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Abstract. In this survey paper we present the Main Theorems related to the generalized Dhombres
equation in the complex domain. We discuss the local as well as the global theory. This includes
formal, local analytic, entire and meromorphic solutions.

Résumé. Dans cet article, nous synthétisons les principaux résultats concernant les équations de
Dhombres généralisées dans le plan complexe. Nous étudions la théorie locale et globale. Nous con-
sidérons donc, entre autres, les solutions formelles, localement analytiques, entieéres et méromorphes.
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INTRODUCTION

The generalized Dhombres functional equation in the complex domain is given by

f(zf(2) = o(f(2)), (GDh,p)

where the function ¢ is known and f is unknown. (GDh,p) belongs to the class of iterative functional equations
(see [7] for a survey on these equations). The main difficulty in solving such equations comes from the fact
that the unknown function f or an expression containing f is substituted into f. For a complex variable z and
analytic functions ¢ and f, this equation was first considered by L. Reich, J. Smital and M. Stefankovd in [14]
in the year 2005. The origin of this equation dates back to 1975. As it is indicated in the equation’s name, J.
Dhombres was the one who introduced this equation in the year 1975 in [2], and four years later in [3]. In the
previous years the generalized Dhombres equation was also investigated for a real variable. Here we mention P.
Kahlig and J. Smital and we refer the reader to the article [12] and the references given there.

In this survey paper we want to describe, as the title displays, the so called local problem as well as the
global problem for a complex variable. Motivated by the classical theory of ordinary differential equations in
the complex domain (see [6]) we start by investigating the local problem from which we try to obtain some
conclusions for the global problem. For the local problem we mainly use the method of formal power series, but
also representations involving infinite products and so on. For the global problem clearly also other arguments
are necessary. The remaining part of this introduction is used to give a short overview on both problems.

The local problem is given as follows.
Let D be a region in C, wg € D, and let ¢: D — C be holomorphic. Let zp € C. By a local analytic solution of

f(z2f(2) = ¢(f(2)) (GDh,p)

we mean a function f, holomorphic in a neighbourhood {z: |z — zo| < €(f)} of zg, such that f(z9) = wo and
such that (GDh,y) holds for all z with |z — 2| < €(f). €(f) may depend on the particular solution f.

The global problem is decribed by the following setting.

Let D be a region in C, wy € D and let ¢p: D — C be holomorphic. Assume that G is a region in C, zy € G.
Does there exist a holomorphic function f: G — C such that f(z9) = wy and such that f fulfills (GDh,y) for
all z € G? Then we call f a global solution of (GDh,p). If f is a global solution the restriction

f|B€(Z0)
is a local analytic solution of (GDh,p) for every sufficiently small .
It is difficult to find regions G and functions ¢ for which the global problem has non-constant solutions.

The formal solutions.
We use the following method, which consists in parts of some well sophisticated transformations, to compute
formal solutions. Let f be a local analytic solution of (GDh,p) with f(z9) = wg. Then we can write f(z) =
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wp + g(z), where g is holomorphic at zg and g(z9) = 0. Then ¢ is given by p(y) = ¢(wo) + @(y — wy), ¢(0) = 0,
z = zp + €. Introducing h(¢) = g(z), h(0) = 0 gives us

(GDh,p) & h(zowo — 20 + wo( + 20h(C) + Ch(C)) = ¢(wo) — wo + G(h(C))

in a neighbourhood of 0. We may there consider the Taylor expansions of h and @ at 0. Only if zgwg — 29 = 0,
we get a relation which makes sense as a relation for formal power series, since then substitution of wo( +
20h(C) + Ch(C) into h is defined. We have ¢(wg) = wo and

0=zowyg—20 & z90=0,wy €Corz €C\{0},wy=1.

Also the situations f(co0) = oo and f(o0) = wg € C\ {0} are accessible to formal power series methods, see [25].

Transformations of (GDh,p) in the case f(0) = wy € C.
Necessary conditions for the existence of non-constant analytic solutions are:

(1) If f(0) =0, f # 0, then there exists a k € N, ¢, € C\ {0} such that

f(2) =cpzt 4 ...
and as consequence of (GDh,p) oy) =yt + dpay T2+

in a neighbourhood of 0. This was the first transformation of such a type. It was introduced in [14].
(2) If f(0) = wo € C\{0}, f # wo, then there exists a k € N, g holomorphic at 0, such that f(z) = wo+g(z),
ordg = k and

ga(y) = wé“y (mod yz)a 90(100) = wWo
(GDh,p) & g(z(wo + g(2)) = ¢(g(2))-

This was published in [16].

Later on transformations for the cases where f(z9) = 1 for zp # 0 and for solutions f of (GDh,y) in a
neighbourhood of infinity were used. They are given in [22] and in [25] for the ”infinity” situation.

At the end of this introduction we want to give a short description of the definitions which are used in this
article. By E we denote the set of the complex roots of one, C[z] = {F: F(2) = o + 1z + 22 + ...} with
usual addition, multiplication and substitution is the ring of formal power series. The order of a non trivial
series I € C[z] is defined by

ord F' := min{v € N: 3, # 0}

and one sets oo for the order of the trivial series. The group I'y together with substitution is defined by
I'y = {F: F €C[z] and F(z) = z (mod 2?)} and it is a subgroup of I = {F: F € C[] and F(z) = az +...}.
For a systematic introduction of formal power series see [1] or [5].

