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APPLICATION OF DIMENSIONED NUMBERS TO FUNCTIONAL EQUATIONS

HiDEAKI IZUMI!

Abstract. In this paper, we introduce the notion of dimensioned numbers and extended dimensioned
numbers. The notion of dimensioned numbers originates in geometric measurements, and it can be
used to describe iterated exponential functions of a single variable. We apply the theory of dimensioned
numbers to solving some functional equations of a single variable.

Résumé. Dans cet article, nous introduisons la notion de nombres dimensionnés et prolongés nombres
dimensionnés. La notion de nombres dimensionnés vient de mesures géométriques, et ils peuvent étre
utilisés pour représenter les fonctions exponentielles répétées d’une seule variable. Nous appliquons
la théorie des nombres dimensionnés a la résolution de certaines équations fonctionnelles d’une seule
variable.

INTRODUCTION

Let us consider to express geometric quantities with their dimensions. For example, we denote two points
by 29, line segment of length 5 by 5;, rectangle of area 8 by 8; and cube of volume 10 by 103. We can use
multiplication to single out the area of rectangle or the volume of cuboid. The area of rectangle with sides of
length a and b is ab:

a1 X bl = abg,

and the volume of cuboid with base area ¢ and height d is cd:
Co X d1 = Cd3.

Moreover, quantities of the same dimension are addable. For example, by concatenating two line segments of
length a and b, we get length a + b:
a; +b = (a+b)1,
but no calculations are carried out for the addition of quantities of different dimensions.
From the calculations above it is natural to define a multiplication and an addition of quantities with general
dimension by

ac~bd = abc+d, (1)
ac+b. = (a+0b).. (2)
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Next, we observe binary operations between monomials of variable x:

az®-br? = abzct?, (3)

ax®+bx¢ = (a+0b)z". (4)

The similarity between (1) and (3), and between (2) and (4) is obvious. In fact, numbers with dimension are
models of polynomials of a single variable. We call them dimensioned numbers. Moreover, we also consider
dimensioned numbers where its dimension itself is a dimensioned number, e.g.,

234’ 5_1802 .

These numbers are considered to correspond to the functions

8202

4 p—
2237 bx~ " ,

namely, iterated exponentials.

In this paper, we will develop the theory of abstract dimensioned numbers, and establish the correspondence
between dimensioned numbers and iterated exponential functions of a single variable. After that, we introduce
the notion of extended dimensioned numbers, in which we can deal with both infinite power series and infinitely
iterated exponentials. Finally, as an application of dimensioned numbers, we will obtain formal solutions to
several types of functional equations. In this paper, we will search only for monic solutions, namely solutions
of the form

Fla) = gmat s g et
For other types of formal solutions to functional equations, like exponential series or trigonometric series, see
the author’s paper [Iz1] as well as his presentation [Iz2].

1. ABSTRACT DIMENSIONED NUMBERS

We will construct abstract dimensioned numbers by induction on their depth, which corresponds to how
many times we need to repeat iteration of exponentials to get the function. Dimensioned numbers of depth
n is naturally embedded into those of depth n + 1, so that we obtain an inductive system. Moreover, we will
introduce a binary operation called “symmetric powers” to dimensioned numbers.

Depth 0: We set

DO =R= (Ra =+, 07 % 1; >)a
namely, dimensioned numbers of depth 0 are just real numbers equipped with the usual ordered ring structure:
addition +, zero element 0, multiplication -, unit element 1 and the linear order > having the properties

(al) ifa, b, ce R and a > b, then a+ ¢ > b+ ¢, and
(a2) if a, b€ R, a >0 and b > 0, then ab > 0.

Depth 1: First, we define D; as the free abelian group generated by symbols ap, a € R, b € Dy; namely,

D 4@ ... gm
1 2 m) | @, a0t e R,
D, = {al()(l)) +al(7(2)) NI +a£(m)) b p2 .. M) e Dy } U {0},

where 0 is the zero element of this abelian group. We define a product - in the set {a, | a € R, b € Dy} by

ap - Cq = QCptq, A, c € R, b, d €Dy
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and extend them to whole D; by using the distributive law. For example,
(ap +ay) - cqa=ap-cq+ay - cq = acprq + a’'cyyq.
The element 1g is the unit element for the multiplication:
Lo-ap =ap- 1o = ap,
and the element 0 is indeed the zero element for the multiplication:
0-A=(1p—1p) - A=1g-A—1g0-A=A—-A=0, A€ D,.
It is easy to see the following lemma.

Lemma 1.1. (Dy, +, 0, -, 1g) is a commutative ring.

To realize the equality (2) in Dy, we define an ideal in D;. Let Z; be the additive subgroup of D; generated
by the elements in the set

{ab+a§,—(a+a')b|a, (IIER7 bEDo}U{Ob“)ED()}.

