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CONVERGENCE OF ITERATES OF PRE-MEAN-TYPE MAPPINGS

JANUSZ MATKOWSKI!

Abstract. Pre-mean in an interval I, being defined as a function M : I? — I such that M (z,z) =
for € I, is an essential generalization of the mean. If M and N are pre-means, amap (M, N) : I* — I*
is called pre-mean-type mapping. The problem of convergence of iterates of pre-mean type mappings

of the form (B“j;‘”, Bﬁ:’;’;ﬂ) with s, € (0,1); p,q € R, p # g, where B7 : (0,00)% — (0,0)

P4 (1—s)yP 1/(p—q)
gleal _ (5% a
s,t (tﬂ:q-i-(l—t)yq ’ xay>07

is considered. It is proved, in particular, that for p = 2r, ¢ = r and s < t < 2s, the sequence of iterates
at the point (z,y) converges to (1 /Xy, \/asy). For some s and t the iterates behave in "chaotic" way.
An application in solving a functional equation is presented.

Résumé. Pré-moyenne en intervalle I, etant détérminé comme une fonction M : I — I, telle che
M (z,xz) = z, = € I, est une generalisation fondamentale de la moyenne. Si M et N sont les pré-
moyennes, 'application (M, N) : I? — I? Sappelle 'application qui pré-moyenne. Le probléeme de la

convergence de l'itération des applications qui pré-moyennent qui ont la forme (Bg’j t’Q], Brf;’;ﬂ) avec

s,t€(0,1);pg €R, p#q; BFY:(0,00)% = (0,00),

s,t

D 1_ p\ 1/(p—q)

plral — (322t (= s)y” a0,
’ txd + (1 —t)y9

est ici considéré. On prouve, en particulier, que pour p = 2r, ¢ = r et s < t < 2s, une suite des
itérations en un point (z,y) est convergente 4 (1 /TY, /:cy). Pour certains s,t les itérations se comportent
d’une maniere chaotique. Le résultat recu est appliqué & résoudre une équation fonctionnelle.
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INTRODUCTION

It is known that, in general, the iterates of mean-type mappings display pleasant behavior. For instance [21],
if M, N : I? = R are continuous means in an interval I C R and

max(M (z,y), N (x,y)) — min(M (z,y) , N (z,y)) < max(z,y) — min(z, y)

for all z,y € I, z # y, then the sequence of iterates of the mean-type mapping (M, N) : I? — I? converges to a
mean-type mapping (K, K), where K : I? — [ is a continuous and (M, N)-invariant mean (cf. also [1], [4], [5],
[71, [8], [10], [15]- [17], [19]- [27]). This result, important in applications, generalizes the Gauss theorem on the
geometric and arithmetic means [6].

Every mean M : I? — R in an interval I is reflexive, that is M (z,2) = x for all x € I, and M maps I?
into 1. A function M mapping I? into I and reflexive is called a pre-mean in I (cf. [20]). Tt is obvious that
if M : I? — I is a pre-mean and increasing with respect to both variables, then it is a mean ( [18], [20], [21]).
However, the class of the pre-means is essentially bigger than the class of means. For instance, the function
M : (0,00)% = (0,00) , defined by

W=
winf gy

>+
T+

M(x7y): ) ‘r7y>07

wl—{wN

y?
Y

is a pre-mean and it is not a mean, as M (%, 1) = % > max (%, 1) .

In this paper we examine the behavior of iterates of the special class of pre-mean type mappings of the form
(BLZ’Q], Bﬁ‘jggﬁ]t) where Bt[’fs’Q] :(0,00)* = (0,00) is defined by

D + (1 _ S) yp 1/(p—q)
pglpdl e 0
st (xay) tad + (1 7 t) yq ’ r,y >0,

for p,q € R, p # q, and s,t € (0,1). For t = s, the function ngt’q] is a well-known Gini mean (cf. for instance [3]).
In section 1 we recall some basic notions: mean, pre-mean, pre-mean-type mapping, invariant mean (pre-

mean) and invariant curve. We show that the pre-mean B’ t’q] is a mean if, and only if, t = s or pg < 0

(Proposition 1.2). Thus, BL{’;Q] is not a mean if, and only if, pg > 0 and ¢ # s. We also observe that for all
p,q € R, p#gq, and s,t € (0,1), the geometric mean is invariant with respect to the pre-mean-type mapping
(BE;Q], Bg‘_{;gﬂ) (Proposition 1.4). In general case, for each a > 0, the hyperbola H, = {(x, (;—2) cx > 0} is

an invariant curve (Proposition 1.5). This fact is especially important and helpful in consideration of iterates
in the case when pq > 0.
At the beginning of section 2 we conclude that in the case when t = s or pg < 0, the sequence of iterates

of (B(L’jg‘”,ng’;jﬁ]t) is pointwise convergent in (0, 00)> to the mean-type mapping (G,G) (Theorem 2.1). Then

