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CONSERVATION LAWS WITH LOCAL FLUX CONSTRAINTS ARISING IN

TRAFFIC FLOW MODELING ∗

Paola Goatin1

Abstract. Specific traffic flow conditions, such as the presence of toll gates, construction sites or
moving bottlenecks caused by slow moving vehicles, can be realistically modeled by conservation laws
with local unilateral constraints on the flux. We give an overview of the related analytical and numerical
results.

Résumé. Certaines spécificités de la circulation routière, comme la présence de stations de péage, de
sites de travaux ou encore de véhicules lents, peuvent être modélisées par des lois de conservation avec
une contrainte unilatérale sur le flux. L’article donne une vue d’ensemble des résultats analytiques et
numériques correspondant.

Introduction

Macroscopic traffic flow models make use of partial differential equations derived from fluid dynamics to
describe the spatio-temporal evolution of macroscopic quantities such as the traffic density ρ and the mean
velocity v. Starting from the basic assumption that the number of cars on an infinite road is conserved, one
easily recover a mass conservation law in one space dimension, in the form

∂tρ+ ∂x(ρv) = 0, x ∈ R, t > 0 (1)

where ρ = ρ(t, x) ∈ [0, R] and v = v(t, x) ∈ [0, Vmax], R and Vmax denoting respectively the maximal density
and the maximal speed on the considered road.

First order traffic flow models consist in equation (1) only, taking the mean velocity as a non-increasing
function of the density. In this survey, we will assume

v = v(ρ), such that v(0) = Vmax and v(R) = 0.

Therefore, equation (1) can be rewritten as

∂tρ+ ∂xf(ρ) = 0, x ∈ R, t ≥ 0, (2)

where the flux function f : [0, R]→ R+ is defined by f(ρ) = ρv(ρ). Dealing with traffic flow applications, it is
not restrictive to assume that f is Lipschitz continuous and satisfies

f(ρ) ≥ 0, f(0) = f(R) = 0, f ′(ρc)(ρc − ρ) > 0 a.e. ρ ∈ [0, R], (3)
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where ρc ∈ ]0, R[ denotes the point of maximum of the flux, see Figure 1. In the following we will use the
notation

fmax = f(ρc).

Figure 1. Examples of fundamental diagrams considered here.

Specific traffic conditions, such as the presence of a toll gate of other situations that hinder the flow of
vehicles, can be modeled by imposing an upper bound on the flux at the location of the constraint x = x̄

f(ρ(t, x̄)) ≤ q(t). (4)

Observe that the constraint is in general time-dependent: for example, it depends on the number of open gates
at a toll station.

1. Constrained entropy weak solutions

Let us consider the following constrained Cauchy problem
∂tρ+ ∂xf(ρ) = 0, x ∈ R, t > 0,

ρ(0, x) = ρ0(x), x ∈ R,
f(ρ(t, 0)) ≤ q(t), t > 0,

(5)

where ρ0 ∈ L∞(R; [0, R]) and q ∈ L∞(R+; [0, fmax]). Problem (5) can be seen as the singular limit of a classical
Cauchy problem with discontinuous flux. Fix ε > 0 and consider the problem

{
∂tρ

ε + ∂x (kε(t, x) f(ρε)) = 0,
ρε(0, x) = ρ0(x),

kε(t, x) =

 1 |x| > ε,
q(t)

fmax
|x| ≤ ε. (6)

(We refer the interested reader to [5] for a rigorous justification of the limiting procedure.) Problem (6) fit the
framework of conservation laws with discontinuous-in-space flux functions. In particular [12, Theorem 4.5, 5.5
and 6.5] apply, and the corresponding entropy condition is given by

∫ +∞

0

∫
R
(|ρε(t, x)− κ| ∂t + Φ(ρε(t, x), κ)∂x) φ(t, x) dx dt+

∫
R
|ρ0(x)− κ| φ(0, x) dx

+

∫ +∞

0

(
1− q(t)

fmax

)
f(κ) (φ(t,−ε) + φ(t, ε)) dt ≥ 0,
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for all κ ∈ [0, R] and φ ∈ C1
c (R+×R;R+), where we have noted Φ(a, b) = sgn(a− b)(f(a)− f(b)). Remark that

