler equations associated to this minimization problem read: for all (57"(1), e ,5r(d)) € Vyy X oo X Vg,

a(rVeor® e oo rVe o™ asr e 1 oW erP e or

—a (u,r%l) Q- ® rgd—n ® or(@ 4 Tgl) Q- ®T§d—2) @ or(d=1 ®r§d) LasW e r§2) S @ rgd)) ’

(d)
1

)
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which implies that

2
e e =a(ur’e o). (10)

a

Let now (r,..- r@) eV, x .- x V,, be such that r™ @ - @ r(@ 3£ 0. Using (9) and (10), it holds that

2

1) o .. (d)
a(wri’e er?) 8 @| _ M (d)
u— 5T @ -Qmr =jlu—r; " ®---Qnr;

Hrﬁ” ® - @r?

2
<

a

B a (u,r(l) ® e ® fr(d))
Hr(l) R-Q T(d)Ha

a
a a

Therefore,

2
a(wrVe - or®) G .. @)
>

@ =

Hr§1)®~~®r1 e -er@|

a

Taking the supremum over all (r(l), e ,r(d)) € Vy, x---xV,, such that r ®- .- @7r(® =£ 0 yields the result. [

Equation (8) implies in particular that for all n € N*,

l r(1)®...®r(d) —a uni’r(1)®...®r(d)
TS) ®...®...r7(1d) — sup ( (12 ( (1d) ) (11)
SR - P e ],
Let us rewrite the greedy algorithm in the particular case when d = 2.
(1) Let up =0 and n = 1;
(2) define (7, sp) € Vi, x V; such that
(rn,sn) € argmin & (up—1+7r®$); (12)

(r,8)EVy x Vs

(3) define u,, = up—1 + 7, ® s, and set n =n + 1.

For the sake of simplicity, in the rest of the article, all the algorithms will be presented in the case when d = 2.
The generalization of the approaches to a larger number of variates d is straightforward unless mentioned.

The Euler equations associated to the minimization problem (12) read
a(Up—1+ 17 ® 8p, 0T ® Sy + 1, ® 08) = (61 ® 8y + 1 ® 08), V(Ir,08) € V, X V. (13)
As a consequence of Theorem 1.1, provided that the set
Y={r®s, reV,, seV;} (14)

satisfies assumptions (Al) and (A2), at the first iteration of the algorithm (n = 1), as soon as the form [ is
nonzero, there exists at least one solution (r1,s1) € V, x V; of

a(r ® $1,0r ® 81+ 711 ®08) =1(dr ® s1 + 11 ®8), V(dr,ds) € V. x V4,

such that r; ® s1 # 0.

In practice, at each iteration n € N* a pair (7, $,) € V; x V; is computed via the resolution of the Euler
equations (13) using a fixed-point procedure which reads as follows:
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e choose (73(1), ()) €V, xV; and set m = 1;

e find (r%m) (m)) € V,, x V, such that

a | Un—1 —i—r( )®S$:n b 0T ® (mfl)) = (6r®55¢m71)> , Yor € V,,

15
a1+ @50 r )®5s)—l< @55),\755614; (15)

e set m=m-+1.

This fixed-point algorithm is numerically observed to converge exponentially fast in most situations, although,
at least to our knowledge, there is no rigorous proof in the general case.

2. THE NON-SYMMETRIC CASE

2.1. General framework

Let us now consider the case of a non-symmetric linear problem of the form

{ find u € V such that

Yo eV, a(u,v) = I(v), (16)

where

e a(-,-) is a nonsymmimetric continuous bilinear form on V x V;
e [ is a continuous linear form on V.

In the rest of the article, we will assume that
(A3) problem (16) has a unique solution v € V for any continuous linear form [ € £(V,R).

We denote by A € £(V, V) the operator defined by
Yo,w eV, (Av,w)y = a(v,w),

and by £ the element of V' such that
Yo eV, (L,v)y =1(v).
We also introduce the operator A : V' — V’ and the linear form L € V' defined by A= Ry A and L = Ry L
so that the unique solution u to (16) is also the unique solution to the problem

find © € V such that
Au=Lin V'

It follows from assumption (A3) that A and A are invertible operators.

2.2. Prototypical examples

Let us present two prototypical examples we will refer to throughout the rest of the paper.

e The first one is
{ find u € H}(X) ® L?(T) such that

—Ayu+b, - Veutu=finD(XxT),
with f € H-1(X)®L3(T) and b, € R™=. For this problem, V = H} (X)@L(T), V! = H-Y{(X)®L(T)

and
Yu,v €V, a(uv fXXTVu~V v+ v(by - Vyu) +uv),

V'UGV l fT f7 H-1(X) Hl(X)
In this case, A = —A, + b, V + 1.
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e The second example is

{ find u € H} (X x T) such that

—Agu+b- Ve u+u=finD(X xT), (18)

with f € H=1(X xT) and b = (b, b;) € R™= x R™. For this problem, V = H} (X xT),V' = H-Y(X,T)
and
Vu,v €V, a(u,v) = [y 7+ (Veru-Vaew+v(b- V) +uv),

Vv eV, l( )= <fv > X XT),H(XXT)"
In this case, A= —-Az;+b -V, + 1.

2.3. Failure of the standard greedy algorithm

Problem (16) cannot be written as a minimization problem of the form (4) with an energy functional given
by (5). The definition of the greedy algorithm via the minimization problems (6) or (12) cannot therefore be
transposed to this case. However, a natural way to define the iterations of a greedy algorithm for the non-
symmetric problem (16) is to define iteratively for n € N* the pair (ry,s,) € Vi, x V; as a solution of the
following equation

a(tp—1+Tn @ Sy, 0T @ Sy + T @ 0s) = 1(0r ® s, + 1 ® 05), V(dr,88) € V X V4, (19)

by analogy with the Euler equations (13). This is the so-called PGD-Galerkin algorithm [3].
Actually, there are cases when [ # 0 and any solution (71, s1) € V, x V; of the first iteration of the algorithm

a(r ® $1,0r ® s1+ 711 ®08) =1(dr ® s1 + 11 ®08), V(dr,ds) € V x V4, (20)

necessarily satisfies 1y ® s; = 0. Such an algorithm cannot converge since the approximation u, = Z rr Q Sk
given by the algorithm is equal to 0 for any n € N*. Besides, this situation may occur even when the norm of
the antisymmetric part of the bilinear form a(,-) is arbitrarily small.

Let us give an explicit example.

Example 2.1. Let X =T = (-1,1) and Wy (respectively ui) be the Lebesgue measure on X (respectively on

T). LetbeR, V, = H. . (-1,1), V; = L*(—=1,1) and V =V, ® V,. Consider the non-symmetric problem (16)
with
Yo,w eV, a(v,w) = / (Vv - Vyw + (b Vyv)w + vw) ,
XXT
and
Yo eV, l(v) = / fu,
AXT
with f € L2,.(—=1,1) ® L*(—1,1).

Problem (16) is equivalent to

per

findue H:, (—1,1) ® L?(—1,1) such that
—Agu+bVyu+u=f inDRxT).

In this context, equations (20) read

find (r1,s1) € Hy . (=1,1) x L*(-1 1) such that
f_ll |s1(t)|? dt] (= (x) + bri(x) +ri(z f_ (z,t)s1(t) dt, (22)

f_ll (|75 (@) 2 + |r1(2)]?) daz} s1(t) = f_l f x, t)r1(z) dx,
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since the periodic boundary conditions on r1 imply that f_ll ri(x)ri(z)dz = 0.

Unlike the symmetric case, there exists an infinite set of functions f € L2, (—1,1)®L?*(—1,1) such that f # 0

per
and any solution (r1,$1) € Vo, X Vi of equations (22) necessarily satisfies r1 ® s1 = 0 for any arbitrarily small

value of |b|. This is the case for example when f(z,t) = ¢(x —t) for all (x,t) € Rx (=1,1) with ¢ € L2, (-1,1)
an odd real-valued function.

Let us arque by contradiction. If (r1,81) € Vo x V4 is a solution to (22) such that 11 ® s1 # 0, up to some
rescaling, we can assume that

/ 151 ()2 dt = / (17 (@) + [ (@)) dz = A > 0.

-1 —1

Thus, we can rewrite (22) as
—r{(x) +bri(z) +ri(z) =

Sl(t) =

Plugging the second equation into the first one, we obtain
1 ! 1
—r{(x) + bri(z) + ri(z) = F/ (/ f(z, ) f(y,t) dt) r1(y) dy. (23)
-1 \J-1

Let us denote by g(x,y) = f_ll f(x, t)f(y,t)dt for all (z,y) € R%. As ¢ is an odd, 2-periodic function, it holds
that

1
o(zy) = [ ) di
1
= [ se—tow-na
= [ se-not—na
14y
= [ oa -y wetwdu

—l+y

-/ 11 bz — y — u)p(u) du.

