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LIMIT THEOREMS AND INEQUALITIES VIA MARTINGALE METHODS

JEAN-RENE CHAZOTTES!, CHRISTOPHE CUNY?, JEROME DEDECKER?, XIEQUAN FAN?
AND SARAH LEMLER®

Abstract. In these notes, we first give a brief overwiew of martingales methods, from Paul Lévy
(1935) untill now, to explain why these methods have become a central tool in probability, statistics and
ergodic theory. Next, we present some recent results for/or based on martingales: exponential bounds
for super-martingales, concentration inequalities for Lipschitz functionals of dynamical systems, oracle
inequalities for the Cox model in a high dimensional setting, and invariance principles for stationary
sequences.

Résumé. Dans ces notes, nous faisons d’abord un rapide survol des méthodes de martingales, depuis
Paul Lévy (1935) jusqu’a nos nos jours, afin d’expliquer pourquoi ces méthodes sont devenues centrales
en probabilité, statistique et théorie ergodique. Ensuite, nous présentons des résultats récents sur/ou
fondés sur les martingales : des inégalités exponentielles pour les sur-martingales, des inégalités de
concentration pour les fonctionnelles lipschitziennes de systémes dynamiques, des inégalités oracle pour
le modeéle de Cox en grande dimension, et des principes d’invariances pour les suites stationnaires.

INTRODUCTION

In this introduction, our goal is twofold. We shall first recall the first developments of the theory of martingales
in the field of limit theorems and inequalities. Next we shall briefly explain how these results can be extended
to more general sequences. Of course, we shall not give all the references on the subject, this would be a too
long exercise, but we shall try to give some essential references from the beginning until now, to explain how
martingale methods have become a central tool in probability, statistics and ergodic theory.

In order to write the main results without giving too many notations, we shall consider in this introduction
the simple case of stationary sequences. Let (2, .4, P) be a probability space, let T be a bijective bi-measurable
transformation preserving the probability P, and let Z be the o-algebra of T-invariant sets. Let Xy be a
centered and square integrable random variable with variance o2, and define the stationary sequence (X;)icz
by X; = XooT* Given a o-algebra Fy such that Fy C T~ 1(Fp), we introduce the non-decreasing filtration
F; = T74(Fy), and the tail o-algebras F_., = Miez Fr and Foo = ey Fi- Let S, denote the partial sum
Spn=X1+--+ X,.
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0.1. The martingale case

Let us first recall some important results when (X;);ez is a sequence of martingale differences adapted to the
filtration F;, that is when X is Fo-measurable and E(Xy|F_1) = 0 almost surely.

Lévy (1935) provided the first generalization of the central limit theorem (CLT) for sequence of independent
and identically distributed (iid) random variables to the martingale case. His result writes as follows: if
E(X2|F_1) = 02 almost surely, then n=1/2S,, converges in distribution to N(0,0?).

The strong assumption E(X2|F_;) = o2 almost surely has been removed independently by Billingsley (1961)
and Ibragimov (1963), who proved that

j% converges in distribution to /nIV, (0.1)
where n = E(X2|Z) and N is a standard Gaussian random variable independent of Z. Actually, both proofs
were done in the case where 7 is P-trivial (the ergodic case) but they remain unchanged in the general situation.
As we shall see later on, this result is not only a slight generalization of the iid situation: in many interesting
cases, the partial sum of a stationary sequence can be approximated by a martingale with stationary differences,
to which the result of Billingsley-Ibramov applies. The CLT for martingales has been next extended to the non
stationary case by Brown (1971), who also proved the weak invariance principle for the process {S},y,t € [0,1]}.
A version of Billingsley-Ibragimov’s CLT for random variables with values in 2-smooth Banach spaces is given
in Woyczinsky (1975).

At the same time, different authors have obtained moments and exponential bounds for martingales. For
instance Burkholder (1966, 1973) has proved that, if E(|X|?) < oo for some p €]1,00[, then there exist two
positive constants ¢, and C, depending on p such that

(0.2)

n 1/2 n 1/2
2 2
| (2 52) ), < e 15l < & (2 )

k=1 P
The extension of this famous inequality to the case of continuous martingale is known as the Burkholder-Davis-
Gundy inequality (Burkholder Davis and Gundy (1972)). Burkholder’s inequality is also true in separable
Hilbert spaces (using the square of the norm of X; instead of X?), and the upper bound remains valid in
2-smooth Banach spaces (see Pinelis (1994)).

In the sixties, Hoeffding (1963) and Azuma (1967) proved an exponential bound for the deviation of S,. In
the stationary case, a version of this result writes as follows: if Xy € [Yp, Yy + ¢] almost surely, where Yy is a
F_1-measurable random variable and /¢ is some positive constant, then, for any positive z,

2

P(lgll?%(n |Sk| > x) < 2exp ( - i%) . (0.3)

This inequality implies in particular that, if || Xo|lc < 00, then, for any positive x,

2

X
< B :
P( s ISk > 2) < 205 2n\|X0|\go) (04)

An extension of Inequality to 2-smooth Banach spaces is given in Pinelis (1992). Other moments or
exponential bounds may be found in the papers by Burkholder (1973), Freedman (1975), Pinelis (1994) or Liu
and Watbled (2009).

McDiarmid (1989) has given an interesting application of to Lipshitz functions of independent sequences.
In the iid case, his inequality writes as follows: let (£;)1<i;<n be a sequence of iid random variables with values
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in X, and let d be some distance on X. Let f be a function from X™ to R such that

f(@1,en) = Fn, ) S KDY d(ws,yi) -

i=1

Let M = ||d(&1,&2)]lco- Then, for any positive z,

2
PG &)~ E(f (&) 2 0) Sexp (— ). (0.5)
McDiarmid (1998) has pointed out a number of applications of Inequality . This inequality is also an
important tool in classification problems (see for instance Freund, Mansour and Shapire (2004)).
Rio (2000) has extended McDiarmid’s inequality to a large class of dependent sequences. Collet, Martinez
and Schmitt (2002) have proved that McDiarmid’s inequality holds when & = T is the i-th iterates of an
uniformly expanding map T of [0, 1], and d(z,y) = |z — y|.