Lemma 1.2. Z; is an ideal in D;.
Proof. Let c € R, d € D;. Then we have
ca-{ap+ay, —(a+a)p} =acyrq + a' copra — (ac+ a'c)yiaq € Z1,
cq - 0p = 0p1q € 2.
Hence Z; is an ideal in D;. O

We define
]D)l = Dl/Zl .

We will always identify an element A in D; with the element A 4+ Z; in the residue ring ;. We call elements
in Dy dimensioned numbers of depth 1. Note that elements of the form 0, b € R, is equal to 0. Since

(aé& + afﬁ% +oeet aé?fn))) + ((fa(l))bu) +(—aP )y o+ (fa(m))b(m) = 0py + Op2y + -+ + Opem) =0,

the additional inverse of al(j(ll)) + al()(zz)) +- ai?fn)) is (—aM)ya + (—a®)ye) + - - - + (—a™)y o), namely,

- (al(jl)) + al(f% + o+ aé:?”))) = (—a(l))bu) + (fa(z))bu) +-+ (fa(m))bw).

For a dimensioned number

A=al) +al) +- +al7) €Dy,
we call aM), a® ... heads of A and bV, b(?) ... dimensions of A. We say a dimensioned number A is simple
if A is of the form
A = ay,

namely, containing only one head. Otherwise, A is called a compound dimensioned number. If the head of a
simple dimensioned number A is 1, namely,
A =1y,

then we call A monic.
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Next, we will introduce a linear order in D;. Let
A=al) +aC) +-- + a7 € Dy
be a non-zero element. Without loss of generality, we may assume
aW #£0, a? #£0,. .a™ # 0 and b > p) > s pim)

Then we call aé%l)) the dominant term of A. We define the sign of A according to that of the head of the dominant
term:

A >0 (A is positive) <— a >0, and
A <0 (Ais negative) < oY <0,

and define a relation > in D; by
A>B<—= A—-B>0, A, BeD.

Lemma 1.3. (Dy, +, 0, -, 1g, >) is an ordered integral domain.

Proof. Since Dy is a residue ring of Dy, D is a commutative ring.

We will show that > is a linear order in D;. Let A, B, C € D; and suppose A > B and B > C. Denote
the dominant terms of A — B and B — C by a, and aj}, respectively. From the assumption, we have a > 0 and
a’ > 0. Since A—C = (A— B) + (B — (), the dominant term of A — C is either a; or aj, if b # b’ and (a+a')y
if b =1"V". In either case we have A > C. So the transitivity holds. For any A, B € Dy, it is clear that exactly
one among A > B, A= B, A< B holds. So > is a linear order in ;.

Next, we ascertain the following two conditions

(bl) ifa, b, c€ Dy and a > b, then a + ¢ > b+ ¢, and

(b2) ifa, b€ Dy, a>0and b >0, then ab > 0.

The condition (bl) is clear, so we will examine (b2). Let A, B € D; and suppose that A > 0, B > 0. We
denote the dominant terms of A and B by a; and a;, respectively. From the assumption, we have a > 0 and
a’ > 0. Then by expanding the product AB by using the distributive law, we see that the dominant term of
AB is aay,, . Since aa’ > 0, we have AB > 0. Hence (b2) holds.

Finally, we will show that D; is an integral domain. Let A, B be non-zero elements in ;. We may assume
that both A and B are positive, replacing A or B by —A or — B respectively, if necessary. Then from (b2) we
see that AB > 0. Hence AB # 0. So Dy is an integral domain. O

Next, we will define a map i$ : Dg — D; by
ig(a) :== ag, a € Dy.

It is easy to see that i} is an injective ordered ring homomorphism.

Depth n (n =2, 3,...): Suppose that the ring D,,_; of dimension numbers of depth n — 1 is constructed. We
define D,, as the free abelian group generated by symbols ag, a € R, B € D,,_;. Hence,

a(l)’ a(2)’ SN a(m) e R’

1 2 m
Dy, = {a(B()l) + a53<)2) o +a53(v)n> BW, B® ... Bmep, , } U {0},

where 0 is the zero element of this abelian group. We define products in D; in the set {ag |a € R, B€D,,_;}
by
ap-cp:=acgyp, a, cER, B, D € Dy_1,
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and extend them to whole D,, by using the distributive law. Note that the addition B + D at their dimensions
has already been defined in D,,_;. Asin the case of Depth 1, the element 1o, where O is the zero element in D,, 1
is the unit element for the multiplication in D,,, and the element 0 is the zero element for the multiplication in
D,,. We have the following.