1. FORMAL AND LOCAL ANALYTIC SOLUTIONS

In this section we discuss the local problem. For all known initial values of a solution f of (GDh,p) we
present formal but also local analytic results.
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1.1. f(0) = 0. The Béttcher case

The results of this section concerning the generalized Dhombres equation can be found in [14], in [11] the
theory on Bottcher functional equations is provided. We start with an existence theorem. One of the most
beautiful outcomes in the whole theory is the existence of a so called generator function gy, which allows us in
many cases to write all solutions of (GDh,p) in a convenient way, as we will see in the first theorem. Let us
also mention here, that various generators will accompany us through this article. For all solvable equations
(GDh,y) there exists a set of solutions of the form

{go(ckzk): cr € (C}, where gg # 0,
but in some cases (Theorem 1.20) the set of all solutions is strictly larger. Nevertheless, also in this situation

the description of the general solution is based on the subset of solutions given by a ”subgenerator” go.

Theorem 1.1 (Existence and structure theorem, formal part). Let ¢(y) € Cly], f(2) € C[z], ord f = k > 1,
then the following holds.

(1) The generalized Dhombres equation

f(zf(2)) = o(f(2)) (GDh,p)

has a non constant solution f € C[z] if and only if

o(y) = " F dpyoy i+ (1)

holds.

(2) If o(y) has the form (1) (for a k € N), then the set L, of all formal solutions of (GDh,p) with f(0) =0
can be described as follows:
There exists a go € Cly], go(y) =y + ..., uniquely determined by ¢, such that

L,=1{f: feC[], f(z) = Go(ckz"),cr € C}. (2)

Jo is called the generator of (GDh,yp).
(3) If go is the generator of (GDh,p), then

o) =90y 30 (¥)), (3)

and hg = go—l is the unique solution of

(4)

Naturally after the complete description of formal solutions, we are interested in local analytic ones. The
following theorem is devoted to this topic.

Theorem 1.2 (Local analytic solutions). Let ¢(y) € Cly], f(z) € C[z], ordf = k > 1 and assume that
o(y) = y* T + dpyoy*t2 + ... is holomorphic at y = 0. Then the following holds true.

(1) All series f of the set (2) are convergent, hence yield local analytic solutions of (GDh,yp).

(2) In particular, the generator go of (GDh,p) is convergent. If (GDhyp) has one non-constant local
analytic solution f with f(0) = 0, then all such formal solutions are convergent. (Clearly (3) and (4)
hold for local analytic functions).
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Sketch of the proof of Theorem 1.1 and Theorem 1.2. Let ¢ be given by ¢(y) = y* ! + dp oy 2 +... (k> 1).
Then there exists exactly one function B,, B,(y) =y + ... such that

o(y) = B, (By(y)™ ), (5)

the function B, is called Béttcher function of ¢. We define g :== B, o f (ordg = k). By (5) and (GDh,p) we
obtain

(GDhyp) & g(=B,"(9(2)) = g(2)" .
Write, without loss of generality g(z) = T(2)*, ordT = 1, U := T}, then

BZY(ZF)U(2) = U(ZF)

(GDh,p) < { ¢ (6)

ordU = 1.

(6) is a linear functional equation for U, but also a generalized Bottcher equation. (From the theory of Bottcher
functional equations it follows, that for u € C\ {0} there exists a unique solution U(u) = uz +.... If ¢ is
convergent, then each U is also convergent.)

In order to get the structure of the set of solutions £, we proceed as follows. We write U(z) = uzV(2),
V(z)=1+4...,,u#0. Then

BZ1(zF)
(GDhyp) & —F—"V(2) =V (z"F). (7)
B;'(z") k . . BZ(z")
We note that —#7— = 1+... € C[2"]. Now we take the formal logarithm Ln on both sides of (7), Ln —*3— =:
C(z%), InV =: X (ord X > 1, ord C' > 1). Hence we obtain
C(ZF) + X (2) = X (). (8)

27 27

Since the homogeneous equation to (8) has only the solution 0, the substitution z — e z shows that X (e z) =
X(z), hence X(z) = X(2*) for a series X, ord X > 1. Therefore we have

(GDhyy) & Cly) +X(y) = X(y**). 9

Equation (9) has the unique solution
X(y) = - i Cy*+o"). (10)
This converges, in the case of formal solutions, in tflzoorder topology (the convergence is very fast). If ¢ is

convergent, then (10) converges uniformly in each compact subset of a certain neighbourhood of 0, and hence
(10) is analytic. By transforming back we get

X(z)=—- i CN'(zk(k“)u)
v=0

and

Furthermore we obtain
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where 2V (z) € z(CL[zk]], which does not depend on u. We write U(z) = ulU(z) = (L, o U)(z), where U does not
depend on u and U(z) € 2C[z¥] NTy. One can show that

zene e ze||(2)]).

hence T'(2)F = g(z) € C[2*], and g(z) = go ((%)k) With f = B! oyg, - := ¢ we get the representation
f(2) = go(ck2®), cr. € C. where go(y) =y + ... is the same for all ¢, € C\ {0}. O

~
—~
I
~
Il
S
—_
—
I
~—
Il

Remark 1.3 (to Theorem 1.1 and Theorem 1.2). Under the hypothesis of these theorems we have:
To each ¢ € C there exists exactly one formal (resp. local analytic) solution f with

f(2) = e + ... (= Go(cr2")).