0.2. The general case

In this section, we shall no longer assume that E(Xy|F_1) = 0 almost surely, and see how the results of the
preceding section can be extended to more general sequences. The main step in this direction is due to Gordin
(1969). Gordin noticed that, if

0

D IEXk|Fo)lz <00 and > [ Xy — E(X4|Fo) |2 < 00 (0.6)
k=1 k=—o00

then Xg = Do+ Z — Z o T, where

0

Do =Y (B(Xi|Fo) —E(Xk|F1)) and Z= >  (Xj —E(Xx|Fo)) — > E(Xi|Fo).
keZ k=—o0 k=1

Notice that both Dy and Z are square integrable, that Dg is Fg-measurable and such that E(Dg|F_1) = 0.
Moreover, setting D; = DgoT", and M,, = D1+ --+D,,, one has S,, = M,,+ZoT—ZoT"t! . Since n='/2ZoT"t!
converges in probability (and even almost surely) to zero, it follows from Billingsley-Ibragimov’s CLT that
holds with n = E(D3|Z). Gordin’s CLT is a major result, which can be applied to many dependent sequences,
including mixing sequences, stationary Markov chains (see Gordin and Lifsiz (1978)), and certain dynamical
systems (see the paper by Liverani (1996)). As a striking application, let us mention the paper by Le Borgne
(2002) who applied Gordin’s CLT to the iterates of ergodic automorphisms of the d-dimensional torus.
Heyde (1975) noticed that Gordin’s proof remains valid by assuming only that

the sequences E(S,|Fy) and S, —E(S,|F,) converge in L2 (0.7)
and that, under this condition, the process {S[u,t € [0, 1]} satisfies both the weak and the strong invariance

principle.
Alternatively, it follows from the papers by Hannan (1973) and Heyde (1974), that if

E(Xo|Foo) = Xo a. s., E(Xo|F-x) =0 a. s. and Z IE(Xk|Fo) — E(Xk|F-1)|l2 < oo (0.8)
keZ

then Gordin’s martingale difference Dy is well defined and square integrable, and ||S,, — M,|l2 = o(y/n), so
that the CLT (0.1) holds with n = E(DZ|Z). Clearly, this condition is weaker than (0.6). Moreover one can
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prove that if holds then {S,4,t € [0, 1]} satisfies the weak invariance principle (see Hannan (1979) for the
adapted case, i.e. when X is Fp-measurable, and Dedecker, Merlevede and Volny (2007) for the non-adapted
case and extensions). In a recent paper, Cuny (2012a) has proved that the strong invariance principle also holds
as well under for random variables with values in a 2-smooth Banach space.

Another major improvement of Gordin’s CLT is due to Maxwell and Woodroofe (2000). These authors have
proved that, if the condition is weakened to

IECSk|Fo)l2 15 = E(Sk[Fn)ll2
Z ez <00 and Z 72 < 00 (0.9)

then there exists a square integrable martingale difference Dy such that ||.S,, — M,,||2 = o(v/n), so that the CLT
holds with n = E(D3|Z) (in fact Maxwell and Woodroofe have proved the result in the adapted case and
the non adapted case is due to Volny (2007)). Peligrad and Utev (2005) proved that if holds, then
{ Sy, t € [0, 1]} satisfies the weak invariance principle (again, the non adapted case is due to Volny (2007)).

Note that necessary and sufficient conditions for the martingale approximation ||.S,, — M, ||2 = o(y/n) are given
in the papers by Dedecker, Merlevede and Volny (2007) and Zhao and Woodroofe (2008). Further refinements
can be found in the paper by Gordin and Peligrad (2011). Finally, Wu (2007) and Dedecker, Doukhan and
Merlevéde (2012) have obtained rates of convergence in the strong invariance principle, by reinforcing the
condition .

Concerning moments and exponential bounds, let us mention the paper by Peligrad, Utev and Wu (2007).
These authors have proved that, for p € [2, 00|, there exists a positive constant K, depending on p and a positive
constant C' such that

[ maxy <k <n [Sk|llp -~ JESHFlp 1Sk = E(Sn|Fx)lp
\/ﬁ < KP(HXOIP—"_C; k3/2 Z k3/2 )

(the non adapted case is due to Volny (2007)), and that

2

x
< —

where

E(Sk|F0) oo S (SnlFr) oo
(ZH ;;lﬂo I ZH k— k3/2| 3l )

for some positive constant D (the non adapted case is due to Dede (2009)). Rosenthal type inequalities can be
found in the paper by Merlevéde and Peligrad (2013).

0.3. Organization of the paper

In Section [I} X. Fan presents an extension of Hoeffding’s inequality to the case of supermartingales with a
new method (see Fan, Grama and Liu (2012) for more details). The approach is based on the technique of
conjugate distribution and is different from Hoeffding’s method (1963). The results improve on several known
inequalities of Bennett (1962), Freedman (1975), Nagaev (1979), Haeusler (1984) and Courbot (1999).

In Section[2] J.-R. Chazottes presents some recent concentration inequalities for a large class of nonuniformly
hyperbolic dynamical systems modeled by Young towers (see Chazottes and Gouézel (2013) for more details).
In this context, he shows how to make use of some classical martingale inequalities, namely Azuma-Hoeffding
and Rosenthal-Burkholder inequalities.

In Section [3] S. Lemler shows how an appropriate exponential bound for martingale with jumps enables to
choose the weights in a Lasso procedure, for the Cox model in a high dimensional setting. As a consequence,
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she obtains non asymptotic oracle inequalities for the conditional hazard rate function (see Lemler (2012) for
more details).

In Section [l C. Cuny presents the recent developments of the method of approximation by a martingale
initiated by Gordin (1969), which has reached a fairly precise form thanks to the characterizations obtained
recently by Zhao and Woodroofe (2008) and Gordin and Peligrad (2011). He also shows how the introduction
of the operator QZ = E(Z o T|Fy) enables to make use of classical tools from ergodic theory. Following this
approach, C. Cuny has recently proved (see Cuny (2012a) and Cuny (2012b)) that the almost sure invariance
principle holds under the condition or under the condition .

