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BRANCHING AND AGGREGATION IN SELF-REPRODUCING SYSTEMS

Vitaly Volpert 1
Abstract. Self-reproducing systems (SRS) represent ensemble of objects (or individuals) which can
produce other objects similar to themselves. If they compete with each other for resources, then they
can form aggregates (or clusters) instead of a uniform distribution. New aggregates can split from
the previous ones. In terms of biological populations, the aggregates correspond to biological species,
and emergence of new aggregates to the process of speciation. Other examples of SRS will also be
discussed.
Résumé. Les systèmes auto-reproductibles représentent des ensembles d’objets (ou d’individus) qui
peuvent produire des objets similaires à eux-même. S’ils sont en compétition pour les ressources, alors
ils peuvent former des agrégats (ou clusters) à la place des ditributions uniformes. Les nouveaux
agrégats peuvent se séparer de ceux qui existent déjà. Pour les populations biologiques, les agrégats
correspondent aux espèces et l’émergences de nouveaux agregats au processus de spéciation. Nous
allons discuter les mécanismes qui régissent ces processus et quelques autres exemples.

1. Self-reproducing systems
It was indicated by many authors that speciation is a general property of the living matter (see [11], [19]
and references therein). Emergence of biological species is the most well known example widely discussed after
the publication of Darwin’s book on the origin of species. However there are many other examples, and the
underlying mechanisms of speciation in these processes can be similar. In this work we will study this question
in a mathematical framework which will allow us to formulate more precisely conditions of speciation. We will
consider self-reproducing systems (SRS) which we understand in the following sense. We consider an ensemble
of objects which can produce new objects similar to themselves, using the surrounding medium (resources). It is
important to stress that these systems are not closed. We will show that if the elements of the system compete
for resources, then this competition together with reproduction and variations of offsprings in comparison with
their parents can result in the processes of aggregation and branching.
In order to define SRS more precisely, let us introduce the density distribution u(x, t) of these objects. The
space variable x will be specified below, t is time. We suppose that the evolution of the density distribution is
described by the reaction-diffusion equation
∂u
∂2u
(1.1)
= d 2 + W.
∂t
∂x
The diffusion term in this equation describes random motion (or random mutations), W is the production rate
which we will be mostly considered in the form
W = auk (K − H(u)) − σu,
1
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where the first term in the right-hand side is the rate of natality and the second term the rate of mortality of
the population. The natality rate is proportional to the population density in some power k and to available
resources. The rate of consumption of resources H(u) can be proportional to the point-wise population density
(local consumption), to the total population in some area (nonlocal consumption) or to the total population in
the whole space (global consumption):
Z ∞
Z ∞
u(y, t)dy.
φ(x − y)u(y, t)dy,
H(u) ∼ u,
∞

−∞

Nonlocal consumption of resources can be reduced to the local one if the kernel is the δ-function, and to the
global one if the kernel is identically constant. We will consider here various examples of SRS described by
these models.
Biological populations. The most well-known example of SRS are biological populations, animals or cells.
If x is the physical space and W = au(K − bu), then we obtain the conventional logistic equation. In this case,
the production rate W is proportional to the population density and to available resources (K − bu), which is
the difference between the rate of renewing of resources K and the rate of their consumption proportional to u.
Biological individuals can be characterized by their phenotype. For each phenotype x and time t we can
consider the density distribution u(x, t). Equation (1.1) implies in this case that the phenotype of offsprings is
the same as the phenotype of parents plus a small random perturbation. It should be noted that the perturbation
may not be small and the relation between phenotypes of parents and offsprings can be more complex.
In the case of sexual reproduction, we need to consider male and female subpopulations. Denote them by v1
and v2 . Then instead of equation (1.1) we get the system of two equations
∂ 2 v1
∂v1
= d 2 + av1 v2 (K − b(v1 + v2 )) − σv1 ,
∂t
∂x

(1.2)

