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A FICTITIOUS DOMAIN APPROACH FOR FLUID-STRUCTURE
INTERACTIONS BASED ON THE EXTENDED FINITE ELEMENT METHOD. ∗

Sébastien Court 1 , Michel Fournié 2 and Alexei Lozinski 3
Abstract. In this work we develop a fictitious domain method for the Stokes problem which allows
computations in domains whose boundaries do not depend on the mesh. The method is based on the
ideas of Xfem and has been first introduced for the Poisson problem. The fluid part is treated by
a mixed finite element method, and a Dirichlet condition is imposed by a Lagrange multiplier on an
immersed structure localized by a level-set function. A stabilization technique is carried out in order
to get the convergence for this multiplier. The latter represents the forces that the fluid applies on
the structure. The aim is to perform fluid-structure simulations for which these forces have a central
role. We illustrate the capacities of the method by extending it to the incompressible Navier-Stokes
equations coupled with a moving rigid solid.

Résumé. Dans ce travail nous développons une méthode de type domaines fictifs pour le problème de
Stokes permettant des calculs dans des domaines indépendants du maillage. La méthode est basée sur
les idées de Xfem et a d’abord été introduite pour le problème de Poisson. La partie fluide est traitée
avec une méthode éléments finis mixte, et une condition de Dirichlet est imposée par un multiplicateur
de Lagrange sur une structure immergée localisée par une fonction level-set. Une technique de stabilisation est mise en oeuvre pour obtenir la convergence de ce multiplicateur. Ce dernier représente les
forces que le fluide exerce sur la structure. L’objectif est de réaliser des simulations fluide-structure
pour lesquelles ces forces ont un rôle central. Nous illustrons les capacités de la méthode en l’étendant
aux équations de Navier-Stokes incompressibles couplées avec un solide rigide en mouvement.

Introduction
The development of efficient numerical methods for the simulation of fluid-structure interaction problems is a
great challenge. On one hand some methods are based on meshes which fit to the geometry of the computational
domain, like in [11, 18, 19] for instance. In that case re-meshing is necessary when the geometry is led to evolve,
which can be greedy in resources, especially for complex problems. On the other hand numerical methods
consider meshes with a fictitious domain approach where the mesh is cut by boundaries. Let us cite the Immersed
Boundary Method (see [16]) for which force terms are added on a boundary representing the fluid-structure
∗

This work is partially supported by the ANR-project CISIFS: 09-BLAN-0213-03, and the foundation STAE in the context of
the RTRA platform SMARTWING. It is in particular based on the use of the Getfem++ library [17], and thus on collaborative
efforts with Yves Renard.
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interface. Let us also mention the Lagrange multiplier method, carried out for the displacement of rigid solids in
incompressible fluids (see [10]). In this approach the velocity of the fluid is extended inside the solid by taking
the values of the velocity of the latter. More recently the eXtended Finite Element Method (Xfem in abbreviated
form) developed by Moës, Dolbow and Belytschko in [13] for cracked domains problems (see [5, 9, 14, 20] for
instance) has been applied to fluid-structure interaction problems. It is based on a representation by level-set of
the boundary (originally the crack) and on the enrichment of a finite element space by singular functions near
the boundary.
In the framework of fluid-structure interactions, the difficulty that present the techniques aforementioned lies
in the choice of the Lagrange multiplier associated with the boundary conditions taken into account at the
interface, because of the fact that the latter cuts the mesh. Moreover, our concern requires that this multiplier
space has to satisfy an inf-sup condition which leads to a good approximation of the multiplier. Indeed, the
multiplier associated with the Dirichlet condition (which is imposed by the equality of velocities) is the normal
trace of the Cauchy stress tensor σ(u, p)n at the interface, and represents nothing else the force that the fluid
exerts on the structure. Thus getting the convergence of this quantity is a crucial point. The method we develop
has been first introduced in [6] for the Poisson problem, and then adapted to the Stokes problem in [7], which is
the keystone of problems involving viscous incompressible fluids, notably the full incompressible Navier-Stokes
equations. It is based on the ideas of Xfem, but it combines a fictitious domain approach with a stabilization
technique for the convergence of σ(u, p)n. Note that the alternative methods based on the work of Nitsche [15]
(see [3, 4, 12] for instance) do not introduce the Lagrange multiplier and so do not necessarily provide a good
approximation of this force.
The paper is organized as follows: In section 1 we present the Stokes problem we consider and the extended
variational formulation associated with the search of a weak solution to this system. Then in section 3 we describe
the fictitious domain approach we develop and we give a theoretical result dealing with the convergence for the
complete method. The robustness of the method with respect to the geometrical configurations is highlighted
in section 3. Section 4 is devoted to more complex numerical simulations involving the Navier-Stokes equations
coupled with a moving rigid solid, before conclusion.