Taking the Fourier transform of equation (23) yields that for all k € 7Z,

(2 + ik 7 () = =5 (5(8)) 7 (h),
where

I ;
ri(k) = 7/ ri(z)e”* T de.

-1
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THEORY PRACTICE

OK The conditioning of the resulting problems

L2 residual minimization Additional regularity on the right—hand side scale quadratically with the conditioning
is needed though. of the original problem.

Dual norm residual Need to solve several small- or high—- dimensiona
OK

minimization symmetric coercive problems

There are cases where the algorithm does not
converge towards the true solution. OK

PGD-Galerkin

Minimax OK for separated operators OK

OK in finite dimension whenV =V, ® V4

Dual Greedy o _ OK
Problems in infinite dimension

Same situation as the Dual-Greedy Not clear how to implement the algorithm

X-Greedy in practice.
OK in finite dimension provided that the OK but slow
Decomposition explicit part of the bilinear form is small enough Diverges if the explicit part of the bilinear
compared to its implicit part. form is too large.

FiGURE 1. Summary of the different greedy algorithms used for non-symmetric high-
dimensional linear problems.

Futhermore, A € R} and a(O) =0 (¢ is an odd function). Thus, since a(k) is a purely imaginary number,
< N2~ 2
(o))" =|ow)|

This example clearly shows that a naive transposition of the greedy algorithm to the non-symmetric case by
analogy with the Euler equations (13) obtained in the symmetric case may be doomed to failure.

and a solution r1 necessarily satisfies 71 (k) = 0 for all k € nZ, which yields a contradiction.

This article presents a review of some methods which aim at circumventing this difficulty. A particular
highlight is set on the practical implementation of these methods and on the existence of theoretical rigorous
convergence results. The properties of the different algorithms which are dealt with in this article are summarized
in Figure 1. In particular, the algorithms which are marked OK in the Practice column are those which

e do not suffer from conditioning problems;
e 1o extra loop of the greedy algorithm are needed to implement the method in practice.
3. RESIDUAL MINIMIZATION ALGORITHMS

In this section, we present some numerical methods used for the computation of separate variable represen-
tations of the solution of non-symmetric problems, for which there are rigorous convergence proofs. A natural



ESAIM: PROCEEDINGS 105

idea is to symmetrize (16) using a reformulation as a residual minimization problem in a well-chosen norm.
These algorithms are also called Minimum Residual PGD in the literature [3].

3.1. Minimization of the residual in the L?(X x 7) norm

Let us assume that L € L2(X x T) and that there exists D(A) C V a dense subdomain of L?(X x T) such
that A(D(A)) C L*(X x T). The mapping A : D(A) — L?(X x T) defines a linear operator on L*(X x T). Let
us assume moreover that (A4, D(A)) is a closed operator. This implies in particular that D(A), endowed with
the scalar product

Yo, w € D(A), (v,w)pa)y = (v,w) + (Av, Aw),
is a Hilbert space.

A first approach, inspired by [9], consists in applying a standard greedy algorithm on the energy functional

E(v) = | Av = L||72(x 1), Yo € D(A).

Let us consider the case when
p
A=Y A0 @AY
i=1

where for all 1 < i < p, A% and A,gi) are operators on L?(X) and L?(T) with domains D (AE,;“) and D (Agi))

respectively. We denote by D, = (!_, D (Ag“) and D, = (;_, D (Agi)), and assume that D, and D; are dense
subspaces of L?(X) and L?(T) respectively and are Hilbert spaces, when endowed with the scalar products

p
Vv,w € -D:L’a <an>DI - <U,’IU>X + Z <A:(Dl)’l), A:(EI)QU>X
i=1

and

P
Yo,w € Dy, (v,w)p, = (v,w)r + 3 (AP0, A0w)
v, W e, (V,w)p, = (V,W)T ; 0 v ATw)
The greedy algorithm reads:
(1) let up =0 and set n = 1;
(2) define (1, sn) € D, x Dy such that

(rn,sn) € argmin  [[A(un—1 +7© 5) = L] F2x 57 (24)
(r,8)EDz X Dy
(3) set up =up—1+7, ®5, and n =n+ 1.
Let us denote by X := {r®s, r € D,, s € D;}. From Theorem 1.1, provided that
— __D(A

(B1) Spans?” Y = D(A);

(B2) ¥P is weakly closed in D(A);
the sequence (up)nen+ strongly converges towards u in D(A).

In the case of problem (17), A = A, ® A, with A, = —A,+b-Vy+1and A, = 1, D(A) = (H*(X) N H{(X))®
L*(T), D, = D(A,) = H>(X) N H(X) and D; = D(A;) = L*(T).

For problem (18), A = A @ A + AP @ AP with A" = —A, +b, -V, +1, AY =1, AP = 1 and

AP = Ay +b,-V,, D(A) = H2(X x T) N HYX x T), Dy = H2(X) N H}(X) and D, = H2(T) N HE(T).
In both cases, assumptions (A1) and (A2) are satisfied.
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Actually, when L is regular enough, i.e. if L € D(A*), where A* denotes the adjoint of A and D(A*) its
domain, this method is equivalent to performing a standard greedy algorithm on the symmetric coercive problem

A*Au = A*L.
The Euler equations associated to the minimization problems (24) read

(A(up—1 + 710 ® 8p) — L, A(6r ® sy, + 1, ® d5)) = 0, V(0r,ds) € D, x Dy.

This method suffers from several drawbacks though. Firstly, the right-hand side L needs more regularity
than necessary for problem (16) to be well-posed (we need L € L?(X x T) instead of L € V).

Secondly, and more importantly, the conditioning of the associated discretized problems behaves badly since
it scales quadratically with the conditioning of the original problem Au = L.

3.2. Minimization of the residual in the dual norm

In order to avoid the conditioning problems encountered when minimizing the residual in the L*(X x T)
norm, another method consists in performing a greedy algorithm on the energy functional

E() = || Av — LIS = IRy (Av = D[}, Yo € V.

Here, the residual Av — L is evaluated in the dual norm || - ||y/. In this method, the right-hand side L does
not need to be more regular than L € V'’ and this approach is equivalent to performing the standard greedy
algorithm on the symmetric coercive problem

A*(Ry) 'Au = A*(Ry) " 'L.

The conditioning of the resulting problem scales linearly with the conditioning of the original Au = L problem.
The algorithm reads:
(1) let up =0 and n = 1;
(2) let (p,8n) € V x V; such that

(rursn) € argmin [(By) ™ [Alun 1 +7®5) — L] 3 (25)
(r,8)EVyxVy

(3) set up =up—1+7r, ®s, and n=n+ 1.
Provided that ¥ defined by (14) satisfies assumptions (A1) and (A2), we infer from Theorem 1.1 that the
sequence (U, )nen strongly converges to u in V.
The Euler equations associated with the minimization problems (25) read: for all (dr,ds) € V. x V,

(Ry' [A(un—1+ 7 ®8,) — L], Ry, [A(Or @ 850 + 7 @ 55)])y =0,

or equivalently,

=0.

<A(un,1 +7r, ®8,) — L, R‘;l [A(Or @ $p + 10 ® 58)]>V,,V

However, even if the conditioning problem of the previous method is avoided, this algorithm still requires the
inversion of the operator Ry .

In the case when V =V, ® V;, the dual space V' satisfies V' = V] ® VY, so that the operator Ry = Ry, ® Ry,
is a tensorized operator and R‘;l = R(/wl ® R(,tl. A prototypical example of this situation is given by the
problem (17), where we have V, = H-1(X), V/ = L*(T), Ry, = —A,, Ry, = 1 and Ry = Ry, ® Ry,. Thus,
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R‘_/1 = (—=A;)"! ® 1 and carrying out the above greedy algorithm requires the computation of several low-
dimensional Poisson problems, which remains doable but increases the time and memory needs compared to a
standard greedy algorithm in the symmetric coervive case where b = b, = 0.

The situation is even more intricate when V' # V, ® V;, since the operator Ry is not a tensorized operator
in general. A prototypical example of this situation is problem (18) where V! = HY(X x T), Ry = —A,,
and R(,l cannot be expanded as a finite sum of tensorized operators. These intermediate symmetric coercive
high-dimensional can be solved with a standard greedy algorithm presented in Section 1, but this considerably
increases the time needed to run a simulation.

