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PIECEWISE EXPANDING MAPS: COMBINATORICS, DYNAMICS AND

REPRESENTATION OF RATIONAL NUMBERS

Cristina Serpa and Jorge Buescu1

Abstract. We establish combinatorial properties of the dynamics of piecewise increasing, continuous,
expanding maps of the interval such as description of periodic and pre-periodic points, primitiveness
of truncated itineraries and length of pre-periodic itineraries. We include a relation between the
dynamics of a family of circle maps and the properties of combinatorial objects as necklaces and words.
We identify in a natural way each periodic orbit with an aperiodic necklace. We show the relevance of
this combinatorial approach for the representation of rational numbers and for the orbit structure of
pre-periodic points.
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Résumé. Nous établissons des propriétés combinatoires de la dynamique des fonctions de l’intervalle
croissant, continu et expansif par morceaux tels que description des points périodiques et pré-périodiques,
primitif itinéraires de troncs et de la durée d’itinéraires pré-périodiques. Nous inclure une relation entre
la dynamique d’une famille de fonctions du cercle et les propriétés des objets combinatoires que des
colliers et des mots. Nous identifions de façon naturelle chaque orbite périodique avec un apériodique
collier. Nous montrons la pertinence de cette approche combinatoire pour la représentation des nombres
rationnels et de la structure de l’orbite des points de pré-périodiques.

Mots-clés: Fonction expansif par morceaux, point périodique, point pré-périodique, représentation
des nombres rationnels

Introduction

Chaotic maps have three main properties: unpredictability, indecomposability and an element of regularity
(see e.g. [3]). The first comes from sensitive dependence on initial conditions, the second is due to the impossi-
bility of decomposing into two or more subsystems and the last one arises from the density of periodic points.
However, unpredictability is compatible with the deterministic nature of chaotic systems. In fact, it is possible
to study the long time behavior of this kind of systems using tools from ergodic theory (see e.g. [1]). Using
combinatorics and symbolic dynamics, we devote particular attention to a family of chaotic maps for which it
is possible to obtain partial predictability for long-term behavior.

Fotiades and Boudourides (see [4]) extended the work of Milnor and Thurston [7] on symbolic dynamics of
piecewise monotone maps to a family M of piecewise monotone, not necessarily continuous, expansive interval
maps.
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Definition 0.1. f : [0, 1] → [0, 1] belongs to M if there exists a partition 0 = a0 < a1 < · · · < ar = 1
(r ≥ 2) of [0, 1] such that f | (ai−1, ai) (i = 1, 2, . . . , r) is a monotone C1 function satisfying the following
Markov condition: for every i = 1, 2, . . . , r, there exist p (i) , q (i) ∈ {0, 1, . . . , r} with p (i) < q (i) such that
f (ai−1, ai) =

(
ap(i), aq(i)

)
and there is λ > 1 such that |f ′ (x)| ≥ λ for almost every x ∈ [0, 1].

We remark that the results of Fotiades and Boudourides for topological conjugacies of maps remain valid
under slightly weaker conditions. We consider the analog of their results within a broader class of functions
M which are not necessarily piecewise C1 but only piecewise continuous. The expansivity condition is also
weakened.

Definition 0.2. A continuous map f : X → X on a metric space (X, d) is called expanding if there exist
constants ε > 0 and λ > 1 such that for all x, y ∈ X

d (x, y) < ε⇒ d (f (x) , f (y)) ≥ λd (x, y) . (0.1)

λ is called the expansion factor of f .

Theorem 0.3. (Fotiades and Boudourides) Let f ∈M with partition 0 = a0 < a1 < · · · < ar = 1. Let T ∈M
be the map with partition 0 = 1/r < 2/r < · · · < r − 1/r < 1 which is linear in each interval [(i− 1) /r, i/r]
and T ((i− 1) /r, i/r) = (p (i) /r, q (i) /r). Furthermore, T | [(i− 1) /r, i/r] is of the same monotonicity type as
f | (ai−1, ai) and it is continuous, from the right or from the left at i/r, when f is continuous, from the right or
from the left at ai, respectively. Then f and T are topologically conjugate, i.e., there exists a homeomorphism
h : [0, 1]→ [0, 1] such that h ◦ f = T ◦ h.

This result states that the diagram

[0, 1]
f→ [0, 1]

h ↓ ↓ h
[0, 1] →

T
[0, 1]

is commutative.
By this result the topological properties of maps belonging to M can be derived from the study of the

piecewise linear case. Topological conjugacy ensures that properties related to periodic and pre-periodic are
preserved. The next result is the specification of Theorem 0.3 for the piecewise increasing case.

Corollary 0.4. Let f ∈ M with partition 0 = a0 < a1 < · · · < ar = 1 of [0, 1] such that f |[ai−1,ai]

(i = 1, 2, . . . , r) is an increasing, continuous and expanding function satisfying f (ai−1, ai) = (0, 1), for every
i = 1, 2, . . . , r. Then f is topologically conjugate to the map

ga (x) =

{
ax (mod 1) , if x ∈ [0, 1)

1 , if x = 1,
(0.2)

where a = r + 1.