∂v2
∂ 2 v2
= d 2 + av1 v2 (K − b(v1 + v2 )) − σv2 .
(1.3)
∂t
∂x
We assume here that diffusion coefficients, the rate of reproduction and the mortality coefficient σ are the same
for males and females. Then the difference z = v1 − v2 satisfies a linear parabolic equation. If z(x, 0) = 0, that
is the initial distributions of males and females are the same, then z(x, t) ≡ 0 for all times, and v1 = v2 . Hence
we can reduce system (1.2), (1.3) to the single equation with respect to the total population density v = v1 + v2 :
a
∂2v
∂v
= d 2 + v 2 (K − bv) − σv.
(1.4)
∂t
∂x
2
This is a reaction-diffusion equation with a bistable nonlinearity. Asexual reproduction corresponds to the
monostable nonlinearity. Properties of solutions are different in these two cases. We will discuss them in
Section 2.
Economical populations. Another group of models describes distribution of wealth and manufactured objects. Suppose that a human population is uniformly distributed in space and the individuals in this population
do not move. Each individual possesses some wealth. So the distribution of wealth u(x, t) depends on the
space variable x and on time t. We will use the same equation (1.1) for the evolution of wealth distribution.
The diffusion term describes local wealth redistribution from rich to poor where the flux is proportional to the
wealth gradient. The rate of wealth production W is determined by investments I and resources R:
W = kIR − σu.
Here the second term in the right-hand side describes consumption of wealth. We suppose that investments is
a function of wealth, I = f (u), and R = K − bu, where K is rate of renewal of resources and bu is the rate
of their consumption proportional to u. If we set f (u) = auk , then we get a logistic equation for k = 1 and a
bistable nonlinearity for k = 2.
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Similar to biological populations, the space variable x for economical populations can have a different interpretation. It is not the physical space with associate individuals, as in the previous example, but a space of
manufactured objects. In some sense, this is similar to the space of phenotypes for biological populations. Manufactures objects can be characterized by certain number of properties (size, weight, material, and so on). This
space of “phenotypes” is multi-dimensional. For simplicity, we will consider a one-dimensional space. We need
to specify in what sense we understand self-reproduction of manufactured objects. When consumers buy some
products, they create a demand and stimulate production of these objects. We suppose that the reproduction
rate W is proportional to the quantity of sold objects. In its turn, the latter is proportional to the quantity of
objects u and to the number of consumers which can buy these objects. This number of consumers equals the
total number of consumers K minus those who already bought these objects (proportional to u). Under these
assumptions we get the logistic production rate: W = au(K − bu).
The diffusion term describes small variations in the properties of produced objects which we always observe
in the market with several producers (e.g., computers and other electronic devices).
Intelligent populations. Similar to the economical populations, we consider here the physical space with
individuals associated to each space point. The individuals do not move. Each of them possesses some knowledge. Instead of the distribution of wealth for economical populations, we consider now the distribution of
knowledge u(x, t) as a function of space and time. Knowledge is understood here in a wide sense and can involve any intellectual or spiritual activity (science, art, music, and so on). The rate of production of knowledge
is proportional to the level of knowledge and to available resources. The latter, as before, is the difference
between the rate K of supply of resources and the rate of their consumption supposed to be proportional to
u (preservation of knowledge requires resources). Hence we obtain the same expression as before for the production rate, W = au(K − bu). The diffusion term in equation (1.1) describes local redistribution by means of
resources necessary for knowledge production. Let us note that knowledge can diffuse through learning. In this
case it goes from the place (individual) with greater knowledge to the place with lesser knowledge. It clearly
increases the knowledge of the latter, however it does not directly decrease knowledge of the former as it should
be according to the diffusion term. Indirect decrease of the knowledge production rate is caused by time spent
for teaching.
If the space variable x corresponds to the field of knowledge (“phenotype”) and u(x, t) is the number of
people involved in this activity, then the reproduction consists in forming new specialists in this area. The
reproduction rate W is proportional to u and to available resources, W = u(K − bu). In the case of nonlocal
consumption of resources, the process of speciation will lead to the emergence of an internal structure in the
corresponding field of knowledge, as it is the case in science, literature or music.
Thus, different types of SRS are described by similar models. We will introduce in the next section nonlocal
and global consumption of resources which describe intraspecific competition. We will show below that it
determines two important properties of SRS, aggregation and branching.