In this particular case, since Ry = —A, ® 1 — 1 ® A; is the sum of two tensorized operators which commute
with one another, we can use an approach described in [11]. This method consists in using an approzimate
expansion of the inverse of the Laplacian operator, constructed as follows. The function h : = € [zg, +00) — %
(where x¢ is a positive real number) can be approximated by a sum of exponential functions of the form

—Clxr
~ C’le s

=1

SHN

for some N € N* and where (C})1<;<ny and (¢;)1<i<n @ two sets of well-chosen real numbers, depending on
zo. Provided that xq satisfies zg < min(1,A\¥, \Y), where Ay (respectively \}) is the lowest eigenvalue of the
operator —A, on Hj(X) with respect to the L?(X) scalar product (respectively the lowest eigenvalue of the
operator —A; on HE(T) with respect to the L?(7) scalar product), since both the operators —A, ® 1 and
—1 ® A; commute, R;l can be approximated by

— N —er(— _
RyY ~ TN Cea-Aiei-1oa)

YL, Creerde @ eale, (26)

The computation of the expansion (26) only involves the computation of the exponential of small-dimensional
operators. But of course, to have a reliable approximation of this operator, the number N of terms in the above
approximation may be very large. Besides, an explicit expansion is not always available for a general operator
Ry

The algorithms presented in the following sections are attempts to find numerical methods which

e avoid the conditioning problem inherent to the method described in Section 3.1;
e avoid the use of inverse operators such as R‘_,l in the approach using the dual norm.

Of course, a natural idea would be to find a suitable norm to minimize the residual to avoid the conditioning
and inversion problems. So far, no norms with such properties have been proposed.

In Section 4, we present algorithms already existing in the literature, namely those suggested by Anthony
Nouy [16] and Alexei Lozinski [14]. In Section 5, a new algorithm is proposed. The known partial convergence
results for these methods are presented and some details on the numerical implementations of these algorithms
are provided.

4. ALGORITHMS BASED ON DUAL FORMULATIONS

In this section, we present some classes of algorithms based on dual formulations of the non-symmetric
problem (16).

4.1. MiniMax algorithm

A first algorithm based on a dual formulation of problem (16) is the MiniMax algorithm proposed by Nouy [16].
The algorithm reads as follows:

(1) let up =0 and n =1,
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(2) let (rn,Tn, Sn,sn) € V.2 x V2 such that

TrsTr, Sny Sn) € ar ma. min res,res 27
(na nySn, n) g(?,E)GVi(XVt(r,s)Ewathn( y N)a ( )

where for all v,v € V,
SO A ~ ~
Tn(v,0) = Sllvlly = alup—r +2v,0) +1(v);

(3) set up =up—1+1r, s, and n=n+ 1.
At each iteration n € N*, the computation of a quadruplet (r,,, 7, Sn, 8n) € V.2 x V2 satisfying (27) is done
by solving the stationarity equations

{ A(Up_1 + Tn @ Sn, T @ 05 + 0T @ 5p) = (T, ® 05 + 0T @ 3), Y(0F,03) € V, x Vi, (28)

a(r, ® 08+ 01 @ $p,Tn @ 8y) = (rn @08 + 07 ® S, 'y @ Sp)v,s Y(or,ds) € V, x V,.
In practice, for each n € N*| these equations are solved through a fixed-point procedure where the pairs
(T, Tn) € V.2 and (sn, 3,) € V2 are computed iteratively. More precisely, the fixed-point algorithm reads:
e set m = 0, and choose an initial guess (r%o),?ﬁo), 5579),5(7?)) eV2x V2

e find (rf«bmﬂ),?“{nmﬂ)) € V2 such that

a(tn_1+rd" @50 57w 351”"”’) =1 (6?® E‘n’")) : Vor € Vs,
a(o6r @ s™ #mtD g Eflm)) = <5r @ ™ pimt) g 552”)>V , Vor € Vy;

e find (sﬁlm“),gﬁm“)) € V;2 such that

a (U1 + 8™ @ siD FmD g 5’5) —1 (ﬁm“) ®65), V5 € V;,
a (1) g 5s, 7MY o g{nmﬂ)) _ <T7(zm+l) ®6s, 1™ s%m+1)> 7 Vos € Vi
v

e set m=m-+1.

In [17], it is proved that in the case when a = a, ® a; where a, is a continuous bilinear form on V, x V,
and a; a continuous bilinear form on V; x V; and V =V, ® V;, the algorithm converges. However, there is no
convergence result in the full general case.

4.2. Greedy algorithms for Banach spaces

Another family of dual greedy algorithms is inspired from the methods suggested by Temlyakov in [20] for
Banach spaces and was proposed by Lozinski [14] in order to deal with the resolution of high-dimensional
problems of the form (16).

4.2.1. Greedy algorithms for general Banach spaces

For the sake of simplicity, let us present two particular greedy algorithms proposed by Temlyakov in the
context, of Banach spaces, namely the X-Greedy and the Dual Greedy algorithms.
Let (X, || - ||x) be a reflexive Banach space and D a dictionary of X, i.e. a subset of X such that for all

g€D,|gllx =1and Span(D)X = X. Let us also denote by X* the dual space of X.
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Let f € X. The aim of both the Dual Greedy and the X-Greedy algorithms is to give an approximation of
f as a linear combination of vectors of the dictionary D. These numerical methods are generalizations of the
Pure Greedy algorithm, which is defined for Hilbert spaces. When X is a Hilbert space endowed with the scalar
product (-, -)x, the Pure Greedy algorithm can be interpreted in two equivalent ways, namely:

Pure Greedy algorithm (1):

(1) let fo=0,79 = f and n = 1;
(2) let g, € D and «,, € R such that (assuming existence)

l7n-1 — angnllx = gegigek -1 — agllx;

(3) let fr, = fo—1+ QnGn, ' =Tn—1 — angn and n =n+ 1;

and

Pure Greedy algorithm (2):

(1) let fo =0, r0=f and n = 1;
(2) let g, € D such that (assuming existence)

<Tn—17gn>X = rgnea,g(<rﬂ—17 g>X7

(3) let o, € R such that
Irn—1 = @ngnllx = min|lru—1 — aga|lx;
(4) let fr, = fo—1+ anGn, ' =Tn-1 — angn, and n =n+ 1.
When X is a Hilbert space, the two versions of the Pure Greedy algorithm are equivalent, but this is not the
case anymore as soon as X is a general Banach space.

The X-Greedy algorithm corresponds to the extension of the first version of the Pure Greedy algorithm:

(1) let fo =0, r0=f and n = 1;
(2) let g, € D and a, € R such that (assuming existence)

Iat = Gugallx = in__flrai — agllx; (29)

(3) let fr = fno1+ angn, ™n = Tn-1 — Qngn and n =n+ 1.

The Dual Greedy algorithm generalizes the second version of the Pure Greedy algorithm and is slightly more
subtle. It is based on the notion of peak functional. For any non-zero element f € X, we say that Fy € X' is a
peak functional for f if ||F¢|x- =1 and F¢(f) = || f||x. The Dual Greedy algorithm reads:

(1) let fo =0, r0=f and n = 1;

(2) let F,.,_, € X* be a peak functional for r,_1 and let g, € D such that (assuming existence)
gn € argmax F. ., (g); (30)
geD
(3) let o, € R such that
a, € argmin ||, —1 — agnl/x; (31)
a€eR

(4) let f, = fa—1 4 @nGn, Tn = Tn—1 — @ngn and n =n + 1.
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Slightly modified versions (relaxed versions) of the X-Greedy and Dual Greedy algorithms are proved to
converge in [20] provided that the space X and the dictionary D satisfy some additional assumptions, detailed
below. Actually, in these relaxed algorithms, (29), (30) and (31) are respectively replaced by

[rn—1 — ngnllx < tin jemin_ [rn—1 — agllx; (32)
F.,_,(gn) > vamax F,. _ (g); (33)
geD
71— @ngnllx < Knpmin|jr,—1 — agnl x; (34)
aER

where (tn)nen, (Vn)nen and (K, )nen are well-chosen sequences of real numbers such that for all n € N*| p,, > 1,
v, <1and k,, > 1.

We define the modulus of smoothness of the Banach space X by

vaeR p(9)i=  sw (Gllo+ Byl -+ o~ Byllx) 1)

lzllx=llyllx=1

The Banach space (X, | - ||x) is said to be uniformly smooth [20] if

)

ﬁ*)OT =0

Let us point out that if a Banach space (X, || - ||x) is uniformly smooth, then the mapping G : z € X — ||z||x
is Fréchet-differentiable.