Lemma 1.4. (D,, +, 0, -, 1p) is a commutative ring.
To realize the equality ac + bc = a+ bc, a, b € R, C € D,,_1, we define an ideal in D,,. Let Z, be the
additive subgroup of D,, generated by the elements in the set

{ap+adz—(a+d)g|la, a eR, BeD, 1}U{0p|BeD, 1}.

Then similarly as Lemma 1.2, we have the following.
Lemma 1.5. Z; is an ideal in D;.
We define
D, :=D,/Z,
and we will always identify an element A in D, with the element A + Z,, in the residue ring D,,. We call

elements in D,, dimensioned numbers of depth n. For an element

1 2
A= afg()l) + a59<)2> t+et afg%v

in D, we call a®, a® ... heads of A and B, B®) ... dimensions of A. We say a dimensioned number A
is simple if A is of the form

A:aB,

namely, containing only one head. Otherwise, A is called a compound dimensioned number. If the head of a
simple dimensioned number A is 1, namely,

A=1p,
then we call A monic.
Next we will introduce a linear order in D,,. Let

A= aggl) + aggz) R a(BTv)m €Dy

be a non-zero element. Without loss of generality, we may assume
a #0, a? #0,. .a™ # 0 and BW > B® ~ ... pim),

Then we call al()(ll)) the dominant term of A. We define the sign of A according to that of the head of the dominant
term:

A >0 (Ais positive) <= aV) >0, and
A <0 (Ais negative) <= oY) <0,

and define a relation > in D1 by
A>B<—= A—-B>0, A, BeDy.

Then we have the following.

Lemma 1.6. (D,,, +, 0, -, 1g, >) is an ordered integral domain.



ESAIM: PROCEEDINGS AND SURVEYS 151

The proof is similar to that of Lemma 1.3.
Next, we will define a map ;_; : D,,_; — D, by

n (1 (2 (m (1 (2 m

iy (aGly + 0B+ af) = Gt sy T Gy p@) T G oy
a®, 0@ ... am eRr, B BA ... B cD,_, Note that the map zZ:% :Dp_o — D1 is already
established.

Lemma 1.7. The map i;_ : D1 — Dy, is a well-defined injective ordered ring homomorphism.

Proof. To prove the well-definedness, it is sufficient to show that ¢]!_; maps Z,,_; into Z,. Since

Z'Z-H(aB—l—alB—(a,—ka/)B) = a;t é(B)—I—a:l é(B) ( —&—a)z ;(B)eZn
in ™ 0p) = Opn-1(p) € Zy,
in_, maps Z,_1 into Z,. Hence it is well-defined. It is easy to see that this map is an ordered ring ho-
momorphism. Finally, we will show the injectivity. Let A = 53()1) + ag()Q) 4+ 4 ag?)n) € D, with
a® £0, a® £0,..., a™ #0and B > B® > ... > B and suppose that i"_ 1(A) = 0. Since i"~} is
injective and 01rdelr—prese1rvmg7 we have i"~3(BM) > 12_%(3(2)) o> "3 (BU™). Hence i (A) # 0. Tt is
a contradiction. O

Now we have constructed the rings D,, of dimensioned numbers of depth n for all non-negative integers n
together with the injective order ring homomorphisms

"D, Dy, n=0,1,2,....

Hence we have an inductive system (D,,, i?T!) and accordingly an inductive limit

D = lim (D, i"*1).

Then we have a commutative diagram

1 2
o 1

Do - Dy

-n+1s

Here, ip : D,, = D, n =0, 1, 2,...is a natural map. Since all ¢;;™"’s are injective, so are i,,’s. From now on, we
will identify an element A € D, Wlth its image i, (A) € D, and we often write A instead of i,,(A), and we call A
dimensioned number of depth n. Moreover, each map z"+1 preserves the order >, and hence the inductive limit
D naturally inherits it.

Theorem 1.8. (D, +, 0, -, 1, >) is an ordered integral domain having the following properties:
(1) ap+ap =(a+ad)p
(2) ap-Cp = acp4+p
(3) A=Ay = Ao,
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for a, a’, ceR and A, B, D €D.

The equality in (3) in the theorem means that if a dimension number contains numeral 0 at some depth, then
we can ignore it together with the dimension hanging from the zero. We call this nullification. Nevertheless, we
often write Ay instead of A, when we want to emphasize that the numeral lies in the greatest depth and there
are no numerals in deeper places.

Proof. The statement (1) is almost clear from the definition of D,.