1. EXPONENTIAL INEQUALITIES FOR SUPER-MARTINGALES

Let (&)i=1,....n be a sequence of centered random variables such that o7 = E(£7) < oo. Write S, = > 1" | &
and 02 =7 | 0Z. Assume that (§;);=1, . » are independent and satisfy |¢;| < 1 for all i. Bennett (1962) proved
that, for all > 0,

2 z+o
P(S, >z) < B(z,0%) = (xi 2) e’. (1.1)
o

Bennett’s inequality can be improved by a bound depending on n. In fact, Hoeffding (1963) improved Bennett’s
inequality and showed that if (§;);=1, .., are independent and satisfy & < 1 for all 4, then, for all z > 0,

0_2 x40 n n—x ﬁ
Hn(l‘,0'2) = {(x+02) (nm) } 1{z§n} (12)

and H,(z,0?) < B(z,0?%), (1.3)

P(S, > z)

IN

where by convention oo = 1 when x = n. Hoeffding’s bound H, (z,c?) is the best that can be obtained from
the classical Bernstein inequality P(S,, > z) < infy>g EeA(Sn—2),

Freedman (1975) extended the inequality of Bennett to the case of supermartingales. Let (§;, F;)i=1,....n be
a sequence of supermartingale differences, i.e. E(&|F;—1) < 0. Denote by (S), = Zle E(£2|Fi—1). Assume
that supermartingale differences (&;, F;)i=1,... » satisfy & < 1 for all i. Freedman’s inequality states that, for all
x,v >0,

P(S), > x and (S); < v? for some k € [1,n]) < B(z,v?). (1.4)

However, one can not obtain the Hoeffding inequality by Freedman’s method. In this note, we give the
Hoeffding inequality for supermartingales with a new method. The main result of this section is the following
theorem.

Theorem 1.1. Assume that (&, Fi)i=1,....n 15 a sequence of supermartingale differences satisfying § <1 for all
i =1,....,n. Then, for all x,v > 0,

P(Sy, > z and (S)x < v? for some k € [1,n]) H,(z,v%) (1.5)

<
< B(x,v?). (1.6)

It is obvious that if (§;)i=1,....n are independent then our inequality (L.5) implies Hoeffding’s inequality (1.2])
with v?2 = 2. Hence, we extend the Hoeffding inequality to the case of supermartingales. Note that (1.6]) is

the Freedman inequality. Thus we improve on Freedman’s inequality.
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Sketch of the proof of Theorem[1.d For 0 <z < n,v > 0, we define the stopping time T'(z) = min{k € [1,n] :
Sk > x and () < v?}. For A > 0, we introduce the martingale (Z7ak, Fk)k—o.....n, where

TNk 6)\&
Zrae) =[] E(@&|F )’ Zo(A) =1, (1.7)
i=1 b
and the conjugate measure
APy = Zpn(N)dP. (1.8)

Then 1 5. and (S).<v? for some ke[ln]} = > k1 1{7(2)=k}- Using the conjugate measure || we have

P (Sk >z and ()i < v? for some k € [1,”]) = E/\ZT/\n()‘)_ll{skzz and (s),<v? for some kef1,n]}
= ZEA exp {=ASk + V1 (N)} Lir(@)=k} (1.9)
k=1

where Uy (\) = Zle log E(e¢:

%(A)gkf(x,“,j’“) SM‘(Mi) Snf<A,f>,

Fi—1). For T =k, we can prove that

where f(\,t) = log (%He"\t + l%rtek) is increasing and concave for all ¢ > 0. Hence we get

2
P (Sk >z and (S); < v? for some k € [1,11}) < exp {)\z +n f <>\, 17)1) } . (1.10)

Optimizing inequality (1.10) in A > 0, we obtain the desired inequality (1.5)). Inequality (1.6 follows from (|1.3)).

By a truncation argument, Theorem implies the following result for non bounded supermartingale differ-
ences.

Corollary 1.2. Assume that (&, F;)i=1,...n be a sequence of supermartingale differences. For y > 0, define

,,,,

k
Vi) =Y B, <plFicr), k=1,..n.
i=1
Then, for all x >0, y >0 and v > 0,
z v?
P(Sy > = and V;f(y) <v? for some k € [1,n]) < H, (, 2) +P (1rga<x & > y) . (1.11)
y'y <i<n

Since P(V2(y) > v?) < P({S),, > v?), inequality (1.11)) improves the corresponding inequalities of Nagaev
(1979), Haeusler (1984) and Courbot (1999) in the sense that B (%, Z—z) is replaced by H, (%, Z—z)
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2. MARTINGALE AND CONCENTRATION INEQUALITIES FOR DYNAMICAL SYSTEMS

2.1. Generalities

2.1.1. Concentration inequalities

Let © be a metric space. A function K on Q" is separately Lipschitz if, for all i, there exists a constant
Lip,(K) with

‘K(x()a sy Ti—1, Lgy Ty - - - 7:1771—1) o K(I()a s axi—17x;7xi+17 . .,In_1)| < Llpz(K)d(xlvx;)v

for all points x1, ..., z,, 2} in Q. Consider a stationary process (Zy, Z1, ... ) taking values in Q. We say that this
process satisfies an exponential concentration inequality if there exists a constant C such that, for any separately
Lipschitz function K(zg,...,z,—1), one has

n—1

E [k (ZoseZn-1) —E(K (ZosZn-1)] < C 2oz, Liny (K)* (2.1)

Let us stress that this inequality is valid for all n, i.e. the constant C' does not depend on the number of variables
one is considering. An important consequence of such an inequality is a control on the deviation probabilities:
for all ¢t > 0,

_¢2

=1
Lip,; (K)2

P(1K(Zo, s Znr) = B(K(Zo,.., Zn1))| > t) < 26" 210 (2.2)
This inequality follows from the inequality P(Y > t) < e ME(e*Y) (A > 0) with Y = K(Zo,...,Zn_1) —
E(K(Zo,...,Zn-1)), then we use inequality and optimize over A by taking A = t/(2C Z;L:_ol Lip,(K)?).
If (Zo, Z1,...) is a sequence of bounded i.i.d. random variables, then holds (see e.g. McDiarmid (1989)).
One can check that, if K(Zy,...,Z,—1) = Zo+ -+ Zp_1, then gives the right scales with respect to the
central limit theorem and large deviations.