The relaxed versions of the X-Greedy and Dual Greedy algorithms are proved to converge [20] provided that
(B1) Span(D)' "™ = x;

(B2) RD is weakly closed in X;
(B3) X is a uniformly smooth Banach space.

We do not write here these relaxed versions of the algorithms for the sake of brevity and refer to [20].

4.2.2. Special Banach spaces for non-symmetric high-dimensional problems

Let us now present how these ideas were adapted by Lozinski to the case of high-dimensional non-symmetric
problems. We begin here with the description of the particular Banach spaces involved. Let us assume in the
rest of Section 4.2 that the operator A~ : V — V is bounded.

A Banach space with good theoretical properties but which cannot be used in practice

The space V is now endowed with the following dual norm

a(v,w)

VweV, [lva= sup = [Avlly = [|Av][y-.
weV, w#0 ||w||V
Actually, since the linear operator A is bounded on V, the space (V] - ||.4) is a reflexive Banach space whose
dual space is (V, || - [|(4+)-1) where
a(w?v) *\—1
Vo eV, vy = sup = [[(A") " vllv.

weV, w0 [w|lv
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Let us show that the Banach space (V, | - ||.4) and the dictionary
D={r@s rcVy, scV, [[r@slsa=1}
satisfy assumptions (B1), (B2) and (B3).
Let us begin with the proof of (B1) and (B2). Since the set of tensor product functions
Y={r®s, reV,, seV;} =RD

is assumed to be weakly closed in (V,| - ||v) and to satisfy Span(E)(V’”'”V) =V (assumptions (Al) and (A2)),

(B1) and (B2) are direct consequences of the fact that A and A~! belong to the space £(V, V) (i.e. are bounded
operators). For instance, £((V, |- [|v),R) = £((V, ]| - ||4),R) since

1 _
Vie £((V,]-[lv),R), mﬂlﬂs((vm-nv),m) < llecvii-1a.®) < TA e 1) R)-

Let us now prove (B3). Since the operator A is invertible, the modulus p4 of smoothness of (V.| - ||.4) is
equal to the modulus of smoothness p of (V.| -|v). Indeed, for all 8 € R,

1
pa®)= s (Gl pullact o= pull - 1)
vweV, [Jvfla=[lw|a=1
1
= sup (2(||Av + SAw|lv + ||Av — BAw|v) — 1)
v,weV, ||Av|lv=||Awl|lv=1
1
= s (Gl ully + o Bul) —1)
v,weV, [[v|lv=|lw|lv=1
= p(B).

Since (V.| - ||v) is a Hilbert space,

pald) _ 08 |

,6’ B B—0 ’
and (V|- ||.4) is a uniformly smooth Banach space.
To implement the X-Greedy or Dual Greedy algorithms in practice in this context, one needs to compute the
norm || - |4 (see (29) and (31)). Since for all v € V, ||v]|4 = | Av|ly = ||R;;' Av]|y, this requires the resolution
of several intermediate low- or high-dimensional problems to compute the inverse of the operator Ry . Actually,

this approach is equivalent to the one described in Section 3.2 and the same practical issues have to be faced in
this context.

Another more practical Banach space

The idea of Lozinski is to replace this norm by a weaker one, easier to compute,

al\v,r S
wev lola=  sp  20r®9)
(r,8)EVy x Vi, r®5£0 llr @ s]lv
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Actually, denoting by || - ||; the injective norm on V' [8], defined by

WweV, o= sup S8V
(rs)eVax Vs, r@sz0 T @ s|lv

it holds that for all v € V, ||v|;4 = || Av||;. Reasoning as above, the Banach space (V.|| - ||l;.4) has exactly the
same properties as (V.| - ||;)-

Since ¥ is weakly closed in V', and since for all v € V, ||v||; < ||[v|lv, Z is also weakly closed in (V|| - ||;). But,

in the full general case, the Banach space (V, || - ||;) and hence the Banach space (V,]| - |;.4) are not uniformly
smooth. Actually, these spaces may not even be reflexive. Indeed, let us assume that V' =V, ®V; and that || ||
is the associated cross-norm, in other words that for all (r,s) € V, x Vi, ||[r®s|lv = ||7]|v, ||s]lv,. It holds that [8]

(V|| - |l:) is isomorphous to K(V, V;), the Banach space of compact operators from V,, to V; endowed with the
operator norm. Since IC(V,,V;) is not a reflexive space (K(V,, V;)* = 61(V,,V;) and &1(V,, V3)* = £(V,, V)
where &1(V,,, V};) denotes the set of trace-class operators from V,, to V;), there is no guarantee of convergence
of the relaxed versions of the X-Greedy or Dual Greedy algorithms presented above.

The finite-dimensional cross-norm case

However, in the case when V,, and V; are finite-dimensional and V' = V, ® V;, the spaces K(V,,V;) and
£(Vy, V;) are identical. The space (V, ]| - ||;) is then reflexive and uniformly smooth. Indeed, if V, = R™= and
Vi = R™t, since || - ||y, and || - ||y, both derive from the scalar products (-,-)v, and (-,-)v,, there exist two
invertible matrices P € R™=*™= and @ € R™*>*™* such that

vr € R™, |r|lv, = | Pr|F,. ,
Vs € R™, [|s]ly, = |Qs]|r,,,

where || - [|f, and [ -|F,, denote respectively the Frobenius norms on R™s and R™t. Thus, (V.|| - [;) is
isometrically isomorphic to R™=*™t geen as K(V,, V), endowed with the norm

Mr
VMeRmmxmt, ||M||z: M: ||QMP_1||2,
reRma | rz£0 ||PT||me
where
M XMt ”MT”FW
VM e R™ ™ ||[M]lz = sup =t
reR™maz | r#£0 ||THFm1
Actually, (R™=>™ || -||5) is a uniformly smooth Banach space [19]. Thus, greedy algorithms for Banach spaces

do converge in this setting.

4.2.3. Practical implementation of the algorithms

X-Greedy algorithm
The X-Greedy algorithm reads:
(1) let up =0and n =1,
(2) find (ry, $p) € Vp X V; such that

(rn,8n) € argmin  ||u—up—1 — 7 ® $||ia; (36)
(T7S)EVIXW
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(3) set up =up—1+1, ®s, and n=n+ 1.
From the definition of the norm || - ||;4 (see (35)), the second step of the algorithm can be rewritten as
(2) find (ry, sn) € V; x V; such that
. I(r®s)—a(un—1+7r®s,7®
(rnssn) € arEming, gev, v, SRV, v R (37)
= argming ey, xv, SUP(F )V, x Vi, [F@3]y=1 L ® ) —a(un_1 +7® 5,7 ®5).

From a practical point of view, at each iteration n € N*, the functions (7, T, $n, 3,) € V.2 x V;? are obtained
by solving the stationarity equations associated with (37), namely by solving the following coupled problem

find (rp,, T, Sn, 8n) € V2 x V2 such that for all (or, 67, 5s,65) € V2 x V2,
(T ® 8y, T @IS+ T @ Sp)v + aun—1 + Tn ® Sny T ® IS+ 0T ® 5,) = 1T, @ 65 + 0T ® 3p),
a(r, ® 08+ 01 @ $p,Tn ® $p) = 0.

The X-Greedy algorithm has not been implemented in practice yet. Indeed, it is not clear how to compute
a solution of the above stationarity equations since using a fixed-point algorithm procedure similar to the one
presented in Section 4.1 for the MiniMax algorithm would always lead to 7, ® 5, = 0, due to the form of the
second equation.

Dual Greedy algorithm

Let us describe here how Lozinski adapted the Dual Greedy algorithm for the resolution of high-dimensional
non-symmetric linear problems.

A remaining issue concerns the construction of a peak functional F,. | for the residual r,_1 = u — up_1
which is used in the second step of the algorithm (30). Actually, the true peak functional is not computed but
only an approximation of this functional by an optimal tensor product function in a sense which is made precise
below.

The adapted Dual Greedy algorithm reads:

(1) set up =0 and n = 1;
(2) (computation of an approximate peak functional for the residual r,, 1 = u—wu,_1 with a tensor product
function) find (7,,3,) € V, x V; such that

(Tn,8n) € argmax alu —Up_1,TR3) = argmax I(T®3) —alup—1,7®3); (38)
(F,5) €V x Vi, ||7@3||v=1 (F9) eV xVy, IF@s]||lv =1

(3) (Step 2 of the Dual Greedy algorithm, see (30)) find (ry, sp) € Vi x V4 such that

(rn, Sn) € argmax a(r ® 8,7, @ 8p); (39)
(r,8)EVy X Vi, ||[r®s]lia=1

(4) (Step 3 of the Dual Greedy algorithm, see (31)) find «a,, € R such that

a, € argmin [[u — w1 — ary @ spllj4 = argmin sup (r®3) —a(un—1 +arn ® sn, T® 5); (40)
aEeR a€R  (73)€Vyx Vi, [[FR3]lv=1

(5) set up, = up—1+ apry, ® s, and n=n+ 1.