2. Local, nonlocal and global consumption of resources
Consider the reaction-diffusion equation
∂2u
∂u
=d
+ auk (1 − H(u)) − σu.
(2.1)
∂t
∂x2
If H(u) = u, then we have local consumption of resources because they are consumed at the same space point
x where the individuals are located at this moment of time, where they reproduce and where they die. This
equation is studied in detail both for k = 1 (monostable case) and k = 2 (bistable case) (see [33] and references
therein).
Next, we will consider nonlocal consumption of resources where
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H(u) =

Z
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∞
−∞

φ(x − y)u(y, t)dy,

φ(x) is some kernel which shows how consumption of resources depends on distance: what is the rate of
consumption of resources located at the point x by the individuals located at the point y. Here we come
to another concept where consumption of resources occurs in some area around the average location of the
individuals. If k = 1, equation (2.1) with nonlocal consumption of resources is the so-called nonlocal FisherKPP equation actively studied during the last decade (see [8], [21], [23], [24], [28]). The case k = 2 was considered
in [7], [35].
In the case of global consumption of resources we set
H(u) = s

Z

∞

u(y, t)dy.
−∞

The integral here represents the total size of the population, s is a constant. Hence consumption of resources
occurs independently of the phenotype of the individuals. Reaction-diffusion equations with global resources
were introduced in [35].
Reaction-diffusion equations with local and nonlocal consumption of resources describe propagation of waves,
nonlocal consumption of resources describes speciation. Local and global consumption of resources describe pulse
solutions. They are unstable in the case of local resources and they can become stable in the case of global
resources. We will briefly recall the main results for the models of local consumption below in this section.
Section 3 will be devoted to equations with nonlocal consumption of resources, and Section 4 to equations with
global consumption.
In classical population dynamics, the population density u(x, t) is described by the reaction-diffusion equation
∂2u
∂u
+ F (u),
(2.2)
=d
∂t
∂x2
where F (u) = auk (1 − u) − σu. It corresponds to equation (2.1) with H(u) = u (local consumption). If k = 1,
then F (u) = 0 for two values of u: u+ = 0 and u− = 1 − σ/a. If σ < a, then u− > 0, and there exist
travelling wave solutions of equation (2.2) with the limits u± = u(±∞). They were first studied in the context
of population dynamics in [18], [26] and then in numerous other works (see [36] and references therein). These
are solutions of the form u(x, t) = w(x − ct), where c is the wave speed. They satisfy the second-order ordinary
differential equation
dw′′ + cw′ + F (w) = 0,

w(±∞) = u± .
(2.3)
p
For all speeds c greater than or equal to the minimal speed c0 = 2 dF ′ (0) these solutions are monotonically
decreasing. They are stable in properly chosen spaces.
If k = 2 and σ/a < 1/4, then the function F (u) has three zeros, u+ = 0, and two others, u∗ and u− , the
roots of the equation u(1 − u) = σ/a, u+ < u∗ < u− . There exists a solution of problem (2.3) for a unique value
of speed c. The wave is monotone and globally asymptotically stable.
Equation (2.2) with k = 2 has also a pulse solution, that is a stationary solution w0 (x) with zero limits at
infinity:
dw0′′ + F (w0 ) = 0,

w0 (±∞) = 0.

It can be easily constructed explicitly. This solution is unstable. Such solution does not exist for k = 1. Let us
note that the pulse solution exists for any positive values of parameters a and σ. This means that the population
persists even for high mortality rates. Moreover the maximum of the solution wm increases for greater σ but
the distribution becomes narrower.
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3. Patterns and waves for nonlocal consumption
3.1. Linear stability analysis
Consider the reaction-diffusion equation with nonlocal consumption of resources in the monostable case:

Here

∂u
∂2u
= d 2 + au(1 − J(u)),
∂t
∂x

J(u) =

Z

∞
−∞

φ(x − y)u(y, t)dy,

Z

x ∈ R.