'51

we prove that, on each H,, the n-th iterate of the mapping (B[p;Q],ngZ”;ED can be expressed as the n-th

iterate of a suitable single variable f[[f’t(f]_a : (0,00) — (0,00) (Theorem 2.2). This result is the main tool in our

investigations of convergence of iterates in the case pqg > 0. However, it turns out that, in general case, it
requires technically involved considerations. Therefore, in section 3, we confine an application of Theorem 2.2
to examine in detail the behavior of the sequence of iterates of this mapping in the case when p = 2,q = 1.
Lemma 3.1, describing the iterative properties of the functions f[[j”tl]];a plays here the crucial role. The most
important result, Theorem 3.5, reads as follows. If s,t € (0,1) are such that s <t < 2s, then the sequence of
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iterates of the pre-mean (Bft’l],ths’;i) converges pointwise in (0,00)2, and

am (BEYBIZY) = 0.9),
where G is the geometric mean. Similar convergence, in a neighborhood of the diagonal, occurs also in the
case when ¢t = 2s — 1 (Theorem 3.7). Conversely than mean-type mappings, the iterates of the pre-mean-type
mappings can behave in chaotic way. It follows from the fact that there are s,¢ € (0, 1) such that the function
f[[f’tl]],l has a fixed point of the order 3 and from Theorem of Sharkovsky [29] (Remark 3.4).

If M :I? — I is a pre-mean in an interval I and ¢ : J — I is homeomorphism, then M¥! : J? — J defined
by

MY (u,0) = ™ (M (¢ (u), 0 (v),  wv €

is a pre-mean in J. Since for all » € R, 7 # 0,
] ]
2r,r 2,1 —2r,—r —2,—1
B£,t I = (B£,t ]) and Bg—s,l—} = (Bg—s,l—]t> )

where ¢ (u) = u” (u > 0), in section 4, we show that the results of the previous section can be extended for the
. [27r,7] [—2r,—7]
pre-mean-type mappings Bsi ,Bl_s,l_t .
In section 5 we apply Theorem 3.5 to determine all functions @ : (0, oo)2 — R, continuous at the points of
diagonal, and satisfying the functional equation

o (B (o) BT (,y) =@ (ay), 2y >0,

1. SOME DEFINITIONS, REMARKS AND AUXILIARY RESULTS

Let I C R be an interval. A function M : I? — R is called a mean in I, if
min (z,y) < M (z,y) < max (z,y), @,y € I;

M is called a strict mean, if for all z,y € I, x # y, these inequalities are sharp (cf. [2], [3]).
If M is a mean in an interval I, then it is reflexive, i.e.

M (z,x) = x, x€el,

and M(J?) = J for every subinterval J C I.
Note that, for a function M : I? — R, the following conditions are equivalent:
M is a mean in I;
forall x,y eI, x <y,
M ([, y] x [z, y]) = [z, y];
forall x,y el z <y,
M ([z,y] x [z,y]) C [2,9].
Moreover, every reflexive and (strictly) increasing with respect to each variable function M : I? — R is a (strict)
mean I (cf. [20]; Remark 3 in [21]).
A function M mapping I? into I and reflexive is called a pre-mean in I.
If M:I? -1 and N : I? — I are pre-means in I, then the map (M, N) : I? — I? such that

(M,N)(Q’J,y):(M(.’E,y),N(.’L‘,y)), (l‘,y)EIQ,

is called a pre-mean-type mapping.
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Let M,N :I? - I and K : I? — R be some functions. We say that K is invariant with respect to the map
(M, N) briefly (M, N)-invariant, if K o (M, N) = K, that is, if

K(M(z,y),N(2,9)) = K(z,y), ayel

If moreover K is a pre-mean (or a mean) we say that K is an (M, N)-invariant pre-mean (or (M, N)-invariant
mean).
A special case of a more general result presented in [21] reads as follows.

Remark 1.1. If M, N : I? — I are continuous means in I and
ma’X(M (1', y) ) N ('1:7 y)) - mln(M (‘T7 y) ) N (JU, y)) < ma’X('T’a y) - min(x, y)

forallz,y € I, x # y, then the sequence of iterates (M, N)" | n € N, of the mean-type mapping (M, N) : I? — I*
converges to the mean-type mapping (K, K), where K : I — I is a continuous and (M, N)-invariant mean.