ρε satisfy the constraint f(ρε(t, x)) ≤ q(t) for a. e. |x| < ε.
Therefore, we give the following definition for (5):

Definition 1.1. A function ρ ∈ L∞(R+ × R; [0, R]) is an entropy weak solution of (5) if

(i) entropy inequalities are satisfied: for all φ ∈ C1
c (R+ × R;R+) and every κ ∈ [0, R],∫ +∞

0

∫
R
(|ρ(t, x)− κ|∂t + Φ(ρ(t, x), κ)∂x) φ(t, x) dx dt+

∫
R
|ρ0(x)− κ| φ(0, x) dx

+ 2

∫ +∞

0

(
1− q(t)

fmax

)
f(κ) φ(t, 0) dt ≥ 0; (7)

(ii) the constraint is satisfied:

f((γlρ)(t)) = f((γrρ)(t)) ≤ q(t) a. e. t > 0, (8)

where γl,r are the left and right strong trace operators at {x = 0}.
It is worth noting that the traces γl,ru in (8) do exist [14, 16]. Indeed, we are dealing with a flux function

such that the measure of the set {s ∈ [0, 1], f ′(s) = 0} is zero (by assumption (3)).
The above definition was first proposed in [5]. In order to facilitate dealing with limiting procedures of

approximate solutions, and to dispose of a more compact formulation, we can get rid of the explicit condition (8)
using an equivalent definition given in [2]. We introduce the set of admissible traces G(q) = G1(q)∪G2(q)∪G3(q)
defined by

• G1(q) = {(cl, cr) ∈ [0, R]2; cl > cr, f(cl) = f(cr) = q},
• G2(q) = {(c, c) ∈ [0, R]2; f(c) ≤ q},
• G3(q) = {(cl, cr) ∈ [0, R]2; cl < cr, f(cl) = f(cr) ≤ q}.

Remark that, by (3), G1(q) = {(ρ̂q, ρ̌q)} is a singleton, uniquely defined by the conditions

f(ρ̂q) = f(ρ̌q) = q, ρ̂q ≥ ρ̌q,

see Fig. 1.

Definition 1.2. A function ρ ∈ L∞(R+ × R; [0, R]) is an entropy weak solution of (5) if there exists M > 0
such that for all (cl, cr) ∈ [0, R]2 and all test functions φ ∈ C1

c (R+ × R;R+),∫ +∞

0

∫
R

(|ρ(t, x)− c(x)| ∂t + Φ(ρ(t, x), c(x)) ∂x )φ(t, x) dx dt+

∫
R
|ρ0(x)− c(x)| φ(0, x) dx

+M

∫ +∞

0

dist((cl, cr) , G(q(t)))φ(t, 0) dt ≥ 0, (9)

where c(x) is the piecewise constant function given by

c(x) :=

{
cl if x < 0,

cr if x > 0,

with (cl, cr) ∈ [0, R]2, and dist refers to a distance function on R2.

The equivalence of Definitions 1.1 and 1.2 is proved in [2, Proposition 2.6].

Remark 1.3. The above definitions select the maximal solution, since all non-classical stationary discontinuities
at x = 0 between two states ρ2 and ρ1 with ρ1 < ρ2 and f(ρ1) = f(ρ2) < q(t) are ruled out by (7) (equivalently,
(9)).
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2. Well-posedness results

2.1. The Constrained Riemann Solver

In this section, we consider the constrained Cauchy problem with Riemann type initial datum and constant
constraint 

∂tρ+ ∂xf(ρ) = 0, x ∈ R, t > 0

ρ(0, x) =

{
ρl x < 0

ρr x > 0

f(ρ(t, x̄)) ≤ q t > 0

(10)

where q ∈ [0, fmax] and ρl, ρr ∈ [0, R] are constants.
The self-similar solution to (10) can be described using the notion of standard Riemann solver, see [5]. We

denote by R the standard Riemann solver for (2), i.e. (t, x) 7→ R(ρl, ρr)(x/t) is the standard weak entropy
solution of (2), corresponding to the Riemann initial datum

ρ(0, x) =

{
ρl, x < 0,

ρr, x > 0.