1. Framework
Given a bounded domain O ⊂ R2 , we consider a solid immersed in a viscous incompressible fluid and
occupying a domain denoted by S (with boundary denoted by Γ). The surrounding fluid occupies the domain
F = O \ S (see Figure 1).

∂O
F

S

n
←−
∂S = Γ

The velocity of the fluid u and its pressure p are
assumed to satisfy the following Stokes problem


 −ν∆u + ∇p = f in F,

div u = 0 in F,
u = 0 on ∂O,



u = g on Γ,
2

with f ∈ L (F), g ∈ H

1/2

Z
g · ndΓ = 0.

(Γ), and
Γ

Figure 1. Domains for the fluid and the solid.
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The Dirichlet condition on the interface Γ is nonhomogeneous. The purpose of this work is to impose this
condition via a multiplier, and to get a good approximation of the latter for a geometry independent of the
mesh. This multiplier represents the normal trace of the Cauchy stress tensor, that is to say
λ(u, p) = σ(u, p)n = 2νD(u)n − pn, where D(u) =


1
∇u + ∇uT .
2

The vector n denotes the outward unit normal vector to ∂F (see Figure 1). A weak solution of the Stokes
system written above can be viewed as a saddle point of the following Lagrangian functional
Z
Z
Z
Z
2
L0 (u, p, λ) = ν
|D(u)| dF −
pdiv udF −
f · udΓ − λ · (u − g)dΓ.
F

F

F

Γ

In order to stabilize the convergence for the multiplier λ associated with the Dirichlet condition on Γ, we carry
out an augmented Lagrangian method, like the one initially introduced in [1, 2]. It consists in adding to the
Lagrangian functional introduced above a quadratic term, as follows
Z
γ
2
|λ − σ(u, p)n| dΓ.
L(u, p, λ) = L0 (u, p, λ) −
2 Γ
The coefficient γ > 0 will be chosen later on. We introduce the following functional spaces

V =
v ∈ H1 (F) | v = 0 on ∂O ,


Z
2
2
Q = L0 (F) = p ∈ L (F) |
p dF = 0 ,
F

W

=

−1/2

H



1/2

(Γ) = H

0
(Γ) .

and we consider the variational problem derived from the Lagrangian L as follows:1
Find (u, p, λ) ∈ V × Q × W such that

∀v ∈ V,
 A((u, p, λ); v) = L(v)
B((u, p, λ); q) = 0
∀q ∈ Q,

C((u, p, λ); µ) = G(µ),
∀µ ∈ W,
where
Z

Z
Z
D(u) : D(v)dF −
pdiv vdF − λ · vdΓ
F
F
Z
Z Γ
Z
2
−4ν γ (D(u)n) · (D(v)n) dΓ + 2νγ p (D(v)n · n) dΓ + 2νγ λ · (D(v)n) dΓ,
Γ
Γ
Γ
Z
Z
Z
Z
B((u, p, λ); q) = −
qdiv udF + 2νγ q (D(u)n · n) dΓ − γ pqdΓ − γ qλ · ndΓ,
Γ
Γ
ZF
Z Γ
Z
Z
C((u, p, λ); µ) = − µ · udΓ + 2νγ µ · (D(u)n)dΓ − γ p(µ · n)dΓ − γ λ · µdΓ,
Γ
Γ
Γ
Z Γ
Z
L(v) =
f · vdF,
G(µ) = − µ · gdΓ.