In some cases, it is not reasonable to hope for such an exponential inequality. One says that (Zy, Z1,...)
satisfies a polynomial concentration inequality with moment Q@ > 2 if there exists a constant C' such that, for
any separately Lipschitz function K(zg,...,2,_1), one has

_— Q/2
Q ; 2
E|K (Zo, .- Zn-1) —B(K(Zo, ..., Zn-1))|? < C | > Lip;(K) . (2.3)
j=0

An important consequence of such an inequality is a control on the deviation probabilities: for all ¢ > 0,

S Q/2

P(K(Zo, ..., Zn-1) = B(K(Zo, ..., Zn-1))| > 1) < Ct~9 | > Lip;(K)? . (2.4)
=0

The inequality readily follows from and the Markov inequality.
Notice that if (Zg, Z1,...) is a sequence of i.i.d. random variables with Z; € L?, then holds (see Boucheron
et al. (2005)).

Concentration inequalities are a tool to study in a unified and systematic way the fluctuations of a wide
class of functions of random variables K (Zy, ..., Z,_1), since the only required condition is that K is separately
Lipschitz.
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2.1.2. Dynamical systems as stochastic processes

We are interested in processes coming from dynamical systems: we consider a map T on a metric space
Q (the “phase space”), and a probability measure pu E| left invariant by T, i.e. poT™ 1 = p H The process
(v, Tz, T?z,...), where x is distributed according to u, has finite-dimensional marginals given by the measures
b, on Q" given by

d:u'n(x07 ce 7377171) = d,u(mo)émlszo e 530",1:Txn,2~

This is not a product measure but, if the map 7" is ‘sufficiently mixing’, one may expect that Tz is more or less
independent of x if k is large, making the process (z,Tx,...) look like an independent process to some extent ﬂ
A natural way of studying the probabilistic properties of such dynamical systems is to look at Birkhoff sums of
an observable f : Q — R, namely f(x)+ f(Tx)+---+ f(T"x), that is, partial sums of the process (f(T*z))x>0-
For a class of nice observables, typically Lipschitz functions, one can prove convergence in law after appropriate
scaling, large deviations, etc. We refer the interesting reader to the recent survey by Chazottes (2013).
A general observable based on the observation up to time n is of the form K(z,Tx,...,T" 'z). The basic
example is of course the Birkhoff sum of some observable f. But many interesting observables do not have such
a simple (additive) structure. It is precisely the scope of concentration inequalities to deal with very general
observables in a systematic way by using only the fact that they are separately Lipschitz.

2.2. Concentration inequalities for a class of nonuniformly hyperbolic systems

In Chazottes and Gouézel (2013) we obtained concentration inequalities for dynamical systems modeled by
the so-called Young towers. We also derived fluctuation bounds for various observables that we shall not present
here due to the lack of space.

2.2.1. Set-up

In a nutshell, the set up is the following. We consider a map 7" : Q ¢ which is a nonuniformly hyperbolic
system in the sense of L.-S. Young (1998, 1999) : The map is modeled by a Young tower constructed over a
hyperbolic base Y C Q. The degree of nonuniformity is measured by the return-time function R : Y — Z™T to
the base that decays either exponentially or polynomially. Such systems are known to have an SRBH measure
w1 absolutely continuous with respect to the Lebesgue measure m*".

2.2.2. FExponential concentration inequality

Theorem 2.1 (Chazottes and Gouézel (2013)). Let (Q, T, u) be a dynamical system modeled by a Young tower
with exponential tails, i.e., [ exp(coR)dm" < oo for some ¢y > 0. Then it satisfies an exponential concentration
inequality: there exists a constant C' > 0 such that, for any n € N, for any separately Lipschitz function
K(CE()v ceey xn71)7

/eK(xth,‘..,T"_lx)ff K(y,Ty,...T"  y) du(y) du(z) < eCZZ:_ol Lip, (K)* (2.5)

Basic examples to which this theorem applies are subshifts of finite type equipped with a Gibbs measure for
a Holder continuous potential, and Axiom A attractors. These are canonical examples of uniformly hyperbolic
dynamical systems. More sophisticated systems encompassed by this theorem are for instance the unimodal
map on Q = [—1,1] defined as  — 1 — ax?, where a € [1,2], or Hénon-like attractors. These are examples
of nonuniformly hyperbolic dynamical systems. The Hénon attractor results from the iterations of the map
(2,9) — (1 — az? + y, bx), defined on Q = R?, where a, b are positive parameters. For each b sufficiently small,
there exists a subset P, C (2 — ¢, 2) with positive Lebesgue measure such that for every a € P,, the map admits
a unique SRB measure (see Benedicks and Young (2000)).

I This probability measure is of course defined on a o-algebra. Think of the Borel o-algebra for concreteness.
%i.e., p(A) = p(T~1A) for any measurable set A (T need not be invertible).

3Let us stress that the usual mixing coefficients for stochastic processes are generally not suited for our purposes.
4SRB’ stands for Sinai-Ruelle-Bowen. See for instance Young (2002).
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2.2.3. Polynomial concentration inequality

Theorem 2.2 (Chazottes and Gouézel (2013)). Let (,T,u) be a dynamical system modeled by a Young
tower with a polynomial tail, meaning that, for some ¢ > 2, [ Rdm" < co. Then it satisfies a polynomial
concentration inequality with moment 2q — 2, i.e., there exists a constant C > 0 such that, for any n € N, for
any separately Lipschitz function K(xo,...,Tn-1),

2q—2
/ ‘K(:I:, Tx,...,T" '2) — /K(y, Ty,...,T" ty)du(y)

n—1 q-1
dup(z) < C (Z Lipe(K)2> . (2.6)
=0

The most important example is certainly the so-called Manneville-Pomeau map, a canonical example of a
map on = [0, 1] which is expanding except at z = 0. More precisely, let

T(z) = z(142%%) ifxe€[0,1/2)
T 21 if e (1/2,1]

where « € (0,1). In this case, the base of the Young tower is Y = (1/2,1], m(R = n) ~ ¢/na "' and du = hdm
where the density h(x) ~ =% as © — 0. One checks easily that holds for all ¢ < % provided that
a € (0,1/2).

These results are so far the culminating point in the study of concentration inequalities for dynamical systems.
They extend and improve all previous results obtained in Collet, Martinez and Schmitt (2000), Chazottes, Collet
and Schmitt (2005a), Chazottes, Collet and Schmitt (2005b) and Chazottes et al. (2009). There is still a lot of
work to be done (see Chazottes (2013), Section 6).