The continuity of the means M, N and the (M, N)-invariance of K imply its uniqueness. Moreover, if M
and N are strict, then so is K (cf. [16], [20]). Taking here I = (0,00), M = A and N = G, where A is the
arithmetic mean and G is the geometric mean, we obtain a result obtained by Gauss [6].

Let I C R be an interval. A function M : I? — I is called a pre-mean I, if

M (z,x) = x, zel,

that is if M is reflexive [20]. Of course every mean in [ is a pre-mean.
As we have noted in the Introduction, the class of the pre-means is essentially bigger than the class of means.

We shall consider a special class of pre-means. Given p,q € R, p # ¢, and s,t € (0,1), define Bg)S’Q] :
(0,00)* = (0,00) by
P4 (1—s)yP 1/(p—q)
Bl = (oYY 0. 1
S, (xay) <t$q+(1—t)yq ) 1‘7y> ( )
Let us note the following

Proposition 1.2. Assume that p,q € R, p # q, and s,t € (0,1). Then

(1): B[pf] is a pre-mean;

S,
(ii): BE),;q] is a mean if, and only if, s =1t or pg < 0.

Proof. Taking z =y in (1) we get BE;Z/Q] (r,2) = x for all x > 0, that is Bt[fs’q] is reflexive, which proves part 1.

If s =t then BE’;‘I] is a Gini mean; so in this case the "if" part in (ii) is true. If pg < 0 then, obviously, the

function B%;% is increasing with respect to each of the variables. Since BE? 4 is reflexive, it is a strict mean

(cf. [20]). To prove the "only if" result, assume that pg > 0 and s # ¢ and consider two possible cases.
Case p > 0 and g > 0.
If BE’ f] were a mean we would have

[p.d] (,z) <1 for z € (0,1),

S!

Bg’t’q] (z,1)<1 and B

that is

/ 1/(p—a) p\ 1/ (p—a)

P 1— 1— P

st (1= 5) <1 and (SEUZD <1 for e (0,1).
ted + (1 —1t) t+(1—1t)ae
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Hence, if p — ¢ > 0 then

P4 (1 — 1- ’
st =s) g SEU=9)2" e (0),
twd + (1 —t) t+(1—t)a

Letting x — 0, we obtain
1_S§1 and §§1,
1-1 t
whence s = t, that is a contradiction. If p < ¢ then these inequalities are reversed and we again get s = t.
Case p < 0and g <O0.
Assume, for the contrary, that BE’ 2

J'is a mean. Thus, if for all positive x,y such that = < y we have

Since
B (ayy) = ——
’ B[p ql (z y)
hence
v < BT (my) <,
and B;_tp =4 would be a mean, that contradicts the previous case. O

Remark 1.3. Note that if s € (0,1) then pird = BL’?;Q] is the Gini weighted mean (cf. [22] where also another
type of weighted extension of Gini means are presented).

In the sequel G : (0,00)% — (0,00) denotes the geometric mean:

9(z,y) =vry, w,y>0.

Proposition 1.4. Let p,q € R, p # q, and s,t € (0,1) be arbitrarily fized. Then the geometric mean G is
invariant with respect to the pre-mean-type mapping (BR"”,B% Z;’l t) that is

Go ( sptq]’Bg Z;lq]t) =G.

Proof. Indeed, by the definition of B[p’q} we have, for all z,y > 0,

go (BLPtq 7B£ 271 ]t) (z,y)




ESAIM: PROCEEDINGS AND SURVEYS 201

Let M,N : I? - I, K : I? — R, let J C I be an interval and let f : J — I be a function. We say that the
graph of the function f is an invariant curve with respect to the map (M, N), briefly, (M, N)-invariant curve,

if

f(M (2, f () = N (2, f(x)), xel

A general problem of invariant curves, under some regularity conditions, was treated by Hadamard [9],
Lattes [13], Montel [28], (cf. also Kuczma [14], p.275) and [24] where the invariant curves with respect to the
mean-type mappings are considered.

Proposition 1.5. Let p,q € R, p # q, and s,t € (0,1) be arbitrarily fized. Then

(1)

For every a > 0, the graph of the function f : (0,00) — (0,00),

that is, the hyperbola

hoim {(55) a0},

is (Bg’t’q], Bt{:’;g]t) -invariant curve; in particular (BE?,;Q},BhI;’;ED (Ha) C Ha;
the point (a,a) is a unique fized point of the mapping (Bi”’t’q], Bgi;;ﬂ) restricted to the set Hg;

The family of sets {H, : a > 0} forms a partition of (0, oo)2 , that is HoNHp =0 for all a,b > 0, a # b,
and | J,-oHa = (0, 00)?.