The statement (2) is also clear from the definition of the product in D,; when both B and D lies in D,,.
Suppose that the depth of B and D are different, say the depth m of B is greater than the depth n of D. Then,
from the commutative diagram, we have

im+1(aB) int1(cp) = imi1(ag) - imia (i oy 0o 0int(cp))

m—1

= dm41(aB) - ims1 (Cim o~~~oi%71(D))

= lmt1 (CLB : Ci:;t_lo---oi;f_l(D))
= lm41 (aCBJ,-imilowoigil(D)) :

By ignoring maps, we have ap - ¢cp = acg4p. Hence (2) holds.
(3) Let A €D, and B € D,,,. Then we have

im+1(0B) = im+1(0) = i9(0)

and hence
in+m+2 (AOB) - in+1 (AO) = Zn (A)
By ignoring maps, we have Ay, = 4y = A. O

Next, we introduce the third binary operation A called symmetric power to dimensioned numbers, which
corresponds to a “symmetric power” in functions of a single variable and their correspondence will be discussed
in Section 2.

Let D* denote the set of non-zero elements in D, namely, D* := D\ {0}. We set

ﬁo := the free abelian group generated by the elements in
{Agl)AAgl)A---AAﬁlll)-A?)AA(QZ)AmAAS?Z)- -Agm)AAém)An-AAgfn)
b) ¢ ori=1,...,n;, n; >1, j=1,..., m, m2>1},
AP e D* f 1 imy>1 1 1

where Agj) A Agj) A A Agf.;.) is understood as Agj) when n; = 1. We call elements of the form Ag) A Aél) A A Aslll)-
AP NAD N n A A a Al A a ALY power polynomials.
We define a multiplication in Dy by

(Agl)/\Aél)/\"'/\A,'(,lll)'AEZ)/\AéQ)A"‘/\A,E?Q)‘ .Agm)AAé’”)A...AA;Tn))
. (B%l) /\Bgl) Ao /\B(l,) .BEQ)/\B?) A e /\B(%) R .B%ml) /\Béml) Ao AB(T/)>
n} ng n
:A(ll)/\Aél)A---/\A(l)- -Agm)A-~-AA(m)-B§1)A---ABQ)~ .Bgm')A“_AB(rln')
ny N n} n!

for power polynomials and extend it to general elements by the distributive law as in the case of D;. Moreover,
let the element 1 the unit element for this multiplication. It is easy to see the following.
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Lemma 1.9. (Eo, +, 0, -, 1) is a non-commutative ring.

Note that among the binary operations defined, the symmetric powers are prior to the other operations unless
parentheses are placed. To make both the multiplication and the symmetric power commutative and to make
the power be to the multiplication what the multiplication be to the addition, we will define a two-sided ideal

Z\O by

Zo = the two-sided ideal of (f)o, +, 0, -, 1) generated by the elements in
{A-B—B-A| A, Be Dy}
i j i j
~~ —~ —~~ =
U{Al/\.../\ AZ A oo A A] /\.../\An_Al/\.../\ Aj A oo A Al /\.../\An
|1<i<j<n, A,..., A, €D* n>2}

U{AIA"'AAnA(Bl'BQ)_Al/\"'AAYL/\BI'AIA"'AAYL/\BQ
‘Al,...7 A'ru Bl, BQGDX7 7’7,21}

U{A1nr - nApalpale —Ajn - nApnlpeo | AL,y A, €DX, B, C €D, n>0}
U{AL A oo A A nly — (Apn - AP | Ay, Ay eDX n> 1, k> 1)
U{A1A~~~AAn/\10—10|A1,..., AHGDX, TLZl},

and define a residue ring R R

Do := Do/ Zo.
We call elements in ]D)O dzmenswned numbers with _symmetric powers of depth 0 and nesting level 0. We will
always identify an element A € DO with A + ZO € ID)O From the construction, the following facts are obvious:

Lemma 1.10. We have the followmg equalities.

) A-B=B-A, A, BEDO
2) (A-B)-C=A-(B-C), A, B, C €Dy.
) Al/\AQ AQ/\Al, Al, Ay € D*.
) Airn - nApA(Br-Ba) =A1n - AAZABy - Ar Ao A A B, A, ..., An, Bi, By € DXL
)13/\10:130,3 C eD.
Y Apn o nApaly = (Apn - A AR Ay, A, €DX) k>
In particular, Ay n -+« NAunly = Ay n -~ Ay, Aq,..., A, € DX,
(7) Al/\"'/\An/\]-O:]-O; Al,...,AnGDX.

(1
(
(3
(4
(5
(6

Lemma 1.11. (I[AJDO7 +, 0, -, 1) is a commutative ring.

Lemma 1.10 suggests that the relation between the multiplication and the addition is similar to that between
the power and the multiplication. For example, (4) is a distributive law between the power and the multiplication
and (5) is similar to the equality 1 - 1c = 1p4+¢, B, C € D. Moreover, 1; looks like the unit element and 1
looks like the zero element for the symmetric power. However, dimensioned numbers with symmetric powers of
nesting level 1 like (2434 4) A (546 +78) do not belong to Dy. We can construct dimensioned numbers with
symmetric powers of positive nesting levels, but we omit it because we do not use them in this paper. Instead,
we develop dimensioned numbers with symmetric powers of any depth, by induction on depth.