1.1.1. The converse problem

Let f with f(0) =0, ord f = k € N be given. When is this f a formal (resp. local analytic) solution of an
equation (GDh,¢)? The answer gives the following theorem.
Theorem 1.4. Let fy € C[z], ord fo = k € N. Then the following holds true.

(1) There exists ¢ € Cly] such that fy is a solution of (GDh,p) if and only if there exists g € C[z], with
ordg =1 such that

fo(z) = g(z"). (11)
(2) ¢ is uniquely determined by fo, and the generator of (GDh,p) is given by writing

fo(2) = Go (V=) (12)

if fo(z2) =2k 4., +0.

Remember equation (3), namely o(y) = go(y*d5* (v)).
v and go are convergent if and only if fo, satisfying (12), is convergent.

The solution of the converse problem for local analytic f leads to the important

Remark 1.5. Let gg be a series with go(y) = y + ..., which has a radius of convergence p(go) satisfying
0 < p(go) < +o0.

Take o(y) = §o(y*gy ' (y)) which is holomorphic at 0 and consider (GDh,y) with the generator go. Then

lim p(go(ckzk)) =0,

lek|— o0

hence the local analytic solutions of (GDh,y) do not have a common neighbourhood of 0 where they are defined
and satisfy (GDh,p).

1.1.2. (GDh,p) and Briot-Bouquet differential equations and iteration groups

In [14] also the connection between the generalized Dhombres equation and Briot-Bouquet differential equa-
tions as well as iteration groups was established. The following results deal with the set of solutions of the
respective connections. We start by introducing Briot-Bouquet differential equations, as a reference we men-
tion [6].
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A Briot-Bouquet differential equation is a differential equation of the form

zi—f = F(z,w(z))
w(0) =0

where F is holomorphic at (0,0), F(0,0) = 0. Let k¥ > 1 and ¢(y) = y**! + dp2y*T2 + ... holomorphic at
0. Then we have the following characterization of the connection between generalized Dhombres equations and
Briot-Bouquet differential equations.

Theorem 1.6. The set of all local analytic solutions L, of (GDh,p) (with the ¢ given above) is the set of all
local analytic solutions w with w(0) = 0 of the Briot-Bouquet differential equation

z%’ — kNo(w(2))

where
No(y) = 35" () - 90(3 ' (1)) (13)
with the generator go of (GDh,p).

The theory of Briot-Bouquet differential equations gives a converse result to Theorem 1.6.

Theorem 1.7. Let No(y) = y + ... be holomorphic at y = 0, k € N. Then there exists a unique convergent
series p(y) (= y* T + dp2y*+2 +...) such that the set L, of all local analytic solutions f, f(0) =0 of (GDh,p)
1s the same as the set of local analytic solutions w of

zd—w = kNo(w(2)), w(0) = 0.

dz

The generator go of this (GDh,p) is the unique solution of

ydo(y) = No(Go(v))s  Goly) =y +.... (14)

By a local change of coordinates it is possible to transform (14) to an Aczél-Jabotinsky differential equation.
Therefore let gy with go(y) =y + ... be given by (14). Then

No(2) - ¢'(2) = No(6(2)), #(0)=0, ¢#0 (15)
<
U = ¢o gy satisfies 20'(2) = No(¥(2)). (14)

(Conversely, if ¥ with U(0) = 0, ¥ # 0 fulfills (14), then ¢ := W o gy satisfies (15).) Equation (15) is an
Aczél-Jabotinsky differential equation, for the theory of this type of differential equations we refer the reader
to [9] and [10]. Tt is well known:

The set of all local analytic solutions ¢ with ¢(0) =0, ¢ # 0 of (15) forms an analytic iteration group of type I,
i.e. they form a solution (F(t,2)),cc with

F(t,z) =e'z + Z P,(e")2" (teC)

v>2

of the translation equation
F(t,F(s,2z)) = F(t+s,2) (t,s € C)
which is valid in a neighbourhood of z = 0 (depending on (¢, s)), the P,, v > 2 are universal polynomials. Ny

is the "infinitesimal generator” of (F(t,2)),cc; No(z) = % F(t,z)|,_o- This connection gives
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Theorem 1.8. Let o(y) = y* 1 + dipi2y* 2 + ... be holomorphic at y =0, k > 1. Then the following holds:

There exists a unique analytic iteration group (F(t,z)),cc, F(t,z) = e'z+ ..., such that the set of all non-zero
local analytic solutions of (GDh,p), L, \ {0}, is given by the series
[ (t,2) = F(t,50(z"))  (teC) (16)

where o is the generator of (GDh,p). The infinitesimal generator of (F'(t,2)),cc is given by

No(y) = 5" (v) - 3035 ' (v)- (13)
(F(t,2))scc s, in its standard form,
F(t,2) = Go(e'dy ' (2))-
We also have a converse result for iteration groups, namely

Theorem 1.9. Let k > 1 and let F(t,2) = etz + ... (t € C) be an analytic iteration group of type I with
convergent infinitesimal generator No(y) = % F(t,y)l,_o- Then there exists a unique (GDh,p) such that the
set of non-zero local analytic solutions L, \ {0} can be written as

frt2)=F(t.go(z"))  (t€C),

The generator Go of (GDh,p) is given by the standard form go(e*gy *(2)), (t € C) of (F(t, 2))sec
Remark 1.10. £, \ {0} is an abelian group under the operation x, defined by
_ 1
(fE* [ = [ (Go  (f2(NF)  (t,s€C).
(ff)tec satisfy a modified translation equation (see (16)).
1.1.3. Representations of the solutions involving infinite products

This section is devoted to solutions of the generalized Dhombres equation which can be represented by means
of infinite products. We use the series

X(y) = - i Cy* ) (10)
v=0

which was derived in the proof of Theorem 1.1 and Theorem 1.2, to obtain the following theorem.