The following definition provides an entropy weak solution to (10) in the sense of Definitions 1.1, 1.2.

Definition 2.1. The Riemann solver Rq : (ρl, ρr) 7→ Rq(ρl, ρr) for (10) is defined as follows.

• If f (R(ρl, ρr))(0)) ≤ q, then Rq(ρl, ρr) = R(ρl, ρr).

• Otherwise, Rq(ρl, ρr)(λ) =

{
R(ρl, ρ̂q)(λ) if λ < 0 ,

R(ρ̌q, ρr)(λ) if λ > 0 .

Remark that, when the constraint is enforced, a stationary discontinuity violating the Lax entropy condition
arises at x = 0. For further properties of the Riemann solver defined above, we address the reader to [5,
Proposition 2.3].

2.2. The Constrained Cauchy Problem

The standard approach to prove existence of solutions for conservation laws is to construct a sequence of
approximate solutions which has uniformly bounded total variation. Then Helly’s theorem guarantees the
existence of a subsequence converging in L1 towards a function that is showed to solve the equations.

In the present case (5), the presence of the constraint (4) may cause a sharp increase of TV (ρ(t, ·)). This is
easily seen by taking the constant initial datum ρ0(x) = ρc and the constraint q(t) ≡ fmax/2. At time t = 0,
two shocks arise from x = 0 and the total variation jumps from TV(ρ0) = 0 to TV (ρ(t, ·)) = 2(ρ̂ − ρ̌), where
ρ̌ < ρ̂ and f(ρ̂) = f(ρ̌) = fmax/2.

To overcome this difficulty, in [5] we introduced the nonlinear mapping

Ψ(ρ) = sgn (ρ− ρc) (f(ρc)− f(ρ)) (11)

and look for a bound on the total variation of Ψ ◦ ρ. In fact, Ψ is one-to-one, but possibly singular at ρ = ρc.
Indeed, it is immediate to see that if ρ ∈ BV(R;R), then TV(Ψ ◦ ρ) ≤ ‖f ′‖C0 ·TV(ρ), while TV(ρ) may well be

infinite with Ψ(ρ) finite, as in the case of f(ρ) = ρ (1− ρ), ρc = 1/2 and ρ =

+∞∑
n=3

1

n
χ

[ 1
2+

2n+1
2n(n+1)

, 12+
1
n [

.

The first well posedness result, stated in a BV framework, was proved in [5] and referred to the entropy
condition given in Definition 1.1.
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Theorem 2.2. Assume that ρ0 ∈ D :=
{
ρ ∈ L1 (R; [0, R]) : Ψ(ρ) ∈ BV(R;R)

}
and q ∈ BV(R+, [0, fmax]).

Then there exists a unique entropy weak solution ρ ∈ BV(R+ × R; [0, R]) to problem (5). Moreover, given two
initial data ρ10, ρ

2
0 ∈ D such that (ρ10 − ρ20) ∈ L1(R;R), the corresponding entropy weak solutions ρ1, ρ2 satisfy

the following L1-stability property: for a.e. t > 0∥∥ρ1(t, ·)− ρ2(t, ·)
∥∥
L1(R;R) ≤

∥∥ρ10 − ρ20∥∥L1(R;R).

In [5], existence is proved using the wave-front tracking approximation technique and the functional (11).
Note that, in the case of wave-front tracking approximations ρν , the traces γl,rf(ρ) of the limit of f(ρν) are
the limits of the traces γl,rf(ρν), respectively, thanks to the Green-Gauss formula. In fact, the constraint (8)
is equivalent to the inequality∫ +∞

0

q(t) ξ(t) dt ≥
∫ +∞

0

f((γl,rρ)(t)) ξ(t) dt = ±
∫ +∞

0

∫
R±

( ρ(t, x)∂t + f(ρ(t, x))∂x ) ξ(t)φ(x) dx dt (12)

for all ξ ∈ C∞c (R+;R+) and some given φ ∈ C∞c (R;R+), φ(0) = 1. Hence (8) in Definition 1.1(ii) is verified.
Uniqueness is obtained using the Kruzhkov doubling of variables technique ( [13]) on each side of the constraint
location; the inequality (8) for the strong traces of ρ is used to obtain the right inequalities across the interface
{x = 0}.