Suppose that we have constructed the ring ]f])n of dimensioned numbers with symmetric powers of depth
n, n=0, 1, 2,.... Then we let ;1"“ be the free abelian group generated by the symbols

ag, a R, BeD,
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and define a multiplication by

ap-cp =acpyp, a, ce R, B, D &€ ]ﬁ)n,
for simple dimensioned numbers and extend it to the whole ;lm_l by the distributive law. We define an additive
subgroup Bn_l,_]_ of ;1n+1 as the subgroup generated by the elements in the set

{ap+dy—(a+d)p|a, d €R, BeD,}U{0p|BeD,}.

Then similarly as Lemma 1.2, we have the following.
Lemma 1.12. Bn—i—l is an ideal in E,H_l.

Hence we can define a residue ring
An-{-l = An+1/Bn+l-
We will identify a real number a with ag as before.

Lemma 1.13. (A&n_H, +, 0, -, 1) is a commutative ring.

Next, we will introduce powers between elements in &n_l,_l Let A: 11 denote the set of non-zero elements in
Ay We set

~

D, ;1 := the free abelian group generated by the elements in
{ADAAD A A AD AP N AP A A AD A A AT A n A
| A e AX, fori=1,..., n5, n;>1, j=1,..., m, m>1},

where Agj) AAgj) A AASJ? is understood as Agj) when n; = 1. We define a multiplication in D, totally
similarly as that in Dy and consider an ideal Z, 11 in D, ; totally similarly as Zy in Dy (replace all D*’s in
the definition by A, ), and define a residue ring

Dn+1 = Dn+1/Zn+1~

We call elements in ®n+1 dimensioned numbers with symmetric powers of depth n + 1 and nesting level 0. We
will always identify an element A € D,, 1 with A+ Z,,11 € Dy .
We have a sequence of natural inclusion

DOCD1CD2C"',

and consequently an inductive limit
D:= lim D,,.

We call elements in D dimensioned numbers with powers of nesting level 0. Note that the ring D of dimensioned
numbers without powers is a subring of ]DO, and hence a subring of D. We have the following theorem. The
proof is similar to that of Lemma 1.10.

Theorem 1.14. (ﬁ), +, 0, -, 1) is a commutative ring having the following properties for m =1, 2,....
(1) AynAy = Ayn Ay, Ay, Ay € AX.

(2) Ayn - nApA(By-By) =Ayn- nApABy-Ayn - nAyaABy, As,..., An, By, By € AX.

(3) 1prle =1p.c, B, C€D.

(4) Apn - nApnly = (Apn - A AR Ay, Ay GA,X,L, k>1.

In particular, Ay r --- "Apnly = Aga - ~A,, A, ..., Ane&,ﬁ.



ESAIM: PROCEEDINGS AND SURVEYS 155

(5) Ayn - nApnlg=1q, Ay,..., A, € AX.

Note that these equalities also hold at any depth of a simple dimensioned number. For example,
AL AAy = QA3 A A, G E R7 Al7 A2 S 1&;

2. CORRESPONDENCE BETWEEN DIMENSIONED NUMBERS AND FUNCTIONS OF A SINGLE
VARIABLE

In this section, we will construct a map from the ring of dimensioned numbers into the ring of functions of
a single variable, and show the compatibility of binary operations including the power introduced in Section 1.
Moreover, we establish a symbolic substituting method, which corresponds to compositions of functions.

First, we will construct a map from the ring D of dimensioned numbers without powers into the ring of
real-valued functions of x with domain (0, 400). The rules are simple. One is to correspond a real number a
to the constant function f(x) = a. The other is, if a dimensioned number A corresponds to a function f(z),
then 14 corresponds to z/(*). Additions and multiplications are preserved. For example,

15 — 3, 25 =213 — 22°,
1 4 -3
1y, = a® =% 39,41, > 3227 TT

Theorem 2.1. The above rules determine a well-defined homomorphism from D to the ring of functions of a
single variable x with domain (0, +00).

Proof. We will prove by induction on depth.

For dimensioned numbers of depth 0, the assertion is obvious.