Proof. Let us fix a > 0. We have

Hence, by Proposition 1.4,

that is

Thus

G (BEY (o, f (@), B (0, f (2)) =G (@ f (@) =a, >0,

VBED (@, f (@) B (o f (@) = Ve @ =a,  @>0.

a2

BT o f ) B % (2, f(2),  =>0,
s,t )

or, equivalently,

(B @, f @) = B2 @ f @), >0,

which completes the proof of the first result. The second result follows from the definition of H, and part 2 of
Proposition 1.4. Part 3 is obvious. (]
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2. CONVERGENCE OF THE SEQUENCES ITERATES OF THE PRE-MEAN-TYPE MAPPINGS
p.al pl-p,—d
(Bs,t ) Bl—s,l—t)

From Proposition 1.2, Proposition 1.4 and Remark 1.1, we immediately obtain the following

Theorem 2.1. Assume that p,q € R, p # q, and s,t € (0,1). If s = t or pg < 0 then the sequence

n
(BL’?;Q], Bg__i’gf]t) . n €N, is pointwise convergent in (0,00)° and

lim (BE’;“,B&:@)H&) (z,y) = (V2Y, V/7Y) z,y > 0.

n— oo

We shall see that in the case when pg > 0 and s # t (not covered by Theorem 2.1) the convergence problem

of the sequence of iterates of Bg’; gq],Bt’;”If}t) is much more difficult and complex.

Note that, in view of Proposition 1.5, this problem can be reduced to study the convergence of the sequence
of the restrictions of this map to the invariant sets H,, for a > 0. The following results plays important role in
the farther investigations.

Theorem 2.2. Let p,q € R, p # q, and s,t € (0,1) be arbitrarily fived. Then, for every a >0 and n € N,

(B B (22 - (f{:iﬁ!a)”m,m a0, @)

where (B[p’q] Bk_ﬂ’;@t) denotes the n-th iterate of the mapping (BE?,;‘”,B%’_’;’,]EL) and (f[[p’q] ) is the n-th

st s,tl;a

iterate of the single variable function f[[p’q] (0,00) = (0,00) defined by

s,tl;a :

a2
f{é’,’éﬂa (2) = BE’;‘” (i& x) , x>0,
that is
p\ 1/(p—a)
[p.d] s27+(1—s) (tlxi)
Sista (2) = , x> 0. 3
[s,t]; ( ) tl‘q—F(l—t)(%)q ()

Proof. Put, for the simplicity of notations, B = B";% and f, = f79  Making use of the (ng,gq],Bk_’;’Ez]t)—

S5 [s,t];a

invariance of the geometric mean (Proposition 1.4), we have

, —p,— Ty
(Bk[f,)thBgfI;,lg]t) (l’,y) = (B (:I;7y)7 > ) T,y > 0.
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For n =1 formula (2) is obvious. Suppose that (2) holds true for some n € N. Then, for all > 0,
p.al pl-p—a \" a’ p,al pl-p—a \" a? <
(Bs7t7 aBlfsllft) <I’7 Z‘) = (Bs,é ’Blfsllft) B <ZE, w) 7Wwai)
a2 a2
"(Blz,— )], ———5—
2 (0(+%) ey

e @) s ) = (7 @), +(96)) ,

and the induction completes the proof. O
From (3) we easily get the following

Remark 2.3. Under the conditions of Theorem 2.2, for every a > 0, we have

Ip,q] _ p,al \' _(28—1)p—(2t—1)q
ot =a, (fll) @ ===
/
Thus, a is a fixed point of (f[[fﬁ},a) , for every a > 0. Moreover (f[[f’ﬁ]'a) (a), the "multiplier" of the fixed
point a of the function f[[f ’g]_a, does not depend on a. It follows that the following result holds true.

Corollary 2.4. Let p,q € R, p # q, and s,t € (0,1) be arbitrarily fized. If

‘(25—1)])—(275—1)(]

<1
p—q

then there is an open set U C (0,00)> containing the diagonal A := {(z,z): x > 0} such that

lim (BB ) (o) = (VEgVED),  (w,y) €U

n—roo

In the sequel we are going to consider the problem of convergence of the iterates of (BE 2l BE:’;’;EL) in some

special cases.