Theorem 2.2 has been generalized to initial-boundary value problems with application to traffic management
in [6].

Well-posedness has then been proved for L∞ data in [2], relying on the formulation of the entropy condition
given in Definition 1.2 and the following stability estimate:

Proposition 2.3. Assume that q1, q2 ∈ L∞(R+; [0, fmax]), and ρ10, ρ
2
0 ∈ L∞(R, [0, R]) such that (ρ10−ρ20) ∈

L1(R;R). Assume that ρ1, ρ2 are entropy weak solutions of problem (5) corresponding to the initial data ρ10, ρ
2
0

and the constraints q1, q2, respectively. Then, for a.e. t > 0, we have∥∥ρ1(t, ·)− ρ2(t, ·)
∥∥
L1(R;R) ≤

∥∥ρ10 − ρ20∥∥L1(R;R) + 2
∥∥q1 − q2∥∥

L1([0,t];R). (13)

Combining the above stability estimate with the existence result given in Theorem 2.2, and using a truncation
and density argument, we get well-posedness in L∞:

Theorem 2.4. For any ρ0 ∈ L∞(R; [0, R]) and q ∈ L∞(R+; [0, fmax]), there exists a unique entropy weak
solution to problem (5).

The proof can be found in [2]. We remark here that the entropy formulation (9) is essential to pass to the
limit in the regularization by convolution of the constraint function q.

3. Constrained finite volume schemes

In this section, we explain how to extend classical finite volume schemes to the constrained problem (5). Let
a space step ∆x and a time step ∆t be given, both assumed to be constant for sake of simplicity. We define
the mesh interfaces xj+1/2 = j∆x for j ∈ Z and the intermediate times tn = n∆t for n ∈ N. The finite volume
approximation of the initial datum ρ0 is

ρ0j =
1

∆x

∫ xj+1/2

xj−1/2

ρ0(x) dx, j ∈ Z,

and the constraint value at each time step is approximated by

qn =

∫ tn+1

tn
q(s) ds, n ∈ N.
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We aim at defining a sequence (ρnj )j∈Z,n∈N which approximates the solution ρ of (5) in the sense

ρnj ≈
1

∆x

∫ xj+1/2

xj−1/2

ρ(tn, x) dx, j ∈ Z, n > 0.

For any classical numerical flux h(u, v) such that

(1) h is Lipschitz continuous, with Lipschitz constant L,
(2) h(u, u) = f(u) for any u ∈ [0, R] (consistency),
(3) h is non-decreasing w.r.t. u and non-increasing w.r.t. v (monotonicity),

we define

g(ρnj , ρ
n
j+1, q

n) =

{
min

{
h(ρnj , ρ

n
j+1), qn

}
, if j = 0,

h(ρnj , ρ
n
j+1) if j 6= 0.

(14)

Then the updating formula is given by

ρn+1
j = ρnj −

∆t

∆x

(
g(ρnj , ρ

n
j+1, q

n)− g(ρnj−1, ρ
n
j , q

n)
)
, j ∈ Z, n ∈ N. (15)

The convergence result proved in [2] is based on the notion of non-linear weak-? convergence and entropy
process solutions, see [10]. This approach is useful for studying convergence of finite volume schemes, because
it only requires an L∞ estimates on the sequence of discrete solutions (for L∞ weak-? compactness) and a
“weak BV” estimate (for consistency). As such, it can be used for treating problems where strong compactness
properties are lacking. In the present case, the numerical scheme (14), (15) satisfies the following estimates.