Suppose that we have proved the assertion for dimensioned numbers of depth n. We will show the case for
the depth n 4+ 1. For the proof, we must observe that two dimensioned numbers of the form ap + a5 and
(a+d)p, a, a’ € R, B € D, correspond to the same function with domain (0, +o0). If B — f(z) and the
domain of f contains (0, +00), then we have

ag +ay az!® + ¢/ /@)
(a+ad)p (a+a')xf(m),

and hence the images coincide for = € (0, +00).
Next, we will see that Op — 0. It is seen from the correspondence

0p +— 0-27@),

Finally we examine the compatibility of multiplications. Let a, ¢ € R and B, D € ,, and suppose that
B+ f(z) and D +— g(z) with domain (0, +oc0). Then we have

ag-cp —  axf@ . cps@)
acgyp +  acxf @@,

Since the images coincide for x € (0, +00), the multiplications are compatible.
Hence we have proved that the correspondence is a well-defined homomorphism. 0

Next we consider the correspondence between dimensioned numbers with symmetric powers and functions
of a single variable. Note that, in this case, not all dimensioned numbers correspond to real-valued functions.
The rule is, in addition to the above-mentioned ones,

Ay nAgn - A A, s 3108 J1(@)log, f2(z)--log, fn(x)’ (5)
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where A; € AX,m > 1 with A; — f;(x), i=1, 2,..., n. The image in (5), which we call the symmetric power
of fi(x), fa(x),..., fn(x), is meaningful, if fi(z), fo(x),..., fn(x) have a common interval I C (0, +00) such
that fi(z) >0, z €I, i=1, 2,..., n.

Theorem 2.2. Let A € D and consider all symmetric powers appearing in A. We take the constituents

Ay, As,..., A, € AX for some m in such symmetric powers. Suppose the functions f1(z), fa(z),..., fo(x)
corresponding to Ay, As,..., A, have a common interval I C (0, +o00) such that fi(x) > 0, x € I, i =
1, 2,..., n. Then A corresponds to a real-valued function with domain I. This correspondence is well-defined.

Proof. We will prove by induction on m for which A € D,,. Since an element in D, is a sum of the products
of elements of the form A = A; AAgsn --- A A, where A; € Arflfl, it suffices to show the assertion for such A.

The case of m = 0: We take an element A € bo of the form
A=A nAgn -~ Ay,

where A; € D* for ¢ = 1,..., n. From Theorem 2.1, we see that the function f;(x) corresponding to A; is
defined on the interval (0, +00) and positive on a common interval I for ¢ = 1,..., n from the assumption.
Hence from (5), A corresponds to a function with domain I. If B € fDBO is a sum of the products of such
simple symmetric powers like A with a common domain I, then it is clear that B corresponds to a function
with domain I. Hence we proved that the correspondence is defined for all elements in 2\)0. Next, we must
observe that all elements in 20 correspond to constant 0. It is straightforward and easy. For example, consider
an element Aj A - AA A Igpaleg — Ayn oo ANAALBe, Ar,..., A, € DX, B, C € D, n > 0. Suppose
Ai— fi(z), i=1,..., n, B~ g(x) and C — h(z). We have

Ajn - nApalgale +s  glo%s f1(@)log, fu(@)log, 27(7) log, 2"

—  ploge f1(@)log, fn(x)-g(z)-h(x)

Ain o A Agalpe s glo8e N1(@) o8, fu @) log, a7
_ plog. fi(@)log, fu(w)g(x)-h(z)

Hence we have
Ain oo nApnlpalg —Ain oo nA,r1g.c — 0.

So the correspondence is well-defined for elements in ﬁ(].

Suppose that we have proved well-definedness for elements in ]]S)m. Let A € f))mH. The dimensioned number
A consists of the elements of the form ag, a € R, B € ﬁo, connected by binary operations +, X, A at depth
0. From the assumption of the induction, such B’s correspond to functions that are defined on a common
interval I, and hence so do ap’s. Similarly as in the case of m = 0, we can deduce that A corresponds to a
real-valued function with domain I from the assumption in this theorem. Hence we have proved well-definedness

for ]ﬁ)m+L O
If a dimension number A corresponds to a function f(z), then we will denote A ~ f(x).

Corollary 2.3. Let A, BED and A ~ f(z) and B ~ g(x). Then we have the following.
(1) Anlp~ f(2)9).
(2) canly=clqs ~cta¥@ ¢ deR.
(3) 1anlpg =1lap ~ /@9,

The proof is immediate.

Next, we describe substitutions by using dimensioned numbers. Let A € D, B € D and A ~ f(x), B~ g(x).
We want to compute the composite function f o g(z) in terms of A and B. For this purpose, we introduce
a natural decomposition of dimensioned numbers in D. The definition is done by induction on the depth of a
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dimensioned numbers. For depth 0 dimensioned numbers, we leave them as they are, because they correspond
to constant functions. We suppose the natural decomposition B of A € B,, is established. An element in Dyt
is a sum of simple dimensioned numbers of the form ag, a € R, B € D,,. We rewrite this by a-1; A1g, and
take the sum of such rewritten forms. It is the natural decomposition of an element in D, ;. For example, a
dimensioned number of depth 1 has a natural decomposition like

ap+cg=a-11r1p+c-11 11y,
and a dimensioned number of depth 2 has

apo+d, = @ 11711, Aloqd1s AL

We have the following result.