(3.1)

∞

φ(y)dy = 1.
−∞

Then u = 1 is a stationary solution of this equation. Linearizing the equation about the stationary solution, we
obtain the eigenvalue problem
dv ′′ − aJ(v) = λv.
The Fourier transform gives the expression for the spectrum
λ(ξ) = −dξ 2 − aφ̃(ξ), ξ ∈ R,
where φ̃(ξ) is the Fourier transform of the function φ. If we replace φ(x) by the δ-function, then we return to
the local reaction-diffusion equation, φ̃(ξ) = 1, and λ(ξ) < 0 for all ξ. In the nonlocal case, if φ̃(ξ) is negative
for some ξ, then λ(ξ) can become positive, and the uniform solution u = 1 can become unstable. If we set

1/2N , |x| < N
φ(x) =
,
0
, |x| ≥ N
then
λ(ξ) = −dξ 2 − a sin(ξN )/(ξN ).
(3.2)
If we consider a bounded interval with certain boundary conditions (Dirichlet, Neumann, periodic), then the
spectrum is discrete, and the conditions of the existence of positive eigenvalues can be expressed through the
parameters d, a, N .

3.2. Bifurcations
If a simple real eigenvalue crosses the origin, then the homogeneous in space solution loses its stability and
a nonhomogeneous solution bifurcates from it. Bifurcation analysis for the nonlocal reaction-diffusion equation
was first carried out in [8] (see also [35]). We will not stop here on the detail of this analysis and will restrict
ourselves to the numerical results shown in Figure 1.
In the case of the piece-wise constant function φ(x), the spectrum is given by formula (3.2). For d sufficiently
large, it lies in the left-half plane and the homogeneous in space solution u = 1 is stable. When we decrease d,
a real eigenvalue crosses the origin resulting in bifurcation of a periodic in space solution (Figure 1 (left)). Let
us note that the total mass of the stationary solution u(x), that is the expression
Z
1 L
u(x)dx
M (u) =
L 0
grows as d decreases. Figure 1 (right) shows its difference with the total mass of the homogeneous solutions
M0 = 1. This conclusion is important for the applications. We will return to them in the discussion section
below. It is interesting to note that M (u) does not have a square root behavior near the bifurcation point.
Setting
u = u0 + ǫu1 (x) + ǫ2 u2 (x)
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Figure 1. Periodic solution which bifurcates from the homogeneous solution (left). The integral of the periodic solution increases when the diffusion coefficient decreases (right).
√
in the bifurcation analysis, where u0 = 1, ǫ = dc − d and dc is the critical value of the diffusion coefficient,
we note that the amplitude of the periodic solution grows as a square root. However, since u1 (x) = sin(kx) for
some value of k, then this term vanishes in M (u). Only the next term, linear with respect to the difference
dc − d is preserved after integration.

3.3. Periodic travelling waves and branching
If we now consider a localized initial condition with a finite support, then we can expect propagation of a
travelling wave similar to the local reaction-diffusion equation. However, as we discussed above, the homogeneous
in space solution u = u0 behind the wave can become unstable. In order to explain behavior of solutions in
this case, we need to consider two travelling waves. One of them between constant solutions u = 0 and u = u0 .
We will call it [0, u0 ]-wave. Another one is a wave between unstable homogeneous solution u0 and a periodic
in space structure up (x). It is a generalized travelling wave which we will call [u0 , up ]-wave. Let c0 be the
speed of the former and cp of the latter. If c0 > cp , then the distance between them grows, and we observe a
stable (on the half-axis) propagation of the [0, u0 ]-wave with an unstable equilibrium u0 behind it. If c0 < cp ,
then the generalized travelling wave moves faster, they merge and form a single periodic wave. Both types of
behavior are observed numerically [37]. Such behavior is well known in the theory of travelling waves (wave
trains, systems of waves, decomposition of waves) [33] with the difference that the equilibrium separating two
waves is usually stable.
Figure 2 shows a numerical example where the two waves merge and form a single periodic wave. A stationary
periodic structure is formed behind the wave (left). The maxima of the solution at the (x, t)-plane form specific
branching pattern (right). It has an important interpretation from the point of view of speciation. It was
observed before already in numerous works [20]- [22], [24], [31]. We will return to this question below.