3. CONVERGENCE IN THE CASE p=2,¢q=1

In this section we describe the convergence of the sequence iterates of the pre-mean-type mapping (B 5;1] , Bﬁj’gi) .
Note that

sx? + (1 —s) y?

B2 —
st (@Y) tr+(1—t)y ’
o 1—s)az 24y~ 2\ Yy
pl-2-1 _ (! I CRTI
i—s1—t (,y) (1—t)z 1 +ty?! BEil] (3319)7

and, assuming the notation
_ ¢[21]
f[s,t];a - f[s,t];a’
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we have . ( )4
sx*+(1l—s)a

stla = , > 0. 4

flote O = Ty ey ° @

Lemma 3.1. Let s,t € (0,1), and a > 0 be arbitrarily fixed. Then
(i): the function fis4.q : (0,00) = (0,00) is of the class C*°,

) . . f[s,t];a (z) S
xlg&_ f[s,t];a ($) = zlggo f[s,t];a (z) = oo, wli)ﬁgo s 7
fis.ta (@) = a, f[/s,t];a (a) =4s — 2t — 1; (5)
(ii): there exists a unique z, = 24 (s,t) > 0 such that fis ., is strictly decreasing in (0, z,] and strictly

increasing in [z4,00) ; moreover, the function (a, s,t) — 2z, (s,t) is continuous in (0,00) x (0, 1)2;
(iii): the point a is the only fized point of fis4.q if, and only if,
t=2s—1o0r s<t;
moreover,
ift=2s—1, thent <s,
f[/s,t];a (a) = 17

there exists a unique for , = &4 (s) € (0,a) such that fis2s—1);0 (§a) = @,

f[s,2sfl];a (37) <a<=xc (gava) 5 f[s,?sfl];a (Z‘) > max (G,, Z‘) fOT' T e (nga) U (Cl, OO) 5

and the function (a,s) — &, (s) is continuous;
if s<t<2s then —1< f[’s fla (a) < 25 — 1, in particular,

if t=2s then f[ ., (a) = —1;

if 2s<t then f . (a) <—1;
a'—ul_sa
PV s

[s,t];a
(iv): ift <s andt#2s—1, then
is the only fived point of fis .o different from a; moreover,
if t<2s—1thens>1%, a1 <a, f[’s tha (a) > 2s, in particular, f[’s f:a (a) > 1;

T @) < 15

Jistja (@) <z forx € (ar,a);  fls g (@) >a forx<ay; figa(x) >z forz>a

and
’f[/s,t];a (al)‘ <1 Zﬁ 5(2t71) — t? < 0;
if t>2s—1 then ay > a,

—1<2s 1< fligq(a) <1

in particular,

f[’s’t];a (a)’ <1, and

fisa (®) > a forz €(0,a);  flsua (@) <z forz€(a,a1); fsa(x) > forz>a;
Proof. Part (i) follows from (4) and Remark 2.3. To prove (ii) note that

, stz® +3a?s (1 —t) 2 —3a* (1 — s)tz? —ab (1 — ) (1 — 1)
f[s,t];a (LU) = 2 2 212 =0
22 [tz? + (1 —t) a?]
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for an x > 0 iff
0(2) =stz® +3a®s(1—t)22 =3a* (1 —s)tz—a® (1 —s)(1—t) =0

for z = x2. Since the derivative
¢ (2) =3 [stz” + 2a°s (1 — t) z — 3a™ (1 — s) t]

has only one positive root, the function f|s 4., has a unique local minimum at a point 2, (s,t) > 0. Calculating
z = 24 (s,t) (or applying the implicit function theorem), we can easily check that the function (a, s,t) — 2, (s, t)
is continuous in (0, 00) x (0,1)%.

To prove (iii) note that, by (4), equation fs 4., (¥) = @, equivalent to

(s—t)zt — (1 —t)a?z®> + (1 —s)a* =0,

can be written in the form

(xa)(zwLa)[xzi_iz}O (©)

If s < t then a positive = satisfies this equation if, and only if, z = a.

1—s
s—t

satisfies equation (6). This number coincides with @ if, and only if, £ = 25 — 1. Since fi;25-1};a (@) = a,
f[’S 25— 1)sa (@) = 1 (what is easy to verify) and lim, o fls2s—1];a (¥) = 00, there exists §, € (0,a) such that
Jis,2s—1];a (§a) = a. The uniqueness of £, follows from the fact that the equation fis25_1];q (¥) = a, written
explicitly,
szt 4+ (1 —s)at _
r[(2s — 1) a2 +2(1 —s)a?]
has a unique solution in the interval (0,a). Since this equation can be equivalently written in the form

(z—a) [s2® + (1 = s)az® + (1 - s)a’z — (1 - 5)a®] =0,
it is enough to show that there is a unique & = &, in the interval (0, a) satisfying the equation
h(z):=sz®+ (1 —s)azr® + (1 —s)a’xr — (1 —s)a® = 0.