Theorem 2.4. Let A€ D, B € D and A ~ f(z), B ~ g(x). Then the composition f o g(x) corresponds to
the dimensioned number obtained by replacing each 11, appearing in the natural decomposition of A, by B. We
denote the dimensioned number after this operation by Al|1, 5.

Proof. We will prove by induction on the depth of A.

If the depth is 0, then f(x) is a constant function, so there is nothing to prove.

Suppose we have shown the statement for A € D,,. Consider a dimensioned number A whose depth is n + 1.
It is enough to show the statement for those A of the form

14:0,07 a€R, Ceb,.

If C ~ h(z), then
A~ f(x) = azM®.
From the assumption of induction, we have

Cliyep ~ hog(a).

If we replace 11y in A =a-1; A 1¢ by B, then we have

A|11%B = alB/\lClllﬂ—B
~ ag(x)rI® (by Corollary 2.3(1))
= fog(x).
Hence the statement is valid for n + 1. O

For functions corresponding to monic dimensioned number, the result will be simpler.

Corollary 2.5. Let Ac D, BeD and A~ f(z), 15 ~ g(x). Then the composition f o g(z) corresponds to
the dimensioned number obtained by replacing each 11, appearing in the natural decomposition of A, by 1g, and
hence replacing each 11 A1p (D € D) by 1p.p, .

We will show some examples.

Example 2.6. Let

f(x) = 227" ~ 23,.
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Then we have, from Theorem 2.4,

fof(z) ~ ~1yal39, A1, 11423, "
23, M 1325, A1y

23, M1301y
- 23, M13.16,5,

(2 13,) ~lusy,,

<2/ lag,,, - 13, A Lasy,,

“2n 148124 : 134'48124

Il
NN NN NN N

“2n 148124 : 11444+124

1224 At122%
gl+48212" | 144z _

Example 2.7. Let f(z) be the same as in Example 2.6, and

45 —1
_ x5z 2x

g(x) ~ 154*271'

Then we have, from Corollary 2.5,

fog(;v) ~ 2 11-3~11»4|11<—154_271 :
2-1(5,-2_1)8105, 2,y
= 2(5472—1)'3204—871

21544»204—87176—14»204—871

4 -1 4 -1
154+202t =81 o —14200% 82
~ 2 S5z 6x

Comparing these two examples, we observe that the numerals in the result of Example 2.6, like 48 and 144,
are influenced by the computations in deeper numerals, while those of Example 2.7, like 15 and —6, are just the
result of computations of the numerals at the same depth. That is why monic dimensioned numbers are much
easier to treat than non-monic ones.

3. EXTENDED DIMENSIONED NUMBERS

In this section we will introduce extended dimensioned numbers and show some examples.

Extended dimensioned numbers are dimensioned numbers which allow infinitely many numerals. There are
three types of extended dimensioned numbers:
I. There are infinite sums or infinite products at some depths, but the total depth is finite. For example,

S VRSP PES PRE PR

IT. There are only finitely many numerals at each depth, but the total depth is infinite. For example,
11+11+21+31+41+5

III. There are infinite sums or infinite products at some depths, and the total depth is infinite. For example,

11+1,1+1,171+1,171 Ll e
- —t-1
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The binary operations are defined similarly for extended dimensioned numbers, and the rule of substitution
is also similar to Theorem 2.4 and Corollary 2.5. The difference between ordinary dimensioned numbers and
extended dimensioned numbers are the correspondence to functions. We don’t have standard ways to correspond
extended dimensioned numbers with functions of a single variable, so we must make some interpretations of
extended dimensioned numbers as functions. There may be several ways of interpretation, as the next example
shows.

Example 3.1. Consider an extended dimensioned number

A=1y, .

The simplest way of interpreting A is to regard it as a limit of finite depth dimensioned numbers

A, =14,

—_———

n

Hence the interpretation of A is

f(x) = lim g
n—oo
n

In [RB, Chapter 7], it is proved that this limit exists for e7¢ < z < e'/¢ and is mutually inverse to the function
g(z) = :rl/I, el <z <e.
Another interpretation is, to regard A as a solution of the functional equation
A=1y4.
If A~ y,yis a function of x, then we can rewrite above equation as
y =Y.

Then y is an implicit function of z. It is easy to see that there exists only one solution y of this equation for
each z in 0 < 2 < 1, and two solutions for z in 1 < z < e'/¢. Hence y is a two-valued function.