2.2.4. Examples of observables

Let us barely mention some obervables to which we can apply the previous inequalities sucessfully. More
details can be found in Collet, Martinez and Schmitt (2000), Chazottes, Collet and Schmitt (2005b) and
Chazottes and Gouézel (2013). For instance, we can study the speed at which the distance between the
empirical measure and the SRB measure u goes to 0. We can also look at the kernel density estimator for maps
having absolutely continuous invariant measures. Among other observables we can deal with, let us mention
the empirical covariance and the integrated periodogram. Concentration inequalities can be used to obtain
an almost sure central limit theorem from the usual central limit theorem (see Chazottes, Collet and Schmitt
(2005b)). This illustrates that even if concentration inequalities are mainly intended to obtain fluctuation
bounds, they can also be used to get some limit theorems.

Here we detail one example. The basic problem can be formulated as follows. Let A C € be a set of initial
conditions and z an initial condition not in A: How well can one approximate the orbit of x by an orbit from
an initial condition of A? One can measure the ‘average quality of tracing’ by defining

n—1

(d is the distance on €).) Assume for simplicity that diam () = 1.

Théoréme 2.1. Let T : Q O be a dynamical system modeled by a Young tower with exponential tails. There
exists a constant ¢ > 0 such that for any measurable subset A C X with strictly positive p-measure, for any
n e N and for any t > 0

cy/logn

,u{xEQ:SA(z,n) > W+\/tﬁ} < e t7/40,
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Proof. The function of n variables

1 .
K(a:o,...,zn_l):E d(xj,T]y)

is separately Lipschitz with max;—o, . ,—1 Lip,(K) < 1/n. The process (z, Tz, T?x,...) satisfies (2.5). Hence it
satisfies (2.2) with Z;(z) = T*(z):

7 {a: :Sa(z,n) > /SA(y,n)du(y) + \/tﬁ} < e t7/40, (2.7)

We now estimate [ Sa(y,n)du(y) from above. Fix s > 0 and define the set

B, = {x :Salz,n) > /SA(ym)du(y) + \‘/Sﬁ} .

One has the identity

/&% Jdu(y /&A%<m> / &mmw@+/ Saly,)du(y).
AcnBg A°nB,

The first integral is equal to 0 by definition of S4. The second one is less than or equal to

([ satmauton + == ) a0

The third one is bounded above by u(B;s) because Sa(y,n) < 1 and fAcmB dp < p(Bs). By (2.7) one has

n(Bs) < e=+/C,

Hence
SA yv d/u' (/ SA y, )d/,L( )+ ) (Ac) 752/4C
/ .
i.e.
/SA(y’ n)du(y) < u(A)~" (\jﬁ ’ 6_82/4C> :
To finish the proof, it remains to optimize over s > 0. (I O

2.3. Strategy of proofs

Full details can be found in Chazottes and Gouézel (2013). Our aim here is to give a rough sketch of proofs
and highlight the use of martingale inequalities.
The starting point is that one can work in an auxiliary system, the Young tower, instead of the original system
(and pull back later the obtained results). For the sake of notational simplicity, we still denote by (2, T, 1)
this auxiliary dynamical system. If we start with an invertible map (e.g. the Hénon map), we can reduce to a
non-invertible Young tower for which one can define the so-called transfer operator (see more details below).
Notice that one has to put an appropriate metric on the Young tower with respect to which Lipschitz functions
are defined. The projection map going from the Young tower to the original dynamical system is contracting
and project Lipschitz functions on the tower to Lipschitz functions on the original phase space.
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2.3.1. Martingale differences

Fix a separately Lipschitz function K (zg,...,z,_1). We consider it as a function on Q" depending only on
the first n coordinates (therefore, we set Lip;,(K) = 0 for i > n). We endow QY with the measure pio, limit of
the uy (see Chazottes and Gouézel (2013)) when N — co. On QF, let F, be the o-algebra of events depending
only on the coordinates (z;);>p (this is a decreasing sequence of o-fields).

The very first step is classical: we want to write the function K as a sum of reverse martingale differences with
respect to this sequence. Therefore, let K, = E(K|F,). More precisely,

Ky(zp, xpy1,-..) = B(K|Fp) (zp, Tpt1,...) = Z 9P K (y,..., TP Yy, xp,...)
Tr(y)=zp

where ¢(P) is the inverse of the jacobian of TP.
Now let D, = K, — K,,+1. The function D,, is Fp-measurable and E(D,|F,+1) = 0. Moreover,

K-E(K)=)_D,. (2.8)

p=>0

The basic strategy is to look for good estimates on D,, then to apply a suitable martingale inequality.

2.3.2. Exponential case

The key estimate is the following: there exists C' > 0 and 0 < p < 1 such that, for any p, one has

P
1Dy < CY " pP Lip,(K). (2.9)
§=0

Next, Hoeffding-Azuma inequality (see e.g. Milman and Schechtman (1986), page 33, or Ledoux (2001)) yields
E (eZ:ol DP) < ez:;ol sup |Dp‘2.

Using Cauchy-Schwarz inequality one easily gets 25:_01 sup |Dp[> < C'Y_; Lip;(K)?. In view of (2.8), we obtain
inequality .

Let us say a few words about . This estimate is a consequence of the existence of a spectral gap for the
transfer operator £ when it acts on a suitable Banach space. More precisely, one has Lu(z) =3 7, _, 9(y)u(y)
where g denotes the inverse of the jacobian of T. Let C be the space of Lipschitz functions on ) with its
canonical norm | f|l¢c = sup|f| + Lip(f). One can prove that for a Young tower with exponential tails there
exist C > 0 and 0 < p < 1 such that ||LFf — [ fdullc < Cp"||f|lc. The point is to write K,(zp, Zp+1,...) as
a sum of functions of one variable, by an appropriate telescoping procedure, and then to use the contraction
properties of the transfer operator.

2.3.3. Polynomial case

For Young towers with polynomial tails, there is no spectral gap for the transfer operator, hence life becomes
much more complicated. To control £L” f one has to rely on Banach algebra techniques to study some renewal
sequences of operators entering the decomposition of £™.