3.4. 2D equation
In the two-dimensional space, behavior of solutions of the equation
∂u
= d∆u + au(1 − J(u)),
∂t
where

(3.3)
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Figure 2. Propagation of a periodic wave in the monostable case with nonlocal consumption
or resources (equation (3.1)) for a = 5, s = 0.2, d = 0.3. Snapshot of solution (left), coordinates
of the maxima of the solution on the (x, t)-plane (right).

J(u) =

Z

R2

φ(x1 − y1 , x2 − y2 )u(y1 , y2 )dy1 dy2

depends on the support of the function φ.

Figure 3. Propagation of circular wave and formation of a structure behind the wave. The
maxima of the density form a square grid in the case of a square support of φ (left) and a
circular structure in the case of a circular support (right). Reprinted with permission from [37].
Two examples are shown in Figure 3 where the piece-wise constant function φ has a square support (left) or
a circular support (right). In both cases, there is a circular wave propagating outwards. However the pattern
behind the wave depends on the support of the function φ.
We discussed in this section nonlocal reaction-diffusion equation in the monostable case. The bistable case
is qualitatively similar in the sense that the homogeneous in space solution can lose its stability resulting in
appearance of stationary nonhomogeneous solutions.
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4. Simple and multiple pulses
4.1. Existence and stability of pulses
Let us consider the reaction-diffusion equation in the bistable case
∂u
∂2u
= d 2 + au2 (1 − sI(u)) − bu
∂t
∂x

(4.1)

with global consumption of resources,
I(u) =

Z

∞

u(y, t)dy.
−∞

Here a, b and s are positive numbers. Existence of stationary solutions of this equation can be easily studied.
The equation
w′′ + aw2 (1 − sI(w)) − bw = 0, w(±∞) = 0
(4.2)
can be solved analytically. It can be verified that there exist two solutions (up to translation in space) if
0 < s < s0 for some critical value s0 , and there are no solutions for s > s0 [35]. Hence existence of solutions is
determined by the level of global consumption of resources. Let us note that such solutions do not exist in the
monostable case (asexual reproduction).
Denote a stationary solution of problem (4.2) by w0 and consider the eigenvalue problem for the equation
linearized about this solution:
Lv ≡ v ′′ + 2acv − bv − asw02 I(v) = λv,
where c = 1 − sI(w0 ). The operator

w(±∞) = 0,

(4.3)

L0 v = v ′′ + 2acv − bv
has a positive eigenvalue. Indeed, the function w0′ (x) is the eigenfunction of this operator corresponding to the
zero eigenvalue. It is related to the invariance of solutions with respect to translation. Since it has variable
sign, it cannot be the principal eigenfunction, that is the eigenfunction corresponding to the eigenvalue with
the maximal real part. It is known that such eigenvalue is real, positive and the corresponding eigenfunction
is positive (up to a constant factor) [33]. Therefore λ = 0 is not the principal eigenvalue of the operator L0 ,
and it has a positive eigenvalue. Hence the pulse solution w0 (x) is an unstable stationary solution of the local
reaction-diffusion equation.
Numerical simulations show that this solution can be a stable stationary solution of equation (4.1). This
means that global consumption of resources can stabilize it. The spectrum of problem (4.3) is not yet studied
analytically. Some model examples show that the integral term can remove the positive eigenvalue [35].

4.2. Multiple pulses
In this section we consider equation (1.1) where
W = auk (1 − s1 J(u))(1 − s2 I(u)) − σu.
It describes dynamics of the population with two resources, one of them is nonlocal and another one is global
in the sense of the previous sections. Both resources are supposed to be necessary for reproduction, so that the
reproduction rate is proportional to the product of the two factors. If we put one of the constants s1 or s2 equal
to zero, then we get one of the previous models.
The presence of the integral J(u) provides splitting of the population into sub-populations (speciation) while
the integral I(u) in the reproduction term limits the total size of the population. As a result, instead of travelling
waves and single pulses observed before we obtain here solutions which consists of multiple pulses (Figure 5).
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Figure 4. Srationary solutions of equation (4.1) for a = 1, s = 0.1, d = 0.03, 1. σ = 0.001, 2.
σ = 0.005, 3. σ = 0.01.