Theorem 1.11. Let p(y) = y*+! + dpy2y*+2 + ... be holomorphic at y =0, k > 1 (resp. formal).
(1) Then the general solution f € L, \ {0} of (GDh,yp) is given by

k

L oo Zk‘(k—‘—l)" [71]
z)=B_ uz - e T ———
f(2) ® yl;[o By ' (k1))

where u € C\{0} and =Y denotes the substitutional inverse. These products converge in the order topol-
ogy (if formal solutions are considered) or uniformly in each compact subset of a certain neighbourhood
of 0.

(2) Define ¢ by ()% = o(2%), (2) = 2" + ..., then the general solution in L, \ {0} is

-1\ *
© ,IZ}VJrl P
ser= (oo T ]

where u € C\ {0} and ¢¥ is the v-th iterate of 1.
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1.1.4. Comparison of two (GDh,yp)

Let k > 1 and ¢;(y) = y* " +dp2y* 2 +..., j = 1,2, B,,, By, the Bottcher functions of ¢ and ¢s. Denote
by U,(u, z) the solution U;(u, z) = uz + ... of

{B¢1(zk)U(Z) =U(")

6
ordU =1 (6)

for ¢ = ¢;, 7 =1,2. Then

B,! <(U1<u, zﬂ”)k) — B (ﬁ ifﬁwﬂfmw, Z>[”> | (ueC\{0})
v=0 %2

is a bijection from the set Ly, \ {0} to the set L., \ {0}. Taking ¢1(y) = y**1, Uy (u, z) = uz we obtain Theorem
1.11 (1).

1.2. f(0) = wg, wo # 0, wg € E. The Schréder case

The Schroder case is described in [16], almost all results presented in this section are taken from there. For
the definition of a Siegel number the reader may consult [21].

Let us start with some transformations. From these transformations in this situation we have the necessary
conditions:
If f(z) =wo+ g(2), g(0) =0, ordg = k > 1, is a solution of (GDh,p), then we have v(wg) = wy,

G(y) = wiy + . .. (17)

with ¢(y) = wo + @¢(y — wo), and
9(z(wo + 9(2))) = ¢(9(2)) (18)
formally or in a neighbourhood of z = 0.

Remark 1.12. If wy € E, then k is uniquely determined from (17), furthermore
wy € E & wy ::wlg %E

The following theorem is well-known, that is why this section is called the Schroder case.

Theorem 1.13. Let wy € C\ E, ¢(y) = why +.... Then there exists ezactly one Sz, Sz(z) = z+... € Iy
such that

#(y) = 55 (w5 S5 (y))- (19)
Sg is the Schrdder function of ¢. If ¢ is local analytic, |w§| # 1 orwf is a Siegel number, then S is convergent.

If we define h := Sz o g, then

h(z(wo + 85 (A(2))) = wih(z)

20
ordh = k. (20)

(GDh,p) < {

We have the following theorem which deals with formal solutions. Again a generator, which makes it possible
to represent all solutions in a reasionable form, plays an important role.

Theorem 1.14 (Formal part). Let wy € C, wg # 0, wo # E. Assume ¢(y) = why + ... (with k € N),
w(wg) = wo. Then the following holds true.
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(1) The set L, of all formal solutions f, f(z) = wo + g(z), ordg = k, of (GDh,p) can be described as
follows:
There exists go, Go(y) =y + - .., uniquely determined by (@) such that

L, = {wo + Go(crz®): e € (C} ,

where Go is the generator of (GDh,p). To each ¢ € C there exists a unique solution f of (GDh,p)
with f(z) = wo + cp2® + . ...
(2) The generator go of (GDh,p) is given as unique solution go with go(y) = y + ... of the functional
equation
(wo+9)"35 ' (¥) = 35 ' (v)- (21)
We have
¢(y) = go((wo +9)*Go ' (1)) (22)

The interested reader may compare this with (3) and (4), which are the settings in the Bottcher case. For
local analytic solutions we obtain the following theorem.

Theorem 1.15 (Local analytic solutions). Let wy € C, wg # 0, wog # E. Assume ¢(y) = whky + ... (with
ke N), p(wo) =wo and @ convergent.

If lwo| # 1 or wy is a Siegel number, then all formal solutions of L, = {wo + Golcxz®): ex € (C} are convergent
and yield local analytic solutions of (GDh,p). In particular, go is convergent.

Remark 1.16. If 1 < |wg| < 1, then there exist representations of the solutions involving infinite products.
From (20) we come to the equation

Lu(l +wy ' Sp(y) + X(y) = X(woy)  (ord X > 1)

where S is the Schroder function of ¢.
If "iteration” of this linear equation is possible, we get with C(y) = Ln(1 + wy 'Sz (y))

Xy = - Cluly). (23)
v=0

The meaning of (23) is the following.

If 1 < |wg| < 1, then in the formal case the right hand side of (23) converges in the weak topology in C[y]
(coefficientwise), but not with respect to order; and if ¢ is local analytic at 0, then the right hand side converges
uniformly in each compact subset of a certain neighbourhood of 0. (23) leads to infinite products meaningful
in the respective topologies. The product representations can be found in [18], for a description of the weak
topology we refer the reader to [26].