Proposition 3.1. (L∞ estimate) Assume that ρ0 ∈ L∞(R; [0, R]). Then, under the CFL condition

∆t ≤ ∆x

2L
, (16)

the numerical scheme (14), (15) is monotone and the finite volume approximation (15) satisfies

0 ≤ ρnj ≤ R, ∀j ∈ Z,∀n ∈ N. (17)

Proposition 3.2. (Weak-BV estimate) Let ξ ∈ (0, 1) and T > ∆t and M > ∆x be two positive constants
and denote by I0, I1 and N the indices such that −M ∈ ]xI0−1/2, xI0+1/2], M ∈ ]xI1−1/2, xI1+1/2] and T ∈
]N∆t, (N + 1)∆t]. Then, if the time step ∆t satisfies the CFL condition

∆t ≤ (1− ξ)∆x

2L
, (18)

there exists a positive constant C only depending on T , M , ξ, f and ρ0 such that

∆t

N∑
n=0

I1∑
i=I0
i6=0,1

(
max

(p,q)∈ I(ρni ,ρni+1)
|h(p, q)− f(p)|+ max

(p,q)∈ I(ρni ,ρni+1)
|h(p, q)− f(q)|

)
≤ C

√
∆x, (19)

where I(a, b) = {(p, q) ∈ [min{a, b},max{a, b}], (q − p)(b− a) ≥ 0}.

The above properties guarantee weak-? convergence. In order to show that the limit is an entropy process
solution, one needs discrete entropy inequalities.
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Proposition 3.3. Let κj = cl for j ≤ 0 and κj = cr for j > 0, where (cl, cr) ∈ [0, R]2. Then, the numerical
scheme (14), (15) fulfills the following inequalities:

|ρn+1
j − κj | − |ρnj − κj |+

∆t

∆x
(Gnj+1/2 −G

n
j−1/2)− ∆t

∆x
|Hn

j | ≤ 0 (20)

where
Gnj+1/2 = g(max{ρnj , κj},max{ρnj+1, κj+1}, qn)− g(min{ρnj , κj},min{ρnj+1, κj+1}, qn),

Hn
j =

{
min{h(κj , κj+1), qn} −min{h(κj−1/2, κj), q

n}, if j = 0,

h(κj , κj+1)− h(κj−1/2, κj), if j 6= 0,

for all j ∈ Z and n ∈ N.

By uniqueness of the entropy process solution, see [2, Proposition 3.3], the numerical approximations converge
indeed towards the entropy weak solution in the sense of Definitions 1.1, 1.2.

Theorem 3.4. Under the CFL condition (16), the finite volume scheme (14), (15) converges in Lp
loc(R+×R;R)

for any 1 ≤ p < +∞ to the unique entropy weak solution of (5).

4. Further results

The results described in the previous sections have then been extended to other models arising in traffic flow
modeling. We list here the main achievements.

4.1. General fluxes

The pedestrian flow model introduced in [7] displays a non concave flux function. Therefore, in [4] the flux
function is assumed to comply with the following hypotheses:

(H1) f ∈W1,∞ ([0, R]; [0,+∞[) and piecewise C1,
(H2) f(ρ) ≥ 0, f(0) = f(R) = 0,
(H3) there exists a finite set of points {ρ1, . . . , ρN} ⊂ [0, R], N ≥ 1, which are strict local minima or maxima

of f i.e. f(ρ) − f(ρi) < 0 (or > 0) for ρ in a neighborhood of ρi, i = 1, . . . , N , and f ′(ρ±) 6= 0 for all
ρ ∈ [0, R] \ {ρ1, . . . , ρN}.