The Euler-Lagrange equations associated with the minimization problem (38) read: for all (67, 95) € V, x V4,

AT @ 5, T ® 05+ 0T Q@ Sp)y = 1T, ® 0S5+ 0T ® Sp) — a(up—1,Tn, ® 05+ 0F ®@ 5y,),
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for some A, € R satisfying A, |7, @ 5,13 = A\ = 1T ® 85) — altn—1,T7 ® $p).
The Euler-Lagrange equations associated to the minimization problem (39) can be rewritten as follows:
(Tny 8n) € Vi x V4 is solution of
a(rn, ® 08+ 01 ® $py Ty @ §p) = pna(ry ® 55 + 01 ® 8y, T, @ 8p), V(Ir,d8) € Vi X V4,

where (7, S,) € V X V; is such that

(Pn,8n) € argmax a(rp, ® 8, TR S), (41)
(7,3)EVe X Vi, ||FR3]|v=1

and p, = a(r, ® S,, T, ® $,,). Besides, if the pair (7, s,,) satisfies (41), it holds that
a(ry @ Sp, Ty ® 08+ 0T ® §p) = Vp(Ty ® Sy Ty ® 05+ 0T ® 8, ) v, V(07,05) € V, x V4,

with v, = a(r, ® 85,70 ® 8p) = ||7n @ Snllia = 1. This yields to a coupled problem on (r,,s,) and (7, 5,).
Lozinski the noticed that, if (7, s,) is solution to (39), (7, $n) = (¥n,Sy) is solution of (41) in the sense that

(T, Sn) € argmax a(rp, ® 8, TR 3).
(7,3)EV, x Vi, ||F@8]lv =1

The Euler-Lagrange equations can be rewritten as
a(rp ® SpyTn @IS+ 0T ® 3,) = (M @ Sy T ® 05 + 0T @ ) v, V(07,05) € V X Vg,

by taking p, = a(r, ® $p,Tn @ $p) = ||rn @ spllia = 1.
The Euler equations associated with (40) read

a(u —Up—1 — QpTn & Sn;:”vn & gn) =0,

yielding to oy, = a(u — Uup—1,7n ® 5,) = Ap.
Finally, replacing a7y, ® s, by 7, ® 55, the iterations of the Dual Greedy algorithm are computed in practice
as follows:
(1) let up =0 and n =1;
(2) find (ry,, T, Sn, 8n) € V.2 x V2 such that for all (dr, 67, ds,d3) € V2 x V2,

(P ® 50, Th ® 05+ Fr @5,y =1 ®0S+ 0T R Sp) — a(up—1,T, ® 05+ 0F ® Sp,),
a(ry @ $pyTn 05+ T R3,) =1(Th ®IS+ T ®3,) — a(un—1,Tn ® 05 + 0T ® 5,);

(3) set up, =Up—1+7, @8, and n =n+ 1.
These equations lead to two decoupled problems on (r,,s,) and (7,,5,). Each of them is solved through a
fixed-point procedure similar to (15) described in details in Section 6.3.1. Some numerical tests are presented
in Section 6, which illustrate the convergence of this algorithm.

5. THE DECOMPOSITION ALGORITHM

Let us now present a new algorithm based on a decomposition of the bilinear form a. The bilinear form a
can always be written as
a(+,) = bs(-) + () (42)
where bs(+, ) is a symmetric coercive continuous bilinear form on V' x V and b(+,-) a (not necessarily symmetric)
continuous bilinear form on V' x V. In the sequel, bs(+,-) (respectively b(-,-)) will be referred to as the implicit
(respectively explicit) part of a(-,-). This terminology will be explained below.
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Example 5.1. Let us introduce as (respectively aqs) the symmetric part (respectively antisymmetric part) of

a(-,-), defined by:

Yo,w €V, as(v,w) = % (a(v,w) + a(w,v)), (43)
and )
Yo, w €V, ags(v,w) = 3 (a(v,w) — a(w,v)). (44)

Provided that as is coercive, the decomposition a(-,-) = as(-,*) + aqas(+,) is admissible in the sense of (42).

Let us denote by Bs and B the bounded operators on V' defined by

Yo, w €V, bs(v,w) = (Bsv,w)y,
Yo, w eV, b(v,w) = (Bu,w)y.

Since by is coercive, the operator B; is invertible.

The principle of the algorithm we consider in this section to solve problem (16) consists in ezpliciting the
part b of the bilinear form as a right-hand side source term. More precisely, one can consider the following
fixed-point algorithm:

(1) choose a starting guess ug € V and set n = 1;
(2) let u, be the unique solution to

Yo €V, bs(up,v) =1(v) — blup—1,v); (45)

(3) set n=n+1.
In other words, u, = F(u,—1) where for all v € V, F(v) = By'(£ — Bv). If |B;*B|¢(v,vy < 1, the mapping
F :V — V is a contraction and it follows from the Picard fixed-point theorem that the sequence (up)nen
strongly converges in V' towards the solution « of the initial problem (16).
A natural approach thus consists in solving problem (45) at each iteration n € N* using a standard greedy
procedure. Provided that the greedy expansion obtained at each iteration n € N* is accurate enough, the
sequence (U, )nen given by this algorithm strongly converges in V' towards w.

However, the principle of this method requires to compute a full greedy loop at each iteration n € N*. In
order to save computational time, we now introduce the following algorithm, in which only one tensor product
function is computed at each iteration n € N*.

Decomposition algorithm:

(1) let up =0 and n =1,
(2) find (ry, sn) € Vz x V; such that

1
(rp,sn) € argmin  —bs(tp—1 +7r®@ S, Up—1 +7®38) —l(r®s) — b(up—1,r @ $); (46)
(r,8)EVyxVy

(3) set up, =up—1+ 71, ® s, and set n =n + 1.
The bilinear form b(-,-) is explicited as a right-hand side, whereas bs(+,-) remains implicit. This justifies the
terminology introduced in the beginning of the section.

Equation (46) can be rewritten equivalently as

(Fn,Sn) € argming, g cv, xv, %bs(r ®s85,17®8)—1(r®s)—bs(up—1+r®s) —blup_1,7®3)
b (r@s,r®s)—1l(r®s)—alu,—1,7®s).

= AN g)ev. <V,
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This means that for each n € N*, r, ® s,, is a tensor product solution to the first iteration of the greedy
algorithm applied to the following symmetric coercive problem

find v € V such that
Yo €V, bs(u,v) =1(v) — bs(un—1,v) — b(tn—1,v) = 1(v) — alunp_1,v).

As explained above, such an algorithm is expected to converge only if the norm || B; B ¢(v,v) is small enough.
Actually, in the case when the spaces V,, and V; are finite dimensional, the following result holds:

Proposition 5.1. If V, and V; are finite dimensional, there exists k > 0 such that if
HB;lBHA:(V,V) <K, (47)

then the sequence (un)nen+ defined by the Decomposition algorithm strongly converges to u in V.

Proof. Since V; and V, are assumed to be finite dimensional, from assumption (Al), so is V. Let k :=
B Bll¢v,v). Let us denote by (-,-)y = bs(-,-) the scalar product on V induced by the symmetric bilin-
ear form b, and by || - ||; the associated norm.

Let £ €V and B € £(V,V) be defined by

weV,  Uo) = (L)
Yo,w eV, blv,w)= <gv,w>‘7.

Actually, B = B;'B and £ = B;*£. This implies that for all v € V, ||/T’UH‘7 < K|lv]|. Besides, T + B =
B;Y(Bs + B) = B; 1 A, where Z denotes the identity operator on V.

The proof relies on the fact that all norms are equivalent in finite dimension. In particular, let us define the
injective norm || - ||z by
U, T & S)
VeV, o= sup  rEJT
(r,8)EVy x Vs HT ® SHV
Then, there exists o > 0 such that
VeV, |vlly < allvl

Besides, for all v € V, |lv]jz < [|v]l5-

Let us introduce Ijln =L - gun —up = B;Y(L — Auy,). For all n € N*, Zj{n is the vector of V' such that

Yo eV, <unvv>\7 = l(v) - a(un,v)'
For n > 1, the Euler equations associated to (46) read:

bs(Un—1+7Tn ® Sp, T @IS+ 0T ® 8p) = U1y, @IS+ 07 ® 5) — b(tp—1, 70 @ Is + 07 ® 8p), V(Or,05) € V, X V}.