Figure 5. Seven and ten pulse solutions obtained respectively for s2 = 0.15; 0.1 and the values
of other parameters k = 2, D = 0.1, N = 3, a = 1, b1 = 2, b2 = 10, σ = 0.1, s1 = 1. The red
curves are the function u(x, t) at a given moment of time, the green curves show the positions
of the maxima of the solution in the (x, t)-plane.

Their number depends on the value of the parameter s2 . If we decrease it, the number of pulses increases.
Let us also note that the distance between pulses slowly grows in time. So multiple pulse solutions are not
stationary but transient solutions. When the distance between pulses tends to infinity, each of them converges
to the stationary single pulse solution.
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5. Discussion
5.1. General properties of self-reproducing systems
Aggregation and branching are common properties of self-reproducing systems that may not depend on their
specific origin.
Aggregation. The objects (individuals) that form self-reproducing systems can be either uniformly distributed
in space or show spatial organization. In the case of local consumption of resources described by local scalar
reaction-diffusion equations only uniform distributions are stable. In the case of nonlocal consumption of
resources, which describes competition for resources, nonuniform density distributions can become stable.
There are two ways to obtain stable nonuniform distributions: due to bifurcations from a uniform solution or
as a pulse solution. Homogeneous in space solutions can lose their stability in the case of nonlocal consumption
of resources resulting in the emergence of nonhomogeneous solutions. If the bifurcation parameter (e.g., diffusion
coefficient) moves further in the instability region, the density distribution becomes strongly inhomogeneous
with localized regions of high density, which we call here aggregates or clusters. Such behavior is observed for
both sexual and asexual reproduction in the case of nonlocal consumption of resources.
Stable stationary pulses are observed in the bistable case (sexual reproduction) with global consumption of
resources. In the monostable case or in the case of nonlocal consumption of resources such solutions were not
observed. We can conjecture that they do not exist. In the bistable case with local consumption of resources
such solutions exist but they are unstable.
These are the simplest patterns observed for nonlocal and global consumption of resources. More complex
models can produce other patterns. For example, multiple pulses in the case of two resources, nonlocal and
global.
Branching (speciation). Clusters or aggregates formed due to the nonuniform density distribution can split
resulting in appearance of new clusters. In the case of biological species this process is called speciation. It
describes the emergence of biological species in the process of evolution. It is widely studied with various
modelling approaches [11], [19]. Nonlocal reaction-diffusion equations were used to describe speciation in [20][22], [24], [31] (Section 3.3).
The minimal model to describe speciation takes into account the following three properties: nonlocal consumption of resources related to the intraspecific competition, reproduction with the same phenotype, small
perturbations of the phenotype due to random mutations. A similar mechanism of speciation can be identified
in numerous other models of biological, economical and intelligent populations.
Species. The notion of biological species is largely discussed in literature, and we will not discuss it here.
From the point of view of the modelling presented in this work, we can interpret species as localized structures
(aggregates) in the space of phenotypes. Such localized structures exist due to nonlocal or global consumption
of resources and, as a consequence, competition for resources. This approach can be used to model emergence
and evolution of biological species (previous paragraph). In particular, introducing appropriate models with
nonlocal and global consumption of resources we can describe all main patterns of Darwin’s diagram [7].