1.3. f(0)=wo =1

This situation is investigated in [24]. Let wo = 1, then the function ¢ is given by @(y) = ¥y + ... =
y + doy? + . ... We have the following theorem.
Theorem 1.17 (wy = 1). (1) (GDh,y) has a non-constant formal solution f with f(0) = 1, f(2) = 1+g(z2),
ordg = k € N if and only if
Ply) =y+ky® (mod y*). (24)
Hence k is uniquely determined by .
(2) If ¢ has the form (24) with k € N, then there exists a unique go, go(y) =y + ... such that

ACLP = {1 +§0(ckzk): ck € (C} .
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The existence of convergent (local analytic) solutions is open, nevertheless [24] contains one example of a
convergent solution. Furthermore a partial answer to this is the following. There is a connection with covariant
embeddings of a linear functional equation with respect to an iteration group, see [4] which is usefull to prove
this theorem, namely we can apply the following idea.

Proving Theorem 1.17 we use the functional equation

1 Y SN Sy
ELH@'FLH(:[‘FQ) + X(y) = X(¢(y))

with ord X > 1. Then we define
~ 1 Y
C(y):= —Ln—— +Ln(1+y).
ko o(y)
Let (¢¢(y));cc be the unique embedding of ¢ into an analytic iteration group. Then there exists a unique
A(t,y) € Cly] with polynomials in ¢ as coefficients such that

o+ (y)) forallt e C

This system of equations yields a so called covariant embedding of the linear functional equation for X (men-
tioned above) with respect to the analytic iteration group (¢¢(y)),cc- Let H(y) be the infinitesimal generator
of (¢t),cc and define

LN

5 = K(y).

t=0
X(y) = /jggﬁdy.

Hence we have that gy is convergent, if K and H are convergent, K and H are given by .

Then

1.4. f(0) =wo € E, ordwy divides k

This special case of the initial values of the generalized Dhombres equation is investigated in [22]. We see
that we get a condition for the second coefficient of the function ¢.

Let us assume that ordwyg =1 > 2. We define wq := wlg, then

ordwg =

o

If wy is given, then k is determined modulo I, ged (k,1) does only depend on the residue class k& (mod ). For
the following theorem we assume that ord wg = [ > 2, wk =1 or wg = 1. This is equivalently to k = 0 (mod 1),
k € N. Then the theorem states as follows.
Theorem 1.18. Assume ordwy > 2, w§ =1 (k€N), ¢y) =y +....

(1) (GDh,yp) has a non-constant formal solution f with f(0) = wy, f(z) = wo+ g(z), ordg =k € N if and

only if
¢ly) =y +wy 'ky*  (mod y). (25)
(2) If ¢ has the form (25) with k € N, then there exists a unique go, §o(y) =y + ... such that

£<p = {ﬂ)o +§]0(ckzk): Cr € C} .

(3) k is uniquely determined by .
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1.5. f(0) = wp € E. The general case

The general case is described in [22] and [23]. There we can find a complete characterization of the generalized
Dhombres equations where the solutions take a root of one as value in 0. In this situation we have to distinguish
the cases where ¢ is linearizable and where it is not. For a linearizable ¢ again the Schréder equation is used,
otherwise if ¢ is not linearizable semicanonical forms are needed, they are described in the following theorem.
But before we consider this theorem, we want to specialise the setting of this section.

Let ordwg = | > 2. We define wy := w§, then again ordwg = m =:lp. Let ¢(y) =woy+ ... € Cly]NT
and let [y > 2. Then the following theorem on semicanonical forms holds true, for higher dimensions the reader
may consult [20].
Theorem 1.19. Let ¢ be given by ¢o(y) = woy + ... € Cly]NT, ordwy =1y > 2.

(1) Then there ezists a unique R € T'y, R(z) =y + ... such that

R 'y =y+ >,  p”
v#1 U(Zniod k)
and
N(y) = (RogoR ')(y) € yCly"] NT,
that is N(y) = woy + 61,1901 + ..., the semicanonical from of .

(2) If N(y) = woy, then @ is linearizable, and each semicanonical form of ¢ is linear.
(3) N(y) # woy, then there exists vy € N such that

N(y) = woy + Suro+1y° T + ...

where 041,41 7 0, v is the same for all semicanonial forms of .

1.5.1. ¢ s linearizable

We start with the linearizable situation, hence let ¢ be linearizable. Then according to Theorem 1.19 we
have

¢(y) = R (woR(y))
where

R =y+ > ot (Puos1 =0,p>1).

v>1

v#l (mod k)

The formal solutions of the situation where ¢ is linearizable are given by the following theorem.