As a consequence, (1, ® $p) — a(Up_1,7n ® Sn) — bs(ry, @ 8p) = <Z/7n_1 — T @ 8p, Ty ® 5,) 3 = 0, which implies
that ||Z/ln_1\|%/ = |Up—1 —7rn ® sn||%~/ + | ® an%/ Furthermore, from Lemma 1.1, we have

<Z:i -1,7® 5>~
[7n @ snlly = sup e Y

= [t -
(r,8)€Ve X Vi, r®s7#0 HT®SH‘7 H n L
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It holds that
HZ/N{H—IH%/ - HHnH%/ = ”Hn—lH%/ - ||L~{n—1 — 0 ® 8y — Br, @ 571”%7
= ”Z/?n—l”%/ - ||gn—1 — T ® Sn”%/ - ngn ® SWH%/

—|-2<g’rn ® Snazjn—l — T @ 5n>\7

7 ® snll% = 1Brn ® spll% = 2(Bry @ sn,Un-1 — 70 @ sn)

> (1- HQ)HTH ® SnH%/ — 26|, ® 5n||\7||z;{vn—1 —Tn ® Sn||\7
> (1= r)|rn @ sull% — 26l|ra @ sullg [Un-1]l7
>

(
(
(1= #7)llrn ® snl|% — 2k0|rn @ sp I | Un—1 ]Iz
(1 — K% = 2aK)||r, ® sn||3~/

(

1 — k% — 20) [Up—1 |12

If % is small enough to ensure that 1 — k% — 2ax > 0, the sequence (||Z/~{nH‘7)n€N* is non-increasing, hence
convergent. Thus, the series of general terms (Hﬁn%”%; - HZ/N{,LH‘%)%N and (|[Up||2)nen- are convergent. This
yields N
[Unllz — O,
n—oo

and, as all norms are equivalent in finite dimension,
Ul — 0.
n—oo

If k < 1, the operator (Z + B)~! is continuous from V to V for the norm || - ||, and

-1

Ju—tunlly = A~ L=unlly = || (B2 4) ™ B~

o = I@+B)  E~(T+Byun) |y = (Z+B) Tnlly —, 0.

Since the norm || - || is equivalent to the norm || - [[y/, we obtain the desired result. O

Unfortunately, the rate « in (47) strongly depends on the dimensions of V, and V;, as shown in the proof of
Proposition 5.1. However, in some simple numerical experiments we performed with this algorithm, the rate s
does not seem to depend on the dimension, as illustrated in Section 6. The analysis of this numerical observation
is work in progress.

A possible way to obtain a decomposition such as (42) satisfying (47) is to consider preconditioners for the
initial antisymmetric problem. Problem (16) can be rewritten as

find v € V such that (48)
u=(Z—-CAu+CL,

where C is a well-chosen continuous linear operator on V' such that ||Z —CAl|¢(v,v) is as small as possible. With
this formulation, one can consider the following algorithm:

(1) let up =0 and n =1,

(2) find (rp, $n) € Vi x V; such that

1
(TnySn) € argmin = (Up—1 +7® 8, Up—1 + 7 ® 8)y, — (T — CA)up—1 +CL, T ® s)v; (49)
(r,8)EVyxVy
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(3) set up =up—1+1r, ®s, and n=n+ 1.
The bilinear form associated with the continuous operator CA needs to be easy to compute on tensor product
functions. At least in the case when V is finite dimensional, if [|Z — CAl|¢(v,y) is small enough, the sequence
(tUn)nen= converges strongly in V' towards the solution u of (16). However, finding a suitable operator C is not
an easy task in general.

6. NUMERICAL RESULTS

6.1. Presentation of the toy problems

In this section, we present the two toy problems we consider in these numerical tests. Let b,,b; € R,
my=my=1and X =T = (-1,1).

The first toy problem is inspired from Example 2.1. In the continuous setting, we define
Vi=1L; ((_L 1)) Hler((_lv 1)’ (C)) =1L} ((_17 1)’ (C) ® ngr((_la 1)7(C);

per p per
Vﬁf = H}ier((_la l)a (C),

‘/t = Lger((7171)7c);
f € L%cr((*la 1)2,C);
for all u,v € V,

1ol
a(u,v) = /1 / ) (Vau - Vv + (by - Vou)v + ud)

l(v) := /11 /11 1.

and

The second toy problem is the following

V= Héer((*la 1)2a C))7
VOE = Héer((_]-v 1)a C)?
V% = le)er((_Ll)?C);
f € L%er((_lﬁ 1)25(:),
for all u,v € V,

)

1 .1
a(u,v) = / / (Vzu -Vev+ Viu- W)

11
—|—/ / ((bg - Vgu + by - Viu)v + uv)

() = /_ 11 /_ 11 /5.

It can be easily checked in the two cases that the Hilbert spaces V', V,, and V; satisfy assumptions (A1) and
(A2). Besides, the sesquilinear form a : V' x V' — C is continuous and satisfies assumption (A3). Our aim is to
approximate the function u € V such that

and

Yo eV, a(u,v) =1(v). (50)

We introduce finite-dimensional discretization spaces defined as follows. For all k € Z, let ef : X > z —
%ei’” and e} : T >t~ %eikt. For N, N; € N*, we define

VNe .= Span {ef, —N, <k < N,},
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VtNt := Span {efc, —N; <k< Nt},

and Ve Nt = VN @ VN
We then consider the Galerkin approximation of problem (50) in the discretization space V=Nt ie. find
u € VNeNe such that
Vo € VNNt g (u,v) = 1(v). (51)
For u solution of (51), we denote by U = (uri)k|<n,, ji|<N, € C2Nz+1)x(2N:e+1) the matrix such that

i Z ugiey ®el,
—N, I=—N,
and by F = (fri)k|<n,, |i|<nN; € CEN=+1D)x(2Ne+1) the matrix such that
i Z frief ® ej.
—N,l=—N.
In this discrete setting, the first problem is equivalent to: find U € C2N=+1Dx(2Ne+1) gych that
DU+ b,NU+U=F
and the second problem equivalent to: find U € CZNe+1)x@Ne+1) gych that
DU + byNoU + UD, + b UN, + U = F (52)

where D,, N, € CCNADXCNAD) ' 1y N, € CRNetD)x@2Net1) and for all —N, < k, k' < N, and —N; < [,I' <
Nt7

(Do)ikr = |k[*6k,
(D = |I[ow,

(No)kwr = ikdgr,
(Now = iloy.

6.2. Tests with the Decomposition algorithm

Let us begin with the numerical tests performed to illustrate the convergence of the Decomposition algorithm
presented in Section 5.

6.2.1. The fized-point loop

Before presenting the numerical results obtained with this algorithm, we would like to discuss the fixed-point
procedure used in practice in order to compute the pair of functions (r,,s,) € V;* x VN, solution of (46) at
each iteration n € N* of the Decomposition algorithm.

The algorithm reads as follows:

e choose (r% ),8510)) S VNt X VN’D and set m = 1;

e find (rnm (m)) S VNt X VN”r such that

b (1™ @ s 5r®s(m DAY (6r®s(m 1)) —a (un 1,07 ® s 1)> , Vor € VNe|
b (ri™ ® s(m) m & 53) = (rn ™ & 53) —a (un,l,rn ™ & 53) , Vos e VN
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e set m=m+ 1.

This fixed-point procedure exhibits of the exponential convergence rate which is numerically observed for
standard greedy algorithms for symmetric coercive problems, as discussed in Section 1. The stopping criterion
we choose for simulations presented in Section 6.2.2 is the following: Hrém) ® sslm) — r%m_l) ® sS{"‘” || < e where
| - || denotes the Frobenius norm and & = 1075.

6.2.2. Numerical results

We consider the second problem presented in Section 6.1, where f € L2, ((—1,1)?, C) is chosen such that

F=2 Iuei @,

keZ leZ

with fkl = W for all k,l e Z.
We decompose the bilinear form a(-,-) as a(-,-) = bs(+,-) +b(+,-) where bs(-,-) = as(-,-) is the symmetric part
of a(-,-) defined in (43) and b(+,-) = aqs(+,+) is the antisymmetric part of a(-,-) defined in (44).