As h(0) = — (1 —s)a® <0 and h(a) = a® > 0, the existence of &, € (0,a) follows from the Darboux property.
Since s € (0,1), it easy to check that

B (r) =3s2®> +2(1 —s)ax+ (1 —s)a®> >0, xR,

whence h is strictly increasing. It follows that &, is unique.
Hence, taking into account that

lim f[s,2871];a (J?) _ f > 1’
T—00 T t
we conclude that fis 2,150 (¥) > 2 for £ > 0,  # &,.
The remaining properties of &, as well as the continuity of the function (a, s) — &, (s) is obvious.
If s <t<2s then —2s < =2t < —4s, and from (5), —1 < f{, ,,(a) < 2s — 1. The estimations of this
derivative in the remaining cases are similar.
This completes the proof of (iii).
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If t <2s—1then —2¢t > —4s+ 2 and from (5) we get
flogal@) =4s =2t =1 >ds+ (—4s+2) -~ 1 = 1.

Since 2
s (m)*x—(s_t)(ﬁ) —(1-t)a?z? +(1—s)a*
o - T (mz + (1 — t) a2) y
f[&t];a T f[s’t];a (a) —a =0 and s — t > 0, the numerator takes negative values for z € (a1,a), and,
consequently,

f[s,t];a (l‘) <z, HAS (al,a).
The inequality fis ¢4 () > @ for @ > a follows from the inequality f, ., (a) > 1. We have

s,tl;a

48 — s (4t +3) +t(t+2)

/ _
f[s,t];a (al) - s (2t — 1) )

Hence the inequality

‘f[IS,t];a (al)’ <1

is satisfied iff
2(s—t)(2s—t—1)

s —pe 0

f[/s,t];a (a’l) -1=
wnd 2(s — 1) (25— 1)
, G s —
Jtsapa (1) + s(2t—1) — 12

Since s —1 <0, s >t and t < 2s — 1, these inequalities are satisfied iff

> 0.

s(2t—1)—t? <0.
If ¢ > 2s—1 then, in this case, —2s < —2t < —4s + 2, whence, by (5)
2s — 1 < f[/s,t];a (a)=4s—2t—1< 1.

The argument in the remaining part is analogous. O

Lemma 3.2. Let s,t € (0,1) such that s <t < 2s be arbitrarily fixzed. Then, for all a,x >0,

. 2,1 \"

Jim () @) =a.

Proof. Take arbitrary a > 0.In view of Lemma 3.1, a is the only fixed point of the function f[[f’tl]],a. We shall
show that ]

f[s:t];a (LU) —a

r—a

1< <1, x> a. (7)

From (4), after some calculations, we get

. @) —a (@+a) [(s—t)a?+ (s — 1) a?]
T a—a 17 z[ta® + (1 —t)d?] » v>0wa

Since, by assumption, s —t < 0 and s — 1 < 0, it follows that

f[[‘i’tl]];a (m) —a

r—a

—-1<0, T > a,
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which proves the second of inequalities (7). Note that

gl @ —a h(x)
it 1—
T—a * x[tr? + (1 —t)a?]’ r>0z#a
where
hiz):=(s+t)a®+ (s —t)az® + (s — 2t + 1) a*z + (s — 1) a®.
Since

W (x)=3(s+t)a® +2(s —t)ax + (s — 2t + 1) a?,
we have, for x > a,
() > 3(s+t)ar+2(s—t)ax+ (s —2t+1)a?
= (5s+t)ar+(s—2t+1)a® > (5s+1)a* + (s — 2t + 1) a?
(6s —t+1)a? >0,
and, consequently, the function h is strictly increasing in [a, 00). Since h (a) = 2(2s —t)a* > 0 and, by the

assumption, 2s — ¢t > 0, we have h (a) > 0. It follows that & is positive in (0, 00), which completes the proof of

(7).