Theorem 1.20 (Formal part). Let ordwg =1 > 2, wp := w(’)“ and ordwy = m =:1lgp > 2 and let ¢ be
linearizable. Then the following holds true:
(1) If (GDh,p) has a non-constant formal solution f with f(0) = wo, f(z) = wo + g(2), ord g(z) = k* for
one k* in the residue class k (mod 1), then it has such a solution for all members of this residue class.
(2) There exists a family of polynomials (Q/‘lo)uzl’ uniquely determined by ly, with the following property:
(GDh,p) has a non constant formal solution f, f(0) = wq, f(z) = wo + g(2), ordg € k (mod 1) if and
only if
pulo :Qulo(p27'-'aploaplg+27"'7pul071)7 MZ 1. (26>
(3) If the system (26) is satisfied, then the general solution of (GDh,p) with ¢(y) = R~ (woR(y)) can be
described as follows:
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Let X, be the unique solution with ord Xo>1 of

Lo(1 4wy 'R (y)) + Xo(y) = Xo(woy),
Xo(y) = Z gl/yya

v#Z0 (mod lp)

where Ln(1 +wy "R~ (y)) = 22020 (mod 1y) Ovy”s then the general solution is given by

wo + R™1 (({uz exp Xo(2F) - @(z)} [_1]>k> , ue C\ {0} (27)

where ©(z) is an arbitrary series of the form ©(z) =1+3_ -, 0,1,2"% € C[zl]. This representation
1S unique.

Remark 1.21. (1) In the situation of Theorem 1.20 we have as necessary and sufficient conditions for the
existence of non-constant formal solutions an infinite system of algebraic relations, namely (26).

(2) If (26) is satisfied we have a set of solutions which depends on the arbitrary function O(z) =14 ... €
C[z"] (see (27)).

(3) If we choose © = 1, then we obtain a subset of solutions which can also be given by a generator gy,
Joy) =y+...as {wo + Go(crz®): ep € (C}. (go can be seen as a "subgenerator” of L, it is valid for
each k from the residue class k (mod [)). This is not the only subset of £, which has a generator. Let
O(z) =1 +... € C[Z/] N C[2*], then the set of solutions

wo + R (({uz exp Xo(2%) - @(2)} [1])k> ) uwe C\ {0} (28)

has also a subgenerator.
(4) The system (26) can always be satisfied, since p, with v # 0 (mod lp), v Z 1 (mod ly) can be chosen
arbitrarily. Hence there exists a continuum of admissible $(y) = R~ (woR(y)).

For the convergence of the solutions we need the following (see [19]):

Let ¢(y) = R~ *(woR(y)) be convergent, where R~ (y) =y +>. .= p,y” € 1. Then R™! (and also R)
v#l (mod k)
may be chosen convergent. This leads to

Theorem 1.22 (Local analytic solutions). Let ordwy =1 > 2, wp := w§ and ordwg = m =:1y > 2 and let
@ be linearizable and convergent. Let ¢ (that is R™1) satisfy (26) and let R™' be convergent (which is possible).
(1) Then Xo(2*) from Theorem 1.20 (3) is convergent, hence all solutions

. =1\ *
wo + R7! (([uz exp Xo(2") - @(z)} > )
are local analytic.

(2) A solution of the form (27) is local analytic if and only if © is convergent.

We can ask whether it is possible to find @(y) = R~ (woR(y)) which is convergent and such that R satisfies
(26)? This gives a class of examples, see [22] and [23].

Example 1.23. Let wg € E, ordwg =1 > 2, k € N, wy = w§, ordwy = ly > 2. Then

oly) = ;f?éy
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can be linearized, as a Md&bius transformation and as a formal series. The following holds true:

There are finitely many values of § such that (GDh,p) has a non-constant solution. For these values of 8 and
each k from k (mod [) one has explicit representations of local analytic solutions of (GDh,yp), using certain
binomial expressions. (The proof works directly without using Theorem 1.22).

1.5.2. ¢ s not linearizable

Let ¢ be not linearizable. We assume again that ordwg = 1 > 2, wo := w§, k € N and ordwg = m =:
lo > 2. By Theorem 1.19 we write

#(y) = R (woR(y))
R'y)=y+ > py” (29)
vZ#1 U(erllod k)
The function N(y) is given by
N(y) = woy + Z Sutgr1y” ot (30)
v>1

where N(y) # woy, i.e. there exists a vy € N such that

N(y) — woy = Suigr1y” T + ..., dutg+1 # 0.

Then we have the next theorem.

Theorem 1.24. Let wy, k, wp, vg > 1 be given such that ordwg =1 > 2, wy := w’oC and ordwg = lg > 2 and
assume that ¢(y) = R~ (woR(y)), where R~ and N satisfy (29) and (30). Then the following holds:
(1) There exists a family of polynomials Py, Payy, . .., Puy—1)15, Pty (only depending on wo, wo, vo) with
the following property:
(GDh,p) has a non-constant formal solution [ with f(0) = wo if and only if

Py = Plo(p27 o 7plo—1)a s Pluog—1)lp = P(l/o—l)lo (an o 7p(1/0—1)lo—1)
0= _5Volo+1 + k(plfolo - PVolo (P27 cee vpl/olo*l))
and

Puolo 7é Pl/olo(p2v"'>pl/olo—1)' (31)

(2) If these conditions are fulfilled, then there exists a unique go, §o(y) =y + ... such that the set L, of all
formal solutions f of (GDh,p) is given by {wo + Golcpz®): ex € (C}.
(3) For a given function ¢ only one value of k, given by (31), is possible.

Remark 1.25. (1) The second line in (31) shows that there exists at most one admissible k. Also k
(mod 1) is known from ¢.
(2) The conditions (31) are easy to fulfill. The coeflicients 6,;,41, for v > vy and p, for p > wvolo, p # 1
(mod ly) can be chosen arbitrarily. Hence there are local analytic ¢ which satisfy (31), but it is open
when there are formal solutions which converge.