A((u, p, λ); v)

=

2ν

F

Γ

1Note that we should assume some additional smoothness in the expression of L to make sense, for example u ∈ H2 (F ),
0
p ∈ H1 (F ), λ ∈ L2 (Γ). The exact solution normally has this smoothness provided that f ∈ L2 (F ) and g ∈ H3/2 (Γ).
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2. Description of the method
2.1. Fictitious domain approach
The fictitious domain for the fluid is considered on the whole domain O. Let us introduce three discrete
finite element spaces, Ṽh ⊂ H1 (O), Q̃h ⊂ L20 (O) and W̃h ⊂ L2 (O). Since O can be a rectangular domain,
these spaces can be defined on the same structured mesh, that can be chosen uniform (see Figure 2). The
construction of the mesh is highly simplified (no particular mesh is required). We set
Ṽh

=

o
n
vh ∈ C(O) | vh|∂O = 0, vh|T ∈ P (T ), ∀T ∈ T h ,

(1)

where P (T ) is a finite dimensional space of regular functions such that P (T ) ⊇ Pk (T ) for some integer k ≥ 1.
For more details, see [8] for instance. The mesh parameter stands for h = max hT , where hT is the diameter
T ∈T h

of T . We define
h
Vh := Ṽ|F
,

Qh := Q̃h|F ,

h
Wh := W̃|Γ
,

which are natural discretizations of V, L2 (F) and H−1/2 (Γ) respectively. This approach is equivalent to
eXtended Finite Element Method as proposed in [5] or [9] where the standard Finite Element Method basis
functions are multiplied by the Heaviside function (H(x) = 1 for x ∈ F and H(x) = 0 for x ∈ O \ F) and the
products are substituted in the variational formulation of the problem. Thus the degrees of freedom inside the
fluid domain F are used in the same way as in the standard Finite Element Method, whereas the degrees of
freedom in the solid domain S at the vertices of the elements cut by the interface (the so called virtual degrees
of freedom) do not define the field variable at these nodes, but they are necessary to define the fields on F and
to compute the integrals over F. The remaining degrees of freedom, corresponding to the basis functions with
support completely outside of the fluid, are eliminated (see Figure 2). We refer to the papers mentioned above
for more details.

Figure 2. Mesh on a fictitious domain. In the first figure: Standard degrees of freedom (black),
virtual ones (red), remaining ones are removed. In the second figure: Bases nodes used for the
multiplier space (yellow).
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2.2. The discrete stabilized formulation
Let us choose γ = γ0 h, where the constant γ0 > 0 has to be chosen sufficiently large for stabilizing, but not
too much in order to keep the system coercive. The discrete problem can be rewritten in the following compact
form:
Find (uh , ph , λh ) ∈ Vh × Qh × Wh such that
M((uh , ph , λh ); (vh , q h , µh )) = H(vh , q h , µh ),

∀(vh , q h , µh ) ∈ Vh × Qh × Wh ,

where
Z
M((u, p, λ); (v, q, µ))

Z

Z

D(u) : D(v)dF − (pdiv v + qdiv u)dF − (λ · v + µ · u)dΓ
F
Γ
Z
−γ0 h (2νD(u)n − pn − λ) · (2νD(v)n − qn − µ) dΓ,
Γ
Z
Z
=
f · vdΓ − µ · gdΓ.

=

2ν

F

H(v, q, µ)

F

Γ

2.3. Convergence
Let us give some assumptions we need for stating an important theoretical result (See [7], section 4.2):
A1: For all vh ∈ Vh one has2
hkD(vh )nk2L2 (Γ)

≤ Ckvh k2V .

A2: For all q h ∈ Qh one has
hkq h k2L2 (Γ)

Ckq h k2L2 (F ) .

≤

A3: One has the following inf-sup condition for the velocity-pressure pair of finite element spaces
inf

q h ∈Qh

sup
vh ∈V0h

b(vh , q h )
kq h kL2 (F ) kvh kV

≥ C.