In this setting, the entropy condition needs to be slightly modified. Indeed, Definition 1.1 turn in the following

Definition 4.1. A function ρ ∈ L∞(R+×R; [0, R]) is a weak entropy solution of (5), with f satisfying (H1)-(H3),
if

(i) it satisfies the following entropy inequalities: for every φ ∈ C1
c (R+ × R;R+) and all κ ∈ [0, R],∫ +∞

0

∫
R
(|ρ(t, x)− κ|∂t + Φ(ρ(t, x), κ)∂x) φ(t, x) dx dt

+

∫
R
|ρ0(x)− κ| φ(0, x) dx+ 2

∫ +∞

0

(f(κ)−min{f(κ), q(t)})φ(t, 0) dt ≥ 0, (21)

(ii) it verifies the constraint:

f((γlρ)(t)) = f((γrρ)(t)) ≤ q(t) a. e. t > 0. (22)

Note that the last integrand in (21) differs from the corresponding term in (7). More precisely, condition
(21) is finer, since

f(κ)−min{f(κ), q(t)} ≤
(

1− q(t)

fmax

)
f(κ), for all t > 0, κ ∈ [0, R].
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Moreover, condition (7) is not sufficient to rule out some non-maximal non-classical stationary shocks in the
non-concave setting, see [4, Remark 2] for an example.

Definition 4.1 guarantees well posedness. In fact, an analogous of Proposition 2.3 and Theorem 2.4 is proved
in [4]. Another application to pedestrian flows in treated in [1].

4.2. The Aw-Rascle model with flux constraints

The Aw-Rascle traffic flow model [3] belongs to the class of so-called “second order” models, i.e. models
consisting in two equations. It can be written (in conservative form){

∂tρ+ ∂x(ρv) = 0,
∂t(ρ(v + p(ρ))) + ∂t(ρv(v + p(ρ))) = 0

(23)

where ρ and v denote the density and mean speed of cars, respectively, and p ∈ C2([0,+∞[; [0,+∞[) is a
pressure function satisfying the following hypotheses

p(0) = 0,
p′(ρ) > 0 for every ρ > 0,
ρ 7→ ρp(ρ) is strictly convex.

(24)

The first equation in (23) states the conservation of the number of vehicles, moving with flow rate ρv. The
second equation is derived from the former one and from the evolution equation of the quantity w = v + p(ρ)
(often referred to as “Lagrangian marker”), which moves with velocity v:

∂t(v + p(ρ)) + v∂x(v + p(ρ)) = 0.

System (23) belongs to the Temple class [15], i.e. systems for which shock and rarefaction curves in the
unknowns’ space coincide. In particular, for such systems the interaction of two waves of the same family only
gives rise to a wave of the same family.

In [11], we studied the Riemann problem
∂tρ+ ∂x(ρv) = 0,
∂t(ρ(v + p(ρ))) + ∂x(ρv(v + p(ρ))) = 0,

(ρ, v)(0, x) =

{
(ρl, vl), if x < 0,
(ρr, vr), if x > 0,

(25)

under the constraint
ρ(t, 0)v(t, 0) ≤ q,

where q ∈ R+ is a given constant.
For any (ρl, vl) ∈ R+ × R+ and q > 0, let us consider the set

I1 =
{
ρ ∈ [0,+∞[ : ρ(vl + p(ρl)− p(ρ)) = q

}
.

The set I1 contains the densities of all the points (ρ, v) ∈ R+×R+ belonging to the Lax curve of the first family
passing through (ρl, vl) and such that ρv = q. If I1 6= ∅, then we denote by ρ̂, v̂, ρ̌1, v̌1 respectively

ρ̂ = max I1, v̂ =
q

ρ̂
, ρ̌1 = min I1, v̌1 =

q

ρ̌1
.

Given (ρr, vr) ∈ R+ × R+ and q > 0, let ρ̌2 and v̌2 be defined by

ρ̌2v
r = q, v̌2 =

q

ρ̌2
;
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i.e. (ρ̌2, v̌2) belongs to the Lax curve of the second family passing through (ρr, vr) and satisfies ρ̌2v̌2 = q. In
particular, note that v̌2 = vr and ρ̌2 = q/vr.

Two Riemann solvers are proposed: the first one conserves both the number of cars and the generalized
momentum at x = 0, while the second one does not conserve the generalized momentum. In particular, the
first Riemann solver produces a non-entropic shock wave at x = 0, which travels with zero velocity. Let
RS : R+ × R+ × R+ × R+ → L1(R;R+ × R+) denote the classical Riemann solver for (25). Also, we denote
the first component of the flux by f1(ρ, v) := ρv.