We do not give further details and content ourselves by pointing that the useful martingale inequality to use is
the following Rosenthal-Burkholder martingale inequality (see Burkholder (1973) Theorem 21.1 and Inequality
(21.5)): for all @ > 2,

Q

2Dy

p

Q/2
< CE [Z E(D§|fp+1)1 +C Y E(|ID,|9).

p

LR
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3. EMPIRICAL BERNSTEIN INEQUALITY AND APPLICATIONS TO HIGH-DIMENSIONAL
SURVIVAL ANALYSIS
1. Framework

In this section, we state an empirical Bernstein inequality for martingales with jumps, and provide a statistical
application of this inequality in a high-dimensional setting.

Let us first introduce the notations and the framework. For ¢ = 1,...,n, let IN; be a marked counting process,
Y; a predictable random process in [0,1] and Z; = (Z; 1, ..., Z; ) a vector of covariates in R?. Let (F;)¢>0 be the
natural filtration defined by F; = o{N;(s),Yi(s),0 < s <t,Z;,i = 1,...,n}, and let A;(¢) be the compensator
of the process N;(t) with respect to (F;)i>¢, so that M;(t) = N;(t) — A;(¢t) is a martingale adapted to (F;);>o-

Assumption 3.1. N; satisfies the Aalen multiplicative intensity model : for allt > 0 A;( fo Mo (s, Z;)Y;(s)ds,
where the intensity Ao is an unknown nonnegative function.

For any function f : RP — R, let || f|ln,co = maxi<i<n |f(Z;)], and let

mr$) =23 [ f@)aM), (3.1

Our goal is to provide a Bernstein inequality for martingales of the form (3.1)), where the predictable variation
Vit (f) is replaced by the observable optional variation. Let us be more precise and start by recalling a standard
version of Bernstein’s inequality for martingales with jumps.

Theorem 3.2 (Shorack and Wellner (1986), van de Geer (1995)). Let {M;},>0 be a locally square integrable
martingale with respect to {F}, Vi =< M >; and AM; = My — M,—. Suppose that |AM;| < K for allt > 0
and some 0 < K < oco. Then for each a >0, b >0,

2

P(M; > a and V; < b* for some t) < exp {—2([?4_[)2)} . (3.2)
a

In our case, the predictable variation V;, ;(f) satisfies

Vnt(f) =n< 77n >t— Z/ )\0 t,Z; )Y( )ds

We want to state a different version of the Bernstein inequality, where the predictable variation V;, (f) is
replaced by the observable optional variation of 1, ,(f) defined by

Vot (f) = nna(f Z/ Ny(s).

3.2. Empirical Bernstein inequality for martingales with jumps

Theorem 3.3. Let 1, ~ be defined by . For any x > 0 and c1, co, c3 some positive constants, we have

En z (/ Zn T _

Pl 2 (Cl\/ 2ty (o ey gy, ) < e, (3.3)
% 2

where 0, o(f) = 2loglog (6envnt(£”}-”5n6f|| M, > |
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Sketch of the proof of Theorem . We only give the main steps to prove Inequality (3.3). Let us introduce the
processes U, ; and H;(f), defined by

V) = 230 [ () and p) = L)

Since H;(f) is a bounded predictable process with respect to F, U, +(f) is a square integrable martingale. Its
predictable variation and its optional variation are respectively given by

Balf) =n <UD 2= 3 3 [ 0@PAG) and D) =it = 1 3 [ ((Z0)2ans)

The proof is done in three steps :
Stepl : We prove first that

2wy,
2D Ly () < o] <o
un 3n

PUni(f) 2

Step 2 : Step 2 consists in replacing ¥, ,(f) by the observable @nt(f) in Step 1. It follows that

wT w/w 1 1\ x
>0,/ 22 L)+ e < < 377, .
P|Una(f) = 2 o Une(f) + (2 S (v + 3) + 3)n’” < Vna(f) <w| <36 (3.4)
Step 3 : Finally, in a third step, we remove the event {v < 9, ,(f) < w} from Inequality (3.4). O

3.3. Application : oracle inequality for the Lasso estimator of the intensity

In this part we show how the Bernstein Inequality can be applied in a statistical context. We want
to obtain a prognostic on the survival time adjusted on the covariates in a high-dimensional setting, and more
precisely to estimate the unknown intensity Ag using a Lasso procedure. The properties of the Lasso estimator
are stated in terms of non-asymptotic oracle inequalities. Such an oracle inequality is a consequence of an
appropriate Bernstein inequality. The Lasso procedure based on a direct application of the Bernstein inequality
would provide estimators involving the unknown predictable variation, whereas Inequality will provide
completely data-driven estimators. This type of procedure has already been considered, especially by Hansen,
Reynaud-Bouret and Rivoirard (2012) and Gaiffas and Guilloux (2012), but for different statistical models.

We consider the specific Cox proportional hazard model, with Ao(¢, Z;) = ao(t) exp(fo(Z;)), where Z; =
(Ziny.s Zip)T is the vector of covariates of individual i (i = 1,...,n), and f; is the unknown regression function.
The baseline hazard function «q is assumed to be known and the estimation of Ay reduces to the estimation of
fo. For the sake of simplicity, we consider here that ag is known, and we refer to Lemler (2012) for the general
case.

Let Fas = {f1,..., far} where f; : R? — R for j = 1,..., M, be a finite set of functions, called a dictionary,
where M is large (typically M > n). We assume that the unknown Ao can be well approximated by a function
defined for all 8 in RM by \s(t, Z;) = ao(t)els(Zi) where fz = zj‘i L Biti-

To estimate the unknown parameter 8 in RM | we consider the log-likelihood defined by

n

e = =23 { [Tosuate, zanito) - [ aste zovi(oat (3.5)

i=1



190 ESAIM: PROCEEDINGS

Associated to this estimation criterion, we consider the empirical Kullback divergence defined for all 8 in I'(u)
by

R, 29) = Z [} o ott Z0) 1w Ot Z0) dott ZoVi )
_EZ/O Nolts Zs) — As(t, Z2)) Yi(t)dt. (3.6)

In this high-dimensional setting, the function fj is estimated using a weighted Lasso procedure.The Lasso
estimator of B is defined as the minimizer of the ¢;-penalized empirical likelihood in the following way:

M
Br = a!raglglin{Cn(/\B) + pen(B)}, with pen(B8) = Zwﬂﬁj\. (3.7)
€ M S

The weights w; are positive data-driven weights suitably chosen thanks to the empirical Bernstein’s inequality
(13-3) (see Theorem [3.3]).