Inequality (7) implies that for all « > 0,

Jm (750,) " @) =

Since, obviously, f((0,a)) C (a,00), this equality remains true for all z € (0, c0) . O

Lemma 3.3. Let s € (0,1). Ift =2s—1 then s € (%, 1) , 0 <t < s and for every a > 0 there ezists £, € (0,a)

such that
lim (f[2,1] )" (2) = { a for x € (&, al

n—roo \" [s:th:a oo for x€[(0,00)\ ({a,al]
Proof. Assume that t = 2s — 1 and fix a > 0. Note first that

f[[SZ,,Ql.i—l];a (.'L') >, T > O, T # a.
Indeed, by (4), this inequality takes the form

sz + (1 —s)a*
x[(2s—1) 22 +2(1 —s)a?]

> x, x>0, x #a,

that is equivalent to the obvious inequality
(175)(x27a2)2>0, x>0, z#a.
By Lemma 3.1 there exists £, € (0,a) such that

f[s,2571];a (.’13) <a, TE (£a7a); f[s,2sfl];a (ga) = a; f[s,2571];a (33) >a, TE (nga) .

In particular we have
2,1
f[[s72i—1];a (l‘) —a

T —a

0< <1, z€(&a),
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which implies that
lim (f[2 Al ) (£) =a, xz€ (&,al.

n—oo

O

Remark 3.4. For s € (0,1) consider the family of functions fis4,q witha =1 andt =1 — s3 that is one-
paremeter family of functions {f[s,1—53];1 :s € (0, 1)} Obviously the function ¢ : (0,1) — R defined by the
formula

0(s) = (fan_sn) (2) =2, s€(0,1),

where (f[&l_sa] 1) denotes the thzrd iterate of fis1-s3);1, 18 continuous. Making simple calculations we obtain
that ¢ (11—0) > 1 and @ ( ) < —3 By the Darbouz property of continuous functions, there is sg € (
that ¢ (so) = 0 whence

107 10) such

3
(f[so,lfsg]ﬂ) (2) =2.
Since
3 (53 + 5s — 5)
2(4—3s%)

it is easy to verify that 2 is a fized point of only one function of this family that is indexed by s = s1, where

Slwf \/W5€<78>
18 3 18 8 10710 ) °
It follows that 2 is a fized point of the order 3 for the function f := f[SO’l,Sg];l. By the Sharkovsky theorem [29],
the function f has fized points of all orders, which implies that the behavior of iterates of this function is
extremely chaotic.

Setting s := sg we have s € (10, 10) andt:=1—-3s¢ (100, 19090) and, obviously, the inequality s < t < 2s is

not satisfied. This shows that if the conditions of the second statement of Lemma 8.1 (iii) are not satisfied, the
functions of the family {f[s)t];a 18 < t} can exhibit strongly unpleasant iterative behavior.

(f[s,l—s3];1> (2) -2= € (Oa ]-) ,

From Theorem 2.2 and Lemma 3.2 we immediately obtain the following

Theorem 3.5. Let s,t € (0,1) such that s <t < 2s be arbitrarily fized. Then the sequence of iterates of the

pre-mean (B£ ; ],Bg 231 ]t> converges pointwise in (0, 00)2, and

tim (B2, Bg,i;i) - (6,9).
Remark 3.6. As B = B?Q] for t = s is a mean, this result in the case t = s follows from the main theorems
in [15], [20], [21].

From Theorem 2.2 and Lemma 3.3 with a = ,/zy, and setting 7 (a) := &, for a > 0, we obtain

Theorem 3.7. Let s € (0,1). If t = 2s — 1 then there exists a function n : (0,00) = (0,00), n(z) < z for all
z >0, such that

lim (Bft”,l% 1 ]t) (z,y) = (Vzy, /7Y), n(zy) <z <zy, y>0.

n—oo



4. A RESULT FOR PRE-MEAN-TYPE MAPPINGS (BE[”’}, B

The following is easy to verify.

Remark 4.1. Let I,J C R be an intervals.

Ml g2 5 J by

MU (y,0) =
The M is a pre-mean (mean) in I if, and only if, M!¥]
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Remark 4.2. Let I C R be an interval and M, N :
of the iterates of the mapping (M, N) : I? — I? converges and

sequence((M,N)"), cn

If o : J — I is a homeomorphism, then the sequence of iterates ((M[“"],N[“"])n)

<<M[‘P],N[‘/’])n) _ (Km’ Lm) .

n) = (M[w]’N[¢]>n

Proof. Put

(M, N,) :=

(M’ N)n

lim ((M,N)") =

n— oo

lim
n— oo

My n, Ny,

(

We shall show that, for all n € N, and u,v € J,

= (M (o (), 9 (v)),

[727.,7,'“}
1—s,1—t

u,v € J.

: J?2 — J is a pre-mean (mean) in J.

I? — T be arbitrary functions.