Let us recall that Proposition 5.1 states that, in the finite-dimensional case, there exists a rate £ (which
depends on the dimension of the Hilbert spaces) small enough such that if ||B;*B||¢(v,v) < &, the Decomposition
algorithm is ensured to converge. In the numerical simulations presented below, we have witnessed that there
exists a threshold rate s such that

o if |B;'B|g(v,v) < K, the algorithm converges;
o if | B8] ¢(v,v) = K, the algorithm does not converge, but the norm of the residual remains bounded;
o if || B;'B||¢(v,v) > £, the algorithm does not converge, and the norm of the residual blows up.

Besides, the rate x seems to be independent of the dimension of the Hilbert spaces.

For n € N*, let U,, € CNe+1)x(2Ne41) denote the approximation of U solution of (52) given by the algorithm
at the n'” iteration. The following three figures show the evolution of the logarithm of the norm of the residual
|F'— D,U, —U,D;—b,N,U, —b.U,N; — U||s, (where || - ||s, denotes the Frobenius norm), for different values
of N =N, = N; and b = b, = b; as a function of n. We observe numerically that in this case, the limiting rate
is obtained for b = 1.5 for any value of N.
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Evolution of log,q (||F — DU, — UpDy — by N, U,, — b)U, Ny — U||s,) as a function of n for N = 100 and
different values of b.

We also performed another set of tests with a modified version of the Decomposition algorithm, in order to
increase the threshold rate k, in a sense which will be precised below. The modified Decomposition algorithm
reads as follows for a € [1,+00):

(1) let up =0 and n =1,
(2) find (rp, $n) € Vi x V; such that

(rn,Sn) € argmin gbs(r ®8,1r®s)—U(r®s)—alup—1,r ® s); (53)
(r,8)EVy x Vs

(3) set up, = up—1+ 71, ® s, and set n =n + 1.
Let us point out that this algorithms is equivalent to the standard Decomposition algorithm presented in
Section 5 in the case when a = 1.

Equivalently, for each n € N*, r,, ® s,, is a tensor product solution to the first iteration of the greedy algorithm
applied to the symmetric coercive problem

find u € V such that
Yo e V, abs(u,v) =1(v) — a(un—_1,v).

We observe that this algorithm has the same convergence properties as the standard Decomposition algorithm,
i.e. there exists a threshold rate ko = ||B; 'B|| vy such that
o if |B;'B|g(v,v) < Ka, the algorithm converges;
o if | B;'B|l¢(v,v) = Ka, the algorithm does not converge, but the norm of the residual remains bounded;
o if ||B;1[>’H2(V7V) > Kq, the algorithm does not converge, and the norm of the residual blows up.
The rate k. also seems not to depend on the dimension of the Hilbert space. Besides, a € [1,400) — Kq
seems to be an increasing function. Thus, choosing a larger value of a seems to lead to an algorithm which is
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convergent for larger values of b. However, the larger «, the smaller the rate of convergence of the algorithm
for a given value of N and b.

The figure below presents the evolution of the logarithm of the norm of the residual |F — D,U,, — U, D; —
by N Uy, — bU, Ny — U||s, for the second problem for o = 2, N = 50 and different values of b. The threshold
value of b seems to be in this case b = 2.6.
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Evolution of log,, (||FF — D,U,, — U, Dy — by N,U,, — bU, Ny — U||s,) as a function of n for the modified
Decomposition algorithm with @ = 2, N = 50 and different values of b.

6.3. Comparison of Galerkin, Minimax, Dual Greedy and Decomposition algorithms

In this section, we present various numerical tests performed to compare the performances of the Galerkin,
Minimax, Dual Greedy and Decomposition algorithms.

6.3.1. Fized point procedures

Before presenting the simulations done to compare the performance of the four algorithms, we will detail
more precisely the fixed-point procedures used for the Galerkin, Dual and MiniMax algorithms.

Let us first present the fixed-point procedure used in the Galerkin algorithm. For all n € N*, the method

used to compute a pair (ry, s,) € V; x V; solution to (19) is the following:
e choose (73(1 ), (O)) €V, xV; and set m = 1;

e find ( <m)) €V, x V, such that

a(ri™ @ sV 5re s%m_1)> (67" ® sim 1)) —a (un Lor® s 1)) , Vor € V. Ne,
a(ri™ @ s i ®5s) = ( (m) ®5s) —a (un Lrm ®5s) , Vos e Ve,

e set m=m-+1.
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All the iterations of the fixed-point procedure are well-defined. However, we have seen from Example 2.1 that
there are cases where any solution (r, ® s,,) € Vo, X V; of

V(0r,0s) € Vo x Vi, a(rn ® SpyTn @ 08+ 01 Q@ 5p,) = U1, ® 0s 4+ 0r @ 85,) — a(Up—1,Tn @ 08 + 01 @ s5,),

satisfies 1, ® s, = 0. From Example 2.1, this is the case in particular for the first problem presented in
Section 6.1 with f € L2_ ((—1,1)?,C) being chosen such that for almost all z,t € (—=1,1), f(x,t) = ¢(x —t) with

¢ € L2..((—1,1),C) areal-valued odd function. The function f = > okiez friei®el with fr = 01,10-1,1+0_1,101,
for all k,l € Z is an example of such a function. On this particular example, we observe numerically that, for
n = 1, the fixed-point procedure presented above does not converge.

The practical implementation of the Galerkin algorithm requires the use of another stopping criterion as
the one used in Section 6.2.1. In the numerical simulations presented in Section 6.3.2, and in the fixed-
point procedures used in all the other algorithms implemented, the stopping criterion will be m < my,q, With

Mimaz = 20.

The fixed-point algorithm used for the Decomposition algorithm has been detailed in Section 6.2.1, and the
one used for the MiniMax algorithm has been described in Section 4.1. The fixed-point procedure for the Dual
Greedy algorithm reads as follows:

e choose (ﬁo),ﬁo)) €V, x V; and set m = 1;
e while m < Myqz, find (ﬁm),éflm)) € V, x V; such that for all (67,d5) € V,, x V,

FM @3 s Yy = 1T @3 Y) = alun_1, 67 @ 54,
M @3 FHM @ 63)y = 1F™ © 63) — alun_1, 7" @ 53);

e set m=m+ 1;

o if m > Munaz, S€t Fn = ;«LM) and gn = g(nm)7

e choose (rﬁlo), 5510)) €V, xV; and set m = 1;

e while m < Myqz, find (rslm), sﬁf”)) € V,, x V; such that for all (67, 5) € V,, x V4,

a(ri™ @ s8" Y 57 © 3,) = 16T @ 5n) — a(un_1, 07 @ 3n),
a(ri™ @ s 7y @ 63) = 1(F @ 65) — a(un1, 7 © 03);

e set m=m+1;

(m)

. m
e if m > myee, S€t T, = T3

and s, = sﬁZ").

6.3.2. Numerical results

We present here some numerical results obtained for the second problem introduced in Section 6.1, with f
chosen as in Section 6.2.2. Here N = N, = N, = 50 and the different figures show the rates of convergence of
the different algorithms for several values of b = b, = b;. The different values of b are the following: 0.01, 0.1,
1 and 2. When b = 2, the Decomposition algorithm does not converge.



ESAIM: PROCEEDINGS 125

Galerkin

Dual

MiniMax
Decomposition

log error

0 5 10 15 20 25 30 35 40

Evolution of log,, (||FF — DU, — b, N,U, — U||s,) for the different algorithms as a function of n with N = 50
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We observe numerically that even if the Galerkin algorithm is not well-defined through the use of the equations
(19), using a fixed-point procedure as described above and stopping the procedure after a number m,,q, of
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iterations is enough to observe good convergence properties of the algorithm. Besides, the Dual Greedy and
MiniMax algorithm are almost as efficient as the Galerkin algorithm.

The Decomposition algorithm is very efficient when the antisymmetric part of the bilinear form af(-,-) is
small, but performs badly when b becomes larger. Let us point out that the CPU time needed to compute one
tensor product in the MiniMax or the Dual Greedy algorithms is twice the time needed in the Decomposition
or the Galerkin algorithms. Thus, the Decomposition algorithm is more efficient than the Dual or the MiniMax
algorithm for small antisymmetric parts of the bilinear form a(-, -) but, when b becomes too large, the algorithm
behaves poorly.

7. APPENDIX: OTHER ALGORITHMS

In this section, we present two other possible tracks towards the design of efficient greedy algorithms for
high-dimensional non-symmetric problems, for which there is still work in progress.

7.1. An ill-defined (but converging) algorithm

In this section, we first present an algorithm whose iterations are ill-defined in general but for which we can
prove the convergence in the full general case. Of course, this algorithm will not be useful in practice but we
believe the proof is instructive in our context.