Lemma 1. Under assumptions A1–A3 given above, there exists for γ0 small enough a mesh-independent
constant c > 0 such that
inf

sup

(uh ,ph ,λh )∈Vh ×Qh ×Wh (vh ,q h ,µh )∈Vh ×Qh ×Wh

M((uh , ph , λh ); (vh , q h , µh ))
|||uh , ph , λh ||| |||vh , q h , µh |||

≥

C,

where the triple norm is defined by

|||u, p, λ||| =

kuk2V

+

kpk2L2 (F )

+

hkD(u)nk2L2 (Γ)

+

hkpk2L2 (Γ)

+

hkλk2L2 (Γ)

1
+ kuk2L2 (Γ)
h

1/2
.

A consequence of this lemma is the following abstract error estimate
max(ku − uh kV , kp − ph kL2 (F ) , hkλ − λh kL2 (Γ) ) ≤ |||u − uh , p − ph , λ − λh |||


≤ C hku kukHku +1 (F ) + hkp +1 kpkHkp +1 (F ) + hkλ +1 kλkHkλ +1/2 (Γ) ,
where ku , kp and kλ are the degrees of finite elements used for velocity, pressure and multiplier λ respectively.
2We denote by C a generic positive constant which does not depend on the mesh size h.
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3. Robustness with respect to the geometry
In a framework where the solid will be led to move in the fluid domain, we need to consider different types
of intersection between the level-set and the regular mesh, and then examining the behavior of our method.
For instance we can compute the L2 (Γ) relative errors on the multiplier λ, for different positions of the center
of the solid, with and without the stabilization technique. The perspective is to anticipate the behavior of the
method in an unsteady case, and these tests enable us to avoid to handle in a first time the complexity of a full
unsteady problem.
For h = 0.05 and the finite elements triplet P2/P1/P0, we consider the solid as a circle, and we make the
abscissa of the center of the circle - denoted by xC - vary between 0.5 and 0.7 (with a step equal to 0.0005) in a
box [0, 1] × [0, 1]. The variations of the relative error (in %) on λ are represented in blue (without stabilization)
and in red (with stabilization).
6
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5

L2 relative error (in %) on λ
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4
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2
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0.5
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0.6

0.62

0.64

0.66

0.68

0.7

xC
Figure 3. Behavior of the L2 (Γ) relative error on λ (in semi-log scale), in red with the stabilization technique (with γ0 = 0.05), in blue without.
In these tests the relevance of our approach using the stabilization technique is underlined when the intersection between the level-set and the mesh varies. Without stabilization the errors are huge in many cases (see
the curve in blue), whereas the robustness of the stabilization technique is demonstrated with regards to the
constancy of the relative errors (see the curve in red).

4. Application to a fluid-structure interaction problem:
Free fall of an ellipse
In order to illustrate our main purpose, that is to say performing numerical tests of fluid-structure problems for
time-depending geometries, we propose to simulate the free fall of an ellipsoidal solid, in a viscous incompressible
fluid, submitted to its own weight, to the forces that the surrounding fluid applies on its surface (represented
by the quantity λ = σ(u, p)n), and to the Archimedes force.
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4.1. Description of the model
While moving, the solid occupies a time-depending time domain S(t). The remaining domain F(t) = O \S(t)
is the one occupied by the fluid flow. The displacement of the rigid solid can be represented by a Lagrangian
mapping XS given by
S(t)

=

XS (S(0)),

XS (y, t)

=

h(t) + R(t)(y − h(0)),

y ∈ S(0),



c −s
,
s c
with c = cos(θ(t)) and s = sin(θ(t)). The Reynolds number we choose to consider here is intermediate, which
means that the fluid has to obey the incompressible Navier-Stokes system
where h(t) is the position of the gravity center of the solid, and R(t) is a rotation written is 2D as

∂u
− ν∆u + (u · ∇)u + ∇p = 0,
∂t
div u = 0,

x ∈ F(t),

t ∈ (0, T ),

x ∈ F(t),

t ∈ (0, T ),

to which we add Dirichlet conditions, in particular the one imposed by the equality of velocities at the fluid-solid
interface ∂S(t):
u = 0,
0

u = h (t) + ω(t) ∧ (x − h(t)),

x ∈ ∂O,
x ∈ ∂S(t),

t ∈ (0, T ),
t ∈ (0, T ).