(K,L).

neN

n € N.

209

)

For M : I? — I and a homeomorphism ¢ : J — I define

Assume that the

converges and

Moy (u,0) = ¢ o My (9 (u) 9 (v)) s Nen (u,0) = 971 o My (¢ (u) , ¢ (v)). (8)
By the definition of M ¥ and N¥! it obviously true for n = 1.
Assume that these equalities hold true for some n € N. Since
My11 =M, o(M,N), Npy1=N,o(M,N), neN,
M1 p= My, o0 (M[@]’Nm) . Nppip=Npyo (M[w])NM) 7 neN.
we hence get, for all u,v € J,
Mo (,0) = Mg (MY (u,0), NV (u,0))
= ¢ toM, ( (M[“” u v) (N[‘P] u,v)))
= ¢ oM,y (p (e (M (2 (u), 0 (0))) @ (¢ (N (¢ (1), 0 (v))))
= ¢ oMy (M (0 (u), 9 (v), N (p(u),¢ ()
= ¢ 10 nr1 (9 (u), 0 (v))
Since the same argument shows that
Mga,n+1 (U,’U) = 9071 OMn+1 (90 (U)»SD(U))v u,v € J7
the induction completes the proof of (8).
Now our remark immediately follows from (8). O
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Remark 4.3. Take arbitrary r € R, r £ 0, and put ¢ (u) :=u" for u > 0. It is easy to see that

2 2 1/r
(2r,7] s+ (1—s) (") (pl2a) ¥
Bs,t (ua ”U) - < tor 4 (1 _ t) o - (Bs,t ) (U,U) ’ u,v > Oa

and, similarly,
BT (u,w) = (Bti’;i)[“”] (wv),  uwv>0.
Applying Remark 4.2, Remark 4.3 and Theorem 3.5 we obtain the following
Theorem 4.4. Let s,t € (0,1) such that s <t < 2s be arbitrarily fized. Then the sequence of iterates of the

pre-mean (BET’T],BE__?;T_Z]) converges pointwise in (0,00)°, and
i B[2r,r] B[—2r,—r] n o
nggo st o P1os1-¢ =(6,9).
Remark 4.5. To answer the question if the analogous result is true for all pre-mean type mappings (BL{’;Q], Bt’;’;ﬂ

where p,q € R, p # q, it is enough to decide it holds true for the pre-mean type mapping of the form
k+1,k —k—1,—k
(Bg,t ]3B£75,17t ]> )
where k € R. Indeed, taking k = ﬁ and ¢ (u) = u” with r = p — ¢ we have

[¥] [¢]
’ k+1,k s —k—1,—k
B[Z:tq] = (B[ ]) and B:{ Z,lq]t = (B][_ s,1—t ])

s s,t

which allows to apply Remark 4.2.

5. AN APPLICATION

Theorem 5.1. Let s,t € (0,1) such that s <t < 2s and r € R be fized. Suppose that a function @ : (0, 00)2 —-R
is continuous on the diagonal A := {(z,z) : x > 0}. Then ® satisfies the functional equation

o (BY " (@) BV (0y)) = @y, wy >0, (9)

if, and only if, there exists a continuous function of a single variable ¢ : (0,00) — R such that
O (x,y) =¢(xy), x,y>0
(that is, if, and only if, there exists a continuous function of a single variable ¢ : (0,00) — R such that
d=¢pogG.)
Proof. Assume that a function @ : (0,00)° — R is continuous on the diagonal A and satisfies equation (9) that
is
@(xy) =@ (BEBIUT) ). wy>0

Hence, by induction,
o=oo (BB new,

)



where (B.EQ,:,T]?Bl—s,l—t) denotes the n-th iterate of the mean-type mapping (stt
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[-2r, —r] [2T’T],Bg__2;’1__rt]). In view of

Theorem 4.4, for all x,y > 0,

i (B2 BIZTY) (o) = (VEmvEm), w0,

n—oo

Hence, taking into account the continuity of ® on the diagonal A(I*), and setting

o(u) =@ (Vu,vu), for u>0,

we obtain, for all =,y > 0,

@ (,y) = lim ®o (B BIT) (2,y) = @ (Vayyay)

n— oo

v (zy),

which completes the "only if" part of the theorem. The "if" part is obvious. O

The convergence of the iterates of the mean-type mappings have appeared to be useful in solving some
functional equations ( [20], [21], [24]- [27] (cf. also [11] where logarithmic mean in the context some functional
equations is treated). In [12] it shown that the set of homogeneous means is equipped with a metric.
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paper.
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