In this example, we can reproduce A from the equation A = 14 by successive substitution, namely, repeating
substitution of A =14 into A in the right-hand side of equation:

A:]'A:]'lA:]‘llA...:]'ll.

Successive substitution must be done from smaller depth to greater depth. Hence successive substitution
determines extended dimensioned numbers successively from the smaller depth.

4. EXAMPLES OF SOLVING FUNCTIONAL EQUATIONS

In this section we will solve some functional equations by using dimensioned numbers.

If an ordinary dimensioned number satisfies the equation, then it is a real solution, but we usually get extended
dimensioned numbers as solutions, so they are just formal solutions and it is desirable to evaluate them from
numerical point of view. Note that we will only search for monic solutions, because non-monic solutions are
harder to treat as Examples 2.6 and 2.7 show.
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Example 4.1.

f@)f(a?) =a® ~ 1y,
If we put

f@) ~ Lo, 4ar, +-,
then

f(l’)f(lL’Q) ~ 1“17 +2a4, +a;}, +2a;b/ 4o

Case 1: ap = 11. The solution is
fl(CC) ~ 111 —22+44 —8g+

which converges for 0 < x < 1.

Case 2: 2ag, = 11. The solution is

fa(@) ~ 1)

~—
=

[N
INE
ool

which converges for 0 < z < co.
These two solutions are numerically very good.

Example 4.2.
y' =a® ~ 1
If we put
Yy~ 1abc
then
yyy ~ g llabc/\ lig,
1abc-1abc.1abc
= 1abc+abc+ab =13,

Hence we have
a=3,b=-3, c=-3.+3_3..
Applying successive substitution, we have:

y=f@)~1s,

+3-3 t3-3 433

The dimensioned number c¢ is interpreted as the solution of the equation ¢ = —3z°¢ + 3z3%°. In fact, there is
only one real solution c¢ of this equation for each x > 0.
This solution is numerically very good.
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Example 4.3.
fof(x)=a"~1y,
If we put
f(z) ~ 1‘1% et O beR, ceD,
then we can solve the equation. For convenience’ sake, we put f(z) in the following way by abuse of notations:

F(@) ~ Loy sy orsmg 015

where b;(z), i =1, 2,... are functions of . We have

fof(x) ~

= 1y,.

2
Dby (@) b2 () b3 ()4 (2 by () 4 by () 4o L0105 (2)Fb20F (@) 4o }

Hence a? = 1. We have two possibilities.

Case 1: a = 1. Then we have

fof(x) ~ 1

= 1.

b1 (@) b2 (@) +b3 () +1p | (2 by ()4 (01 (F@)Fb2(F @)+ }

First, comparing the depth 2 of both sides, we put by (z) = 1. Then we get an extra term

Ly (@) 4ba () 01(F (7)) = Ligiy (@)t .-
To offset this, we put by(z) = —114p,(z)+.... Then again, we get an extra term
Loy (@) +bs () +--- + b2(f () = —ba() - b2 (f (@)
To offset this, we put bs(x) = ba(x) - ba(f(x)), and we repeat this:
bpt1(z) = ba(2)by(f(x)), n=2, 3,.... (6)
By induction, we can show .,
bnio(z) = [[b2(f1(2)), n=1,2,...,
i=0

where fi(z) is the i times iteration of f(x) and f° = id.
Observe that

—ba(x
z~=(") Lo @yt (ot
= f(z). (7)
Hence we have
ba(z) = —log, f(z). (8)

Substituting f(z) into = in (7), we have

fla)7 @D = f2(a)
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Next, raise to the —bs(f(x)) power on both sides in (7), we have

P @06 — f(g)b (@),

By (6) and (9), we have

2@ = g%,

Taking logarithm,
bg(l') =x.
Similarly we have

ba(z) = bs(2)ba(f*(2))
= —a-log,(f*(x))
f(

= —a-log,(f(z)’™),
bs(x) = bs(@)ba(f*(2))b2(f(x))
= b3(2)bs(f*(2))

bo(z) = bs(@)ba(f*(2))
= —z-a® - log, (f(z)f @,
br(z) = bs(@)ba(f*(2))ba(f5(2))

= z.-2¥. atte
Consequently,
bt = { S S 1 n=2m+1
T A S@) - @) e P (@) log, (PR (f () me=2m.

Hence we have, if we take y = f(z),

Yo~ L e @bs e

z

et f2(@) o f2(a) fL (@) 4, — -z T
ettt @ 2@ @yt g2y e i)

Even times iterates of f are known functions, so that this expression admits successive substitutions. Hence we
have obtained a formal solution.

Case 2: a = —1. By similar computations, we have

Yo~ loay s tbs @
etz f2(2) bz F2(2)- FA(z)t-n  — —x —xz-z®
e R e T R Tt

We should find good interpretations for these two formal solutions.
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