The quantity ω = θ0 denotes the angular velocity of the solid. Note that the quantities h and θ are also
unknowns of the problem. Their dynamics is coupled with the fluid forces by the Newton laws given by
Z
mh00 (t) = −
σ(u, p)ndΓ − mg + ma g,
t ∈ (0, T ),
∂S(t)
Z
0
(Iω) (t) = −
(x − h(t)) ∧ σ(u, p)ndΓ,
t ∈ (0, T ),
∂S(t)

where m, I denote the mass and the inertia moment of the solid respectively, g is the gravity field and ma
comes from the Archimedes’ principle corresponding to the fluid mass displaced by the volume of the solid.
The initial velocities are chosen to be equal to zero, as well for the fluid as for the solid. The latter is dropped
in a box [0, 1] × [0, 2.5] while being inclined of an angle θ0 equal to 1.40 rad. (see Figure 4). The dimensions of
its semi-major axis and semi-minor axis are respectively
a = 0.24,

b = 0.08.

The viscosity of the fluid and the mass of the solid are respectively chosen as
ν = 1.00,

m = 20.0.

The mesh on the whole domain is triangular and based on 40 subdivisions in horizontal direction and 100
subdivisions in vertical direction. For the triplet (u, p, λ), we choose the classical finite element P2/P1/P0 and
the stabilization parameter γ = h × γ0 for γ0 = 0.05.

4.2. The discrete problem
If the degrees of freedom of uh , ph and λh are represented by the vectors U , P and Λ respectively, the
discrete problem can be formulated as follows

ESAIM: PROCEEDINGS AND SURVEYS
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dU (t)
+ Auu U (t) + N (U (t))U (t) + Aup P (t) + Auλ Λ(t) = 0,
dt
ATup U (t) + App P (t) + Apλ Λ(t) = 0,
ATuλ U (t) + ATpλ P (t) + Aλλ Λ(t) = G,
mh00 (t) = Mλ Λ(t) − mg + ma g,


Iθ00 (t) = Mλ (x − h(t))⊥ · Λ(t) ,

where the matrices which appear above are discretizations of the following mappings
Z
Z
Muu : (u, v) 7−→
u.vdF,
Mλ : λ 7−→ −
λdΓ,
F
∂S(t)
Z
Z
Auu : (u, v) 7−→ 2ν
D(u) : D(v)dF − 4ν 2 γ (D(u)n) · (D(v)n) dΓ,
Γ
ZF
Z
Aup : (v, p) 7−→ −
pdiv vdF + 2νγ p (D(v)n · n) dΓ,
ZF
Z Γ
Auλ : (u, λ) 7−→ − λ · vdΓ + 2νγ λ · (D(v)n) dΓ,
Γ
Γ
Z
Z
App : (p, q) 7−→ −γ pqdΓ,
Apλ : (q, λ) 7−→ −γ qλ · ndΓ,
Γ
ZΓ
Aλλ : (λ, µ) 7−→ −γ λ · µdΓ,
Γ

and the vector G is the discretization of G. The
Z term N (U (t))U (t) is a matrix depending on the velocity
corresponding to the nonlinear convective term
[(u · ∇)u] · vdF.
F