Definition 4.2. The Riemann solver RSq1 is defined as follows.

• If f1(RS
(
(ρl, vl), (ρr, vr)

)
(0)) ≤ q, then

RSq1
(
(ρl, vl), (ρr, vr)

)
(λ) = RS

(
(ρl, vl), (ρr, vr)

)
(λ)

for every λ ∈ R.
• If f1(RS

(
(ρl, vl), (ρr, vr)

)
(0)) > q, then

RSq1
(
(ρl, vl), (ρr, vr)

)
(λ) =

{
RS

(
(ρl, vl), (ρ̂, v̂)

)
(λ), if λ < 0,

RS ((ρ̌1, v̌1), (ρr, vr)) (λ), if λ > 0.

Definition 4.3. The Riemann solver RSq2 is defined as follows.

• If f1(RS
(
(ρl, vl), (ρr, vr)

)
(0)) ≤ q, then

RSq2
(
(ρl, vl), (ρr, vr)

)
(λ) = RS

(
(ρl, vl), (ρr, vr)

)
(λ)

for every λ ∈ R.
• If f1(RS

(
(ρl, vl), (ρr, vr)

)
(0)) > q, then

RSq2
(
(ρl, vl), (ρr, vr)

)
(λ) =

{
RS

(
(ρl, vl), (ρ̂, v̂)

)
(λ), if λ < 0,

RS ((ρ̌2, v̌2), (ρr, vr)) (λ), if λ > 0.

Several properties of the above Riemann solvers were studied in [11]. In particular, RSq1 satisfies a maximum
principle property on the second Riemann invariant w = v + p(ρ), while RSq2 induces a lower increase in the
total variation of the density ρ, the generalized momentum ρ(v + p(ρ)) and the velocity v. Also, finite volume
numerical schemes derived from Godunov’s were designed both for RSq1 and RSq2.

4.3. Moving bottlenecks

The presence of slow large vehicle (e.g. a bus) that reduces the road capacity and generates a moving
bottleneck for the surrounding traffic flow can be modeled with a PDE-ODE coupled system consisting in a
scalar conservation law representing the traffic flow with a density constraint at the bus position and an ODE
describing the slower vehicle trajectory:

∂tρ+ ∂xf(ρ) = 0, x ∈ R+, t > 0,
ρ(0, x) = ρ0(x), x ∈ R,
ρ(t, y(t)) ≤ αR, t > 0,
ẏ(t) = ω(ρ(t, y(t)+)), t > 0,
y(0) = y0.

(26)

Above ρ = ρ(t, x) ∈ [0, ρmax] is the scalar conserved quantity denoting the mean traffic density and R is the
maximal density allowed on the road. The flux function f(ρ) : [0, R] → R+ is given by the usual flux-density
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relation f(ρ) = ρv(ρ), where v is set to be v(ρ) = V (1− ρ
R ), with V the maximal velocity allowed on the road.

The function y = y(t) represents the slower vehicle position, which moves with a speed

ω(ρ) =

{
Vb if ρ ≤ ρ∗ .= R(1− Vb

V ),
v(ρ) otherwise.

Hence, the slower vehicle moves with a constant speed Vb < V as long as it is not slowed down by the downstream
traffic conditions. At this point it will move at the same speed of the main traffic.
The coefficient α ∈ ]0, 1[ gives the reduction rate of the road capacity due to the presence of the large vehicle.
Notice that the density constraint in (26) is equivalent to the corresponding constraint on the flux

f(ρ(t, y(t)))− ẏ(t)ρ(t, y(t)) ≤ fα(ρα)− ẏ(t)ρα
.
= Fα.

where fα(ρ) = ρ
(
1− ρ

α

)
and ρα = α

2 (1− Vb). When the constraint is active, the bus velocity satisfies ẏ(t) = Vb.
The definition of the corresponding weak solutions and Riemann solver, as well an existence result are

provided in [8]. A finite volume numerical method is also proposed in [9]. (More details are provided in another
contribution of the same volume.)
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