Main steps leading to the non-asymptotic oracle inequality. By definition of the weighted Lasso estimator, we
have for all B € RM

Cu(Ag, ) +pen(Br) < Cu(Ag) + pen(B). (3.8)
Using the Doob-Meier decomposition N; = M; + A;, we can easily show that for all 3 € RM

M
Cn(As,) = Cu(Ag) = Kn(Xo, A3,) — Kn(Xo, Ag) + D (B — B)jm.r(£7), (3.9)
j=1

where 7+ (f;) = Z/ £3(Z:)dMi(2).

To obtain non-asymptotic oracle inequalities, we have to control the centered empirical process 7, -(f;). We
apply Theorem to the process 7, (f;), whose observable optional variations is defined by

U o(£) = nlalf5)e Z/ (f;(Z:))2dN(s).

From Theorem [3.3] we obtain

n,r gnz j —
B[1ne()] 2 (cM wtbusthi)y ()4 0t bal Yy ] < e

6enf/n,t(fj) + 56e$||fj||%,oo )
Vel.

where gnx ) = 2loglo
() g g( 241 £33 00

Choice of the weights : We choose the data-driven weights for j =1,..., M as

w; = <C1\/ +logM+€nx(fJ) () + x—i— 1 +logi\4+€n7x(fj))||fj”n,oo- (3.10)

n
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M
For this choice of weights, we introduce the following set A = {\nn,T(fj)| < wj}. On A,
j=1

M

M
‘Z(ﬁAL—B]nnT (fi) ‘ ij (B — B );]1 and P(A°) < Z (In,=(f5)] > w;) < cse™ ™.
j=1

From (3.8) and (3.9, we deduce that

M M
KnO‘Oa)‘BL) K (Ao, Ag) + Z BL - J’?nT f] + ij|ﬁ‘J ij‘BLb* (3.11)
j=1 j=1

j=1

We finally obtain the following non-asymptotic oracle inequality with a slow rate of convergence of order
/log M /n.

Theorem 3.4. Let A > 0 be some numerical positive constant and x > 0 be fized. Then, with probability larger
than 1 — Ae™®

Kn(Xo,Az,) < inf {K (Mo, Ag) + 2pen(B)}, (3.12)

Bel'(p
with pen(B) defined by and (3.10).

Under the classical restricted eigenvalue condition RE and some other assumptions, we also obtain some
non-asymptotic oracle inequalities with a fast rate of convergence of order log M/n and some results in variable
selection (see Lemler (2012) for more details).

4. APPROXIMATION BY A MARTINGALE

Since its introduction by Gordin (1969), the martingale method has attracted number of probabilists. It was
originally designed for the Central Limit Theorem (CLT) but it has been successfully used for almost any limit
theorem (the Weak Invariance Principle (WIP) and its quenched version, the Law of the Iterated Logarithm
and its functional versions, the Marcinkiewicz-Zygmund strong law of large numbers...)

When applied to the CLT or WIP problem, the martingale method has reached a fairly precise form thanks
to the characterizations obtained recently by Zhao and Woodroofe (2008) (CLT case) and Gordin and Peligrad
(2011) (CLT and WIP cases). Those characterizations are of theoretical interest but proved to be useful in the
applications as well (see for instance Gordin and Peligrad (2011)).

The martingale method applies to “different" situations : stationary processes (adapted or not), non-invertible
dynamical systems, functionals of Markov chain. In this note, for the sake of clarity, we shall only be concerned
with adapted stationary processes. As we recall below, this case is actually equivalent to considering functionals
of Markov chains. The case of non-adapted processes may be treated similarly (see for instance Volny (2007)
or Cuny (2012a)). The adaptation of the results mentioned below to the setting of non-invertible dynamical
systems needs more care since what we really obtain in that case is a“reverse" martingale approximation. We
shall consider only real-valued processes, but some results extend to Hilbert space-valued processes.

We use the same notations as in the introduction. We want to study the process (X,, = Xg 0 T")ez, which
is adapted to the non-decreasing filtration (F, = T "(Fp))nez, i-e. Xo is Fo-measurable. We assume that
Xy € LP(Q, Fy,P), for some p > 1. For simplicity, we assume 7" to be ergodic.

Let us define an operator Q on L(§, Fy,P) by QZ = E(Z o T|Fy). The operator Q is a positive contraction
of every L"(2, Fo,P), r > 1, hence it is a Markov operator. It turns out that this operator allows to see our
process (X, )nez as a functional of a Markov chain, see Cuny and Volny (2012).
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Another advantage of this operator is that it allows to translate projective conditions in terms of @), hence
to make use of classical facts from ergodic theory of operators. For instance, the martingale-coboundary
decomposition of Gordin is easily characterized as follows, which has been observed by Volny (1993) (the
non-adapted case is also considered there). Volny worked under the regularity condition E(Xo|F_o) = 0 a.s.
but it is actually not needed.

Proposition 4.1. Let p > 1 and let X € LP(Q, Fo,P). The following are equivalent

(i) Xo = Do+ Z — Z oT~Y with Dy, Z € LP (2, Fo,P) and E(Do|F_1) = 0 almost surely ;
(i) supp,>1 [[E(Sn|Fo)llp < oo.

Proof. (i) = (ii) is obvious. Now, (i7) reads: sup, s ||@Xo + --- + Q"Xol||, < co. Hence, by a result of
Browder (1958, Lemma 5) when 1 < p < oo, and by Theorem 7 of Lin and Sine (1983) when p = 1, there exists
Y € LP(Q, Fo,P) such that Xy = (I — Q)Y and (i) follows by taking Do =Y —E(Y|F_1) =Y — (QY) o T~ 1
and Z = —QY. O

Our goal now will be to explain that, in several situations, the proof of a limit theorem by means of a
martingale approximation may be split into two steps: the first step is to prove the desired result when one has
a martingale-coboundary decomposition as above. The second step consists of obtaining a maximal inequality
adapted to the limit theorem under consideration. This approach has been used explicitly in Cuny (2012a)
and Cuny (2012b) and implicitly, for instance, in Jiang and Wu (2003), Cuny and Volny (2012) or Cuny and
Merlevede (2012).