We want to finish this section by giving a condition on ¢ which indicates when solutions of (GDh,p) exist.
Therefore the following theorem deals with the solvability of a generalized Dhombres equation.

Theorem 1.26 (A general characterization of solvable (GDh,p), f(0) = wo). Let o(y) = do + d1(y — wo) +
do(y —wo)? + ... € Cly — wo] (P(y) = dry + day® + ...). Then the following holds:

(GDh,p) has a non-constant formal solution if and only if there exists wo, k € N and a series o, §o(y) = y+. ..
such that

2(y) = G0(d5 ' (1) (wo + 1))
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Remark 1.27. (1) Tt would be desirable to prove Theorem 1.26 without using the whole theory of gener-
alized Dhombres equations.
(2) We want to mention that there are also results for the connection of generalized Dhombres equations
where f(0) = wg # 0 with Briot-Bouquet differential equations and iteration groups of type L.

1.6. f(z0)=1, 20#0

Briefly we want to present the case where f(zp) =1 and 2y # 0, details can be found in [22]. We can write
f(2)=1+3(2), o, g=k=>1
and we set f(z) = g(¢) where z = 1+ ¢. We obtain

(GDh,p) < g(¢+g(¢) +¢9(C)) = P(9(¢)),  ordg=k (32)

where ¢(y) = 1+ @¢(y — 1), $(0) = 0. Equation (32) replaces equation (18) (there we have f(0) = wq, or 0).
We want to summarize this situation in the following remark.

Remark 1.28. (1) Only k =1 is possible. (All non-constant local analytic or formal solutions are invert-
ible).
(2) There exist ¢ (@)for which only one non-constant formal solution exists.
(3) There exists ¢ for which the set of all formal solutions is given by a generator,

f(z) =14 go(cr(z — 1)), goy)=y+....

(4) There exist ¢ for which the set of all formal solutions depends on an ”arbitrary function and has a
”subgenerator”.

(5) There are ”Schroder” cases and ”Bottcher” cases.

(6) A sequence of transformations leads from (32) to

(1+QVI(C) =V(s(¢))
V) =1+...,

which does not depent on zy explicitly. The factor of V' on the left hand side does not depend on ¢, for
example compare this with the case f(0) = wy where an equation

2(wo + 2%)

V() = Vi)

with 9(2)* = ¢(z*) appears. We see, that for k = 1 we have

TV(Z) = V(g(2))-

2. SOME GLOBAL RESULTS

In this section we present results concerning non-constant polynomial or rational solutions of the generalized
Dhombres equation. The local and formal theory, described above, leads in combination with some basic
results from polynomial algebra and field theory, as well as from complex analysis to a characterization of these
equations. Furthermore the equation f(zf(z)) = f(z)**! is considered on certain regions.
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2.1. The polynomial case

This section deals with the polynomial solutions but also entire solutions are discussed. The reader my
consult [13]. We have the following theorem.

Theorem 2.1. Assume that ¢ is an entire function and fo a non-constant complex polynomial such that

fo(zfo(2)) = w(fo(2)), z€C (GDh,p)

holds. Denote fo(0) by wo.
(1) Then there exists k € N such that

p(y) =wo+ (y —wo)y*, yeC (33)
and
fo(z) = wo + c,(co)zk, zeC (34)
with c,go) #0.
(2) If ¢ is given by (33), then the general formal (local analytic) solution of (GDh,p) is given by
f(2) = wo + 2", ¢, € C.

For wy = 0 we get by Theorem 2.1 a characterization of the equations

FEfE) =M (k>1)
which where studied by J. Smital and P. Kahlig in the real domain. Theorem 2.1 has the following converse.

Theorem 2.2. Ifwy € C, k € N, p(y) = wo + (y — wo)y*, (y € C), then (GDh,y) has, on C, the non-constant
polynomial solutions f(z) = wo + cx2*, cx € C, which are all formal (local analytic) solutions.

What can be said about entire solutions of (GDh,y) which are not polynomial, that means we are investigating
equations

f(zf(2)) = ¢(f(z), z€C (GDh,yp)

where ¢ is an entire function and f is an transcendental entire one. We have the following remark, see page
308 of [8].

Remark 2.3 (M. Laczkovich). Let ¢ be an entire function, then (GDh,y) cannot have an entire transcendental

solution.

2.2. The rational case

In this section we characterize those generalized Dhombres equations (GDh,p) having non-constant rational
solutions which are holomorphic at 0. These results are taken from [17]. We have

Theorem 2.4. Let ¢ be a meromorphic function, which is holomorphic at wyg € C. Let fy be a non-constant
rational function, holomorphic at 0, with fo(0) = wo. Assume that

fo(zfo(2)) = w(fo(2))

holds for |z| < R. Then (@, fo) fulfills one of the following conditions:
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(1) There exist k € N, By € C\ {0}, v € C\ {0} such that

B (w — wo)w”
plw) =wo + Y(w — wo)wk — y(w —wp) + 1 (35)
k
fo(z) = wo + ﬂojiwzk' (36)
By analytic continuation, (@, fo) fulfills (GDh,p) in CU {oo}.
(2) There exist k € N, € C\ {0} such that
o(w) = wo + (w — wo)w" (37)
fo(z) = wo + Boz". (38)
By analytic continuation, (v, fo) fulfills (GDh,yp) in CU {oco}.
(3) If Bo € C\ {0}, then f defined by
ok
is a solution of (GDh,p) with ¢ definded by (35).
(4) If Bo € C\ {0}, then f defined by
F(2) = wo + 57" (10)

is a solution of (GDh,p) with ¢ definded by (37).