By Corollary 0.4 there exists a homeomorphism h such that

h ◦ g = f ◦ h. (0.3)

Denoting by Ij = [j/a, (j + 1) /a), the interval map ga may be written as ga (x) = ax − j if x ∈ Ij , where
j ranges from 0 to a − 1. In terms of symbolic dynamics, following the work of Milnor and Thurston [7], we
associate the symbol j to an x ∈ Ij .

We now introduce some concepts of formal languages defined in [2], and [8]

Definition 0.5. An alphabet A is a finite nonempty totally ordered set of symbols (letters). A word or string
over an alphabet A is a finite sequence of symbols taken from A. We denote by

∑
the set of words over an

alphabet. A necklace is the equivalence class of a word under a circular shift.
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Definition 0.6. A word u ∈
∑

is primitive, or aperiodic, if

u = zn ⇒ n = 1 (and hence u = z) , (0.4)

where z ∈
∑

and zn means the n-fold catenation of the word z.

The next result is proved in [9]. We supply a sketch of the proof.

Proposition 0.7. Consider the map ga. Its m-periodic points are of the form

x =

m∑
k=1

jka
m−k

am − 1
, (0.5)

where a ≥ 2 is an integer and 0 ≤ jk < a, and the pre-periodic points are of the form

x =

m∑
k=1

jka
m−k−n

am − 1
+

n∑
k=1

ika
−k, (0.6)

where 0 ≤ jk < a is an integer and 0 ≤ ik < a.

To prove the statement it suffices to compute the first n iterates of the dynamical system. After this pre-
periodic points are found through a path of pre-images of periodic points.

Remark 0.8. If an m-truncated itinerary of a periodic point with prime period m is considered as a word of a
formal language, then it is a primitive word in the sense of Definition 0.6.

Combinatorial properties of the map ga are a consequence of the existence of a bijection between the set of
aperiodic necklaces (with primitive words) of lenght m from an alphabet with a words and the set of periodic
orbits of period m of the map ga.

A consequence of (0.6) is the existence of a finite base-a representation for every rational number.

Theorem 0.9. Let a ≥ 2 be a positive integer and x ∈ Q. Then there exist integers m ≥ 1, 0 ≤ j1, j2, . . . , jm <
a, n ≥ 1, −a < i1, i2, . . . , in < a and s such that

x =

m∑
k=1

jka
m−k−n

am − 1
+

n∑
k=s

ika
−k. (0.7)

The proof of this theorem results from the fact that, by the properties of the map ga, the set of rational
numbers in the domain is the set of pre-periodic points of the this map.

From this representation it is easily shown that each rational number may be represented as a fraction of the
form

x =
b

an (am − 1)
, (0.8)

for every positive integer a ≥ 2 and some n,m ∈ N and b ∈ Z which depend on x.

Corollary 0.10. Let a ≥ 2 be a positive integer. Then every positive integer has multiples of the form
an (am − 1), where n ∈ N0 and m ∈ N. We say an (am − 1) is the a-base least multiple (a-blm) of a
number if it is the least possible multiple of this form.

This construction bears a close relation to the theory of p-adic numbers [5], as already remarked by Hehner
and Horspool [6] in an analogous construction.
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From the dynamical point of view the main advantage of writing a number in the finite representation (0.7)
is that it supplies complete information about its orbit under the map ga. It is thus useful to represent rational
numbers in this way.

We now provide an algorithm to convert the usual representation p/q of rational numbers into the represen-
tation (0.7). Without loss of generality we consider a number in the interval [0, 1).

Let p/q ∈ Q ∩ [0, 1) be an irreducible fraction.
Step 1: find the a-base least multiple of q.
Step 2: multiply the numerator and the denominator by the adequate number such that

p

q
=

P

an (am − 1)
. (0.9)

Step 3: perform successive divisions by (am − 1), an, an−1, etc.
Bearing in mind the existence of the conjugacy (0.3) the next result is immediate.

Theorem 0.11. Let f ∈M be in conditions of Corollary 0.4. The pre-periodic points of f are of the form

x = h


m∑

k=1

jka
m−k−n

am − 1
+

n∑
k=s

ika
−k

 , (0.10)

It is now possible to construct complete symbolic itineraries for pre-periodic points, including the description
of the eventual period. If the point is written in the form (0.10), then all its dynamical behavior is known. Now
let x ∈ [0, 1] and suppose the homeomorphism h is known. If h−1 (x) ∈ [0, 1] ∩Q the point is pre-periodic and
it is possible to estimate how many iterates are needed for the point to reach a periodic itinerary and know the
period of the corresponding orbit. Let p/q ∈ Q ∩ [0, 1) be the irreducible fraction of h−1 (x). Multiplying the
numerator and the denominator p/q by the smallest value such that the new equivalent fraction is of the form
b/ (an (am − 1)), we conclude that n is at most the number of iterates of the pre-periodic part of the orbit and
m is the period of the periodic part of the itinerary.

Note that if h−1 (x) ∈ [0, 1] \Q then its orbit is dense in [0, 1]. In this case, and with this method, no further
orbit prediction is possible to describe. This is inherent to the unpredictability of chaotic systems.
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