Assume from now on that Xy € L?(Q, Fy,P). We say that Xy or (X,,)nez admits a martingale approximation
of type (CLT), (WIP) or (ASIP) if there exists Dy € L%(Q, Fo,P) with E(Dg|F_1) = 0 a.s. such that, writing
M, =DgoT +---+DgoT",

E((S, — My)?) = ofn) (CLT)
E( max (Si = M)?) = o(n) (WIP)

|Sn — My| = o(y/nloglogn) P-a.s. (ASIP).

The notation (ASIP) stands for the almost sure invariance principle. The above martingale approximations
are unique. If Xy admits a martingale approximation of one of the above types then it satisfies the corresponding
limit theorem.

An important fact is that the set of Xy € L?(Q, Fy, P) admitting a martingale approximation (of any of the
above type) is a vector space, containing (I — Q)L?($, Fo,P), hence stable by Q.

We would like to study the validity of some limit theorems under the Hannan condition and/or the
Maxwell-Woodroofe condition mentioned in the introduction. In terms of the operator () those conditions
read

1 Xollm, =D Q" X0 — (Q" Xo) o T™V||2 < 00; (4.1)
n>0
QX0 +--- + Q" Xoll2
1Xol|arws = [ Xoll2 + Z 7 <00, (4.2)

Let us consider the spaces Hy := {Xo € L?(Q, F0,P) : E_(Xo) =0 and | Xo|lz, < oo} and MW, :=
{Xo € L3(Q, Fo,P) : || Xo|larw, < oo}. Tt is not hard to prove that those spaces are Banach spaces and that
() induces a contraction of Hy and of MW5.
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Moreover, for every Xo € Ha, ||Q"Xol m, - 0. With little effort one can also prove that, for every
n—-+0oQ

Xo € MWo, |QXo + -+ + Q" Xo|lprw, /. — 0.
n—-+oo

By the mean ergodic theorem (see e.g. Theorems 1.2 and 1.3 p. 73 of Krengel (1985)), we have, noticing
that @ has no fixed points neither on Hy nor on MW,

Ho=(T—QH;* and MWe={T QMW

(4.3)
4.1. The approximating martingale.

We first have to find Dy. According to Gordin and Peligrad (2001), if there exists a martingale approximation
of type (CLT), necessarily

n k—1
_ k k+1 —1
_ngglwn;;@x Q"' Xg)oT™Y), (4.4)

where the limit holds in L?(,P). Set D(Xy) := Dy, whenever the above limit exists. Then, D is an unbounded
operator on L?(2,P).

As one may expect (from the proof of Proposition , for every Y € L3(Q, Fo,P), D((I —Q)Y) =Y —
(QY)oT™ 1.

The operator D is well-defined (i.e. bounded) on Hs (this is easily verified) and on MWa, by the results of
Gordin and Pehgrad (2011 For some problems, it may be useful to have an other form of D, more adapted to

the conditions or

For every X € Hg we have, with convergence in L?(£2,P) (and P-a.s.),

DXo=)» (Q"Xo—(Q"'Xo)oT™")  and IDXoll2 < | Xol, - (4.5)
n>0

For every Xo € MW,, we have (see Cuny and Merlevede (2012)), with convergence in L?(Q2,P) (and P-a.s.)

Q X, — QkJrlX )OT 1
DXy =) Y and  [|DXoll2 < Ol Xollnwa, (4.6)
n>0k>n

for a universal constant C' > 0. It is not hard to see that the inner sum above converges as soon as Xy € L*(Q, P).
One can prove that if the representation (4.5]) holds, then (4.6) holds as well, and that (4.6) implies (4.4)).
4.2. Some maximal inequalities.

Before proving the martingale approximation properties, we shall need the corresponding estimate with a
big “O" instead of a little “o". For this we need some maximal inequalities. We start with the martingale case.
We have

Proposition 4.2. Let Dy € L*(Q, Fo,P) with E(Do|F_1) = 0 P-a.s. Write M,, :=Y_,._, Do oT*. We have

maxi<k<n | Mg
sup H 1< _n| |||2 §2HD0”2;

n>1 \/ﬁ

| M, | H
SUp ——————
n>1y/nL(L(n))

where L(n) = max(1,logn) and C > 0 is a universal constant.

< C[lDollz (4.7)
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The first estimate is nothing but Doob’s maximal inequality. The second one has been proven in Cuny (2012a)
(the maximal function actually lies in any L?(Q,P), 1 < p < 2). Both inequalities hold without ergodicity. The
maximal inequality seems to be new in the martingale setting. In the iid case, it has been proved by Pisier
(1976). To emphasize the usefulness of such inequality we mention, that thanks to , in order to prove the
law of the iterated logarithm for martingales with stationary ergodic increments in L?, it suffices to prove it for
martingales with bounded increments (this follows from a Banach principle argument).

In the next proposition, X stands either for Hs or for MW,. For Xy € X, we denote Dy = DX, and
M, = 22’21 Dy o TF.

Proposition 4.3. Assume that Xg € X. We have

b | maxi<k<n [Sk — My |2

<Ol Xyl : 4.
igl Jn < C||Xollx; (4.8)
[Sn — M|
sup 22— LI < O Xl 4.9
o nL(L(n))Hl < CliXollx (4.9)

where C > 0 is a universal constant.

The estimate is proved in Cuny (2012b), under the Maxwell-Woodroofe condition. For the other
estimates, at first, notice that to prove or , it suffices to treat separately (Sy)n>1 and (M,)n>1.
For the martingale part both estimates follow from Proposition combined with or . For (Sn)n>1
itself, follows from Theorem 1 (iii) of Wu (2007) under the Hannan condition and from Proposition 2.3 of
Peligrad and Utev (2005) under the Maxwell-Woodroofe condition. The estimate for (Sy,)n>1 is proved in
Cuny (2012a) under the Hannan condition.

4.3. The conclusion.

It follows from (4.8) and a Banach principle argument, that the set of X, € X, for which (WIP) holds, is
closed in X. But (WIP) holds on (I — @)X, hence, by (4.3)), it holds on X too.

Similarly, by (4.9)), the set of Xy € X, for which (ASIP) holds, is closed in X and we conclude as above.
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