In Theorem 2.4 (2) we get, under different assumptions, the same functional equation and the same solutions
we already had in Theorem 2.1 and Theorem 2.2. We also have a converse result.

Theorem 2.5. Let wy € C, k € N and v € C\ {0}. Then the following holds.

(1) For each B € C\ {0}, f defined by (39) is a non-constant rational solution of (GDh,yp) with ¢ defined
by (35), in CU {oo}.

(2) For each 8 € C\ {0}, f defined by (40) is a non-constant rational solution of (GDh,p) with ¢ defined
by (37), in CU {oo}.

The Taylor expansions of (39) and (40) at z = 0 are local analytic (formal) solutions of the corresponding
(GDh,p) with f(0) = wg. Are there other local analytic or formal solutions? (Note that this is not the case in
the situation of Theorem 2.1 and Theorem 2.2). Therefore we have

Theorem 2.6. (1) Assume that (@, fo) fulfills the hypothesis of Theorem 2.4, and assume that ¢ is not the

Mdbius transformation
o(w) = wo(1 +wo —w) ™!,
where wq is a root of one with ordwy > 2. Then all formal solutions F of (GDh,p), F(z) = wo +
cmz™ + ... are given as Taylor expansions of the solutions (36) and (38) at z = 0.
(2) If p(w) = wo(1 +wo —w)~t, wy being a root of one, ordwg > 2, then (GDh,p) has in addition to the

rational solutions given by Theorem 2.4 also local analytic solutions and non convergent formal solutions
which are not Taylor expansions of rational functions at 0.

Remark 2.7. (1) By direct considerations one can also construct all rational functions ¢ for which (GDh, )
has rational solutions having a pole at 0. (Example: f(z) = 1 satisfies f(zf(z)) =1 in CU {oo}).

(2) It should be possible to find all rational functions ¢ for which (GDh,y) has a non-constant rational

solution from the local theory for the case ” f(z9) = 1, z9 # 0”7, maybe together with the local theory

for the case ” f(0) = wo”.
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2.3. The equation f(zf(z)) = f(z)F*!

We now come back to the equation
flf) = fEM (k>1)
which is investigated in [15]. For this equation there are several results in various regions. These regions are
C\ {0}, {#z: 0 < |z| < Ro}, {z: |z| > Ro}, {#: 0 < Ry < |z| < Ra}.

We have the following theorem.

Theorem 2.8. Let o(y) = co + ... + cny™ be a polynomial of degree m, m > 1. Let f be holomorphic in
C\ {0} and assume that (GDh,p) holds in C\ {0}. then f can be analytically continued to z = 0 and remains
a solution of (GDh,p) on C. (By the remark of Laczkovich and Theorem 2.2: If f is not constant, ¢ is of the
special form (37) and f of the form (38).)

Furthermore we have

Theorem 2.9. Let k € N, f: C\ {0} — C be holomorphic with f(z) # 0 for z € C\ {0}. Assume that f
satisfies the functional equation

fzf(2)) = f()**" for 2 € C\{0}.

Then either f(z) = czF (z € C\{0}), ¢ £0 or f(z) =¢™ (2 € C\ {0}) with { =e*, m=0,...,k— 1.

All the solutions described in the following theorems can be analytically continued to C where they remain
solutions.

Theorem 2.10. Let G = {z: 0 < |z| < Ro} with Ry > 0, and let f: G — C be holomorphic in G. Assume that

flf(2) = f)M (2 €G)

holds, with k > 1.
Then either f(z) = cz*, (z € G) with
< —_
< 7
or f(z) =C™, (z € G), with(zezgi, m=20,...,k—1.
Conversely, f: z > cz" is for each ¢ with |c| < % a solution of our equation in G.
0

Theorem 2.11. Let Ry >0, G ={z: |z| > Ro}. Assume that f: G — C be holomorphic in G and satisfies

fzf(2) = fM (2€G).
Then f(z) = cz¥ with |¢| > %, or f(z) =C™, (z€ @), with ¢ =e*F, m=0,...

1
AL

k—1.

)

Conversely, if |c| > then f: z + cz¥ is a solution of our equation in G.

Theorem 2.12. Let G be a region in {z: 0 < Ry < |z| < Ry} where 0 < Ry < Ra. Let f be holomorphic in G
and satisfy

fzf(2) = [ (2€G).
Then f is constant (f = (™).
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3. OPEN PROBLEMS

In this section we want to mention some open problems related to the generalized Dhombres equation in the
complex domain. These problems are the following:

[12]
[13]
[14]

[15]

[17]
[18]
[19]

[20]

(1) The investigation of the existence of local analytic solutions f of (GDh,p) with f(z9) = wy for general
20, Wo.

(2) If wo € E, then one has to investigate the convergence of the formal solutions for a convergent, not
linearizable .

(3) One could also describe the dependence of the solutions on the initial values wq.

(4) Find a class of iterative functional equations which is invariant under a group of local changes of
coordinates which contains the generalized Dhombres equations.

(5) Find a connection between iterative functional equations and analytic iteration groups (F}(X))iec of
type I1 (ie. Fy(X) = X +cx(t)XF +...,t € C, k > 2, ¢, # 0) analoguous to the relation between
(GDh,p) and iteration groups of type I described in Theorem 1.8 and Theorem 1.9.
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