Let o > 0. The algorithm reads as follows:

(1) set up =0 and n = 1;
(2) find (7, T, Sy 8n) € V2 x V2 such that

-~ N S ~ ~

(Tn,3,) € argmin —[[T®3]% —I(T®3) — a(tun_1 +7n @ 8p, T @ 3),
(7,85)eVex Ve 2 (54)

.o 9 -~

(rn,$n) € argmin —||r @ sy, —a(r ® 8,7, ® 5p);

(r,8)EVLxVy
(3) set up, =up—1+1r, ®s, and n=n+ 1.
The Euler equations associated to these coupled minimization problems read: for all (67,07, ds,65) € V.2 x V2,

(T ® 8y, Th @IS+ T R Sp)v =1 ® IS+ 0T ® 5,) — a(un—1 + Tn ® Sn, Ty @ I5 + 0T ® 5,,), (55)
Ty @ Spy Ty ® 08+ 01 @ $p)v = a(r, ® s+ 0r @ 8y, T ® Sp).
Using Lemma 1.1 and (11), these definitions imply that for all n € N*,
- (T®3) —altp_1 +7, R8,,TRS
P @ Fally = sup  ATEE) Zalinit J (56)
(F3)EVa XV, [F® v
and JU
a(r® s,r, & Sy
a||ry, ® spllv = sup ar ® s, @ 3n) (57)

(r,8)EVLy XV HT®SHV

Indeed, for the first equality, one has to consider the symmetric coercive continuous bilinear form a'(-,-) = (-, )y

and the continuous linear form I*(-) = I(-) —a(un—_1+7, @ 8y, -). For the second equality, the symmetric coercive

continuous bilinear form to consider is a?(-,-) = a(:,-)y and the continuous linear form is I2(:) = a(-,7, ® 5,).
The following result holds:

Proposition 7.1. Let us assume that the iterations of algorithm (54) are well-defined for all n € N*. Then,
(Un)nen= converges to u in the sense of the injective norm:

[lw — wpllia = sup w — 0.
(7.3)EVe x Vi [F@slly  noo
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Proof. Let us first remark that, using (56),

alu — U, T®S
[t = unlia =  sup a(u = un, 7 ®5)

— = ||Fn ® Snllv.
(73)EVex Vs 7@ s]lv e

Thus, it is sufficient to prove that the sequence (||7, ® $,||v )nen+ converges to 0 as n goes to infinity. Let us
first prove that this sequence is non-increasing. Let n > 2. From the Euler equation (55) associated to the
minimization problem defining (75,,3,), it holds that

H?n ® gnH%/ = l(?n & gn) - a(un—l +7n ® Sp,Tn ® gn) (58)
Besides, using (56) at iteration n — 1, we obtain

I(F®3) —alup—1,T®3)

[Pn-1 ®@5n-1llv = sup !
(7\3)EVa x Vi, FFAO 7@ sllv
(Th ®3n) — a(tn_1,Tn ® Syn)
- ”Fn ®,svn”V ’

which, using (58), leads to
||;Fn & gn”%/ S ||;Fn71 & gnfanHFn & gnHV - a(rn ® Snai;n ® gn)

Using the second Euler equation (55) defining (r,,, s,), we have that a|r, ® s, ||} = a(r, ® sn, 7, ®5,). Finally,
it holds that

H?n ® gn”%/ < ”?n ® gn”VH?n—l Y gn—1||V - O‘HTH ® SnH%/ (59)

This implies that the sequence (||7, ® S|V )nen+ is non-increasing and thus converges towards a limit z > 0.
Let us argue by contradiction and assume that z > 0. Dividing by ||7, ® $,||v equation (59), we obtain

”Tn@'sn“%/ ~ ~ ~ o
_— < ||Tp— ®S _ — ||T ®8 .
||7“n®8n||v >~ ” n—1 n 1||V ” n n”V

Since we have assumed that [|7, ® $,[v > z > 0 for all n € N*, the series of general term (||r, @ s,[/%)nen-
converges and ||, ® s,|ly — 0. Using (57), this implies that for all (r,s) € V. x V4,
n— oo

a(r ® 5,7, ®5,) — 0.

n— oo

Using assumption (A1) and the fact that (|7, ® Su||v )nen+ is bounded, we have

Yw eV, a(lw, T, ®s,) — 0.
n—oo
Since we have assumed that the operator A is bijective, it is surjective on V', and the sequence (7, ® 5, )nen=

weakly converges to 0 in V.
Using (56), it holds that for all n € N*|

170 @ ull? = 1(Fn @ 3n) — a(tin, Tn @ 3n) = 1(Fn ©3,) — a <Z T) ® Sk Tn §n> :
k=1
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Since (7, ® Sp)nen+ weakly converges to 0 in V', necessarily (7, ® 5,) — 0. Besides, using (57), we have
n—oo

n n
a (Zrk®5k,?n®’§n>| < Sk ® si, T @ 5,)]

k=1 k=1

n
a > Ik ® sellv [l @ sallv

<
k=1
. 1/2
s @ (Z I3 © 5k||%/> (nllrn @ sall})2.
k=1
Since the series of general term (|7, @ s, |3, ) nen- is convergent, the sequence (37, |71 ® sk|[§),, .- is bounded

and there exists a subsequence of (n||r, ® s,||%)nen+ which converges to 0. Thus, there exists a subsequence of
(I ® Snllv )nen+ converging to 0 and since the whole sequence converges to z, we have z = 0 by uniqueness of
the limit. We obtain a contradiction. U

Remark 7.1. Unfortunately, as announced in the beginning of this section, in general, the iterations of algo-
rithm (54) are not well-defined in the sense that there may not exist a solution (vy,7Tn, Sn,sn) € V.2 X V2 of
the coupled minimization problems. Numerically, we can observe that if we use a coupled fized-point algorithm
similar to the one presented for the Minimax algorithm, the procedure does not converge in general. Finding a
suitable way to adapt these ideas in an implementable well-defined algorithm is work in progress.

Remark 7.2. When the bilinear form a(-,-) is symmetric and coercive, all the iterations of algorithm (54) are
well-defined. If (-, -}y is chosen to be equal to a(-,-), the second equation of (55) implies that r, ® s, = i% ® S
and the first equation of (55) can be rewritten as: for all (07,05) € V X V¢,

1
(1 i ) (P @ B, T © 05 + 07 @ Bn) v = U(F ® 05 + 07 ® 53) — (un 1,7 © 05 + 07 © 5.
(6%

This Euler equation is similar to the Euler equation of the first iteration of the standard greedy algorithm applied
to the symmetric coercive problem:

find w € V such that
Yo eV, (1 + é) (w,v)y =1(v) — (up—1,v)v.

Thus, if we consider now the following (well-defined) algorithm
(1) setup =0 and n=1;
(2) find (ry,sn) € Vi x Vi such that

A
(rn,Sn) € argmin =|r® 5||%/ —lr®s)— (up—1,v)v;
(r,8)EVy x Vs

(3) set up =up—1+7r, s, andn=n+1,

following the proof of Proposition 7.1, we can prove that the sequence (u,)nen+ converges to L in the sense of
the injective norm as soon as A > 1. Let us point out that when \ = 1, this algorithm is identical to the standard
greedy algorithm applied to the symmetric coercive problem

find uw € V such that
Yo € V, (u,v)y = I(v).
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7.2. Link with a symmetric formulation

Let us now present another approach, for which no convergence result have been proved so far. The idea is
based on the article [7] by Cohen, Dahmen and Welper, where the objective was to develop stable formulations
of multiscale convection-diffusion equations.

The principle of the method is to reformulate the antisymmetric problem (16) defined on the Hilbert space
V, as a symmetric problem defined on the Hilbert space V' x V. Indeed, it is proved in [7] that the unique
solution of the problem

find (v,v) € V x V such that
a(w,v) =0, YweV, (60)
a(v,w) — (Ryv,w) =l(w), YweV,

is (v,v) = (u,0) where u is the unique solution of (16).

This new problem is now symmetric. It is equivalent to the following problem

find (v,v) € V x V such that

(5 5 (2)=(2) mvew.

This new formulation of the problem is symmetric, but not coercive. No convergence results exist for greedy
methods in this framework. However, the situation seems more encouraging than in the original non-symmetric
case. It is to be noted though that the use of a simple Galerkin algorithm, similar to the one introduced in
Section 2.3, does not work in this case either. More subtle algorithms need to be designed in this case as well,
and this is currently work in progress.
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