4.3. Time discretization and treatment of the nonlinearity
We consider an implicit time discretization based on the backward Euler method. We denote by U n+1 the
solution at the time level tn+1 and dt = tn+1 − tn is the time step. Particular attention must be done for a
moving particle problem. Indeed, at the time level tn+1 the solid occupies the domain S(tn+1 ) which is different
of the previous time level tn . Thus the field variable at time tn+1 can become undefined near the interface
where there was no fluid flow at time tn (S(tn+1 ) 6= S(tn ) for the solid and F(tn+1 ) 6= F(tn ) for the fluid).
Some degrees of freedom (inside the solid) which are not considered at time tn have to be taken into account
at time tn+1 . In particular the velocity field must be known in such nodes. In this work we impose the velocity
to be equal to the motion of the solid.
Let us give the algorithm which enables us to compute at the time level tn+1 the solution on F(tn+1 ) represented by (U n+1 , P n+1 , Λn+1 , h0n+1 , hn+1 , θ0n+1 , θn+1 ). Note that at the time level tn we have access to
(U n , P n , Λn , h0n , hn , θ0n , θn ) on F(tn ).
1– We compute (h0n+1 , θ0n+1 ) such that
h
i
h0n+1 − h0n
θ0n+1 − θ0n
= Mλ Λn − mg + ma g,
I
= Mλ (x − hn )⊥ · Λn .
dt
dt
2– We complete the velocity U n defined on F(tn ) to the full domain by imposing the velocity on each node of
S(tn ) equal to h0n+1 + θ0n+1 (x − hn )⊥ .
3– We update the geometry to determine F(tn+1 ) by computing (hn+1 , θn+1 ) such that
h
i
hn+1 − 2hn + hn−1
θn+1 − 2θn + θn−1
n
n ⊥
n
m
=
M
Λ
−
mg
+
m
g,
I
=
M
(x
−
h
)
·
Λ
.
a
λ
λ
dt2
dt2
m
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4– We compute the Dirichlet condition for the velocity at the new interface Γ = ∂S(tn+1 ). So we determine Gn+1
from un+1
= h0n+1 + θ0n+1 (x − hn+1 )⊥ .
Γ
5– Finally, we find (U n+1 , P n+1 , Λn+1 ) such that
Muu

U n+1 − U n
+ Auu U n+1 + N (U n+1 )U n+1 + Aup P n+1 + Auλ Λn+1 = 0,
dt
ATup U n+1 + App P n+1 + Apλ Λn+1 = 0,
ATuλ U n+1 + ATpλ P n+1 + Aλλ Λn+1 = Gn+1 .

At this stage, the solution of the resulting nonlinear algebraic system is achieved by a Newton technique.

4.4. Simulation
For a time step chosen to be equal to 10−3 , the amplitude of the velocity and the evolution of the solid (its
position and its orientation) is represented in Figure 4.

t=0

t = 0.071

t = 0.131

t = 0.191

t = 0.251

t = 311

t = 371

t = 431

t = 491

t = 551

Figure 4. Fall of the solid.
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In this simulation, we observe that the ellipse starts with straightening up and recentering in the channel,
before turning over. Note that the good behavior of its dynamics would not be possible without in particular
the stabilization technique which provides a good approximation of the forces exerted by the fluid.

5. Conclusion
In this work we have considered a fictitious domain method based on the ideas of Xfem, combined with
a stabilization technique, and that we have applied to a Stokes problem and the Navier-Stokes equations
coupled with a moving solid. The interest of this method lies mainly in two points: First the simplicity of the
implementation, since all the variables (primal variables and multipliers) are defined on a single mesh which
is independent of the computational domain. Secondly the robustness with regards to the computation of the
normal trace of the Cauchy stress tensor whatever the way the computational domain cut the mesh. This second
point is crucial in fluid-structure interaction models, because of the importance of the role played by the fluid
forces. Applications to the simulation of the swim of deformable solids, applications in 3D and adaptation to
other models constitute works in progress.
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[16] C. S. Peskin, The immersed boundary method, Acta Numerica, 11 (2002), pp. 1–39.
[17] Y. Renard, J. Pommier, Getfem++. An open source generic C++ library for finite element methods,
http://home.gna.org/getfem/
[18] J. San Martı́n, J.-F. Scheid, T. Takahashi, M. Tucsnak, Convergence of the Lagrange-Galerkin method for the equations
modelling the motion of a fluid-rigid system, SIAM J. Numer. Anal. 43 (2005), no. 4, pp. 1536–1571.
[19] J. San Martı́n, L. Smaranda, T. Takahashi, Convergence of a finite element/ALE method for the Stokes equations in a
domain depending on time, J. Comput. Appl. Math. 230 (2009), no. 2, pp. 521–545.
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