5.2. Two more examples
We will present here two other examples of self-reproducing systems where the process of aggregation has
interesting biological applications.
Ants and specialization of workers. Let the space variable x correspond to various tasks that should be
accomplished and u(x, t) to the number of workers involved in this process. In the case of ants, this specialization
is also related to their phenotype, in the case of workers to their training. Denote by K the amount of work which
should be done for each task during given time interval, and bu is the work already accomplished (proportional
to the number of workers). Then we can use equation (1.1) for the distribution of u. The diffusion term shows
that phenotype of ants can change due to small variations. The production term W is proportional to the
remaining amount of work, W = a(K − bu).
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If we take into account that workers (ants) can fulfil various tasks in some range of their competence, then
we obtain the nonlocal term W = a(K − bJ(u)). In this case we obtain a linear equation with a homogeneous
in space stationary solution which can become unstable. The drawback of this equation is that its solution is
not uniformly bounded and can become negative.
Next, let us take into account that the rate of production of workers can depend on their number. In the case
of ants, the workers can reproduce themselves [9]. It can be a linear dependence on their number or a nonlinear
dependence if their interaction increases the efficiency of the reproduction. Then we get W = auk (K − bJ(u))
where k is a positive number. Together with the term which describes retirement of workers (mortality of ants)
we arrive to the equation
∂2u
∂u
(5.4)
= d 2 + auk (K − bJ(u)) − σu.
∂t
∂x
Finally if the global number of workers (ants) is limited because of limited resources, then the production rate
depends also on global consumption of resources:
∂u
∂2u
(5.5)
= d 2 + auk (K1 − b1 J(u))(K2 − b2 I(u)) − σu.
∂t
∂x
The model of specialization of workers is based on two types of signaling. The first one controls the work to be
done, the second one from the workers with the purpose to increase their number. This model is considered in
Section 4.2. Multiple pulses observed there correspond to the groups of specialized workers.
Density dependent proliferation. Cell proliferation can depend on the average cell density. There are
various mechanisms which can be involved: mechanical pressure, various signals coming from the surrounding
cells or nutrients and hormones coming from outside and consumed by cells. Let us introduce the average cell
density
u(x) =

1
2N

Z

x+N

u(y)dy
x− N

and consider the equation
∂2u
∂u
= d 2 + auk (K − bu) − σu.
∂t
∂x

(5.6)

Note that
u(x) =

Z

∞
−∞

φ(x − y)u(y, t)dy,

φ(x) =



1/(2N )
0

,
,

|x| < N
.
|x| ≥ N

So equation (5.6) is a particular form of nonlocal reaction-diffusion equations considered above. Instability and
branching described by the nonlocal reaction-diffusion equation is related to branching patterns in angiogenesis
and in plants.

5.3. Models of reproduction
The reproduction terms in the models considered above are simplified. We will briefly discuss here more
complete models. We should also note that biological justification of the models of sexual reproduction is quite
complex and it requires further investigation.
Phenotypes of mating partners and offsprings. Average phenotypes of mating partners are generally not
the same but they are related to each other [27]. If the space variable x corresponds to the phenotype, then the
reproduction terms become proportional to the densities of males v1 (x) and females v2 (x + h) taken at different
space points. Hence we consider shifted phenotypes. Solutions of the corresponding equations are also shifted.
Next, we need to take into account phenotype distributions around some average values. Moreover, phenotypes of offsprings can be different from the phenotypes of parents. In this case, there are additional nonlocal
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terms in the model, and the reproduction terms become more complex ( [35], page 537). These models should
be studied in more detail.
Human height distribution. Let us discuss the rate of sexual reproduction taking as example the human
height distribution. In this case, the space variable x is height. Consider the woman height distribution u(x, t)
described by the equation
∂2u
∂u
=d
+ (B − D)u,
∂t
∂x2
where B is the birth and D is the death rates. Looking for a solution of this equation in the form u(x, t) =
eλt v(x), (λ ≥ 0) we get
dv ′′ + (B − D − λ)v = 0.
The distribution v(x) has a specific bell shape (Figure 6). It implies that v ′′ (x) < 0 in some interval of heights
x1 < x < x2 (x1 ≈ 155 cm, x2 ≈ 165 cm) and v ′′ (x) > 0 outside this interval. Hence B > D − λ inside the
interval and the inequality is opposite outside it. Setting B = F w, where F is fertility and w is the proportion
of married women1, and assuming that F and D are constant in this interval of heights [10], we conclude that w
depends on x. This conclusion is in agreement with statistical data that the probability of marriage and having
children depends on height [10], [30], [32]. Even a weak dependence of the proportion of married women on
height can change the sign of the coefficient B − D − λ, which is necessary for the existence of the bell shape
distributions.
A plausible explanation of height dependent marriage probability for women is related to the number of
available men. We recall that heights of men and women forming a couple are related to each other [27]. Hence
w(x) ∼ z(x + h), where z(x) is the man height distribution, h is some number. Therefore the reproduction rate
is proportional to the product of man and woman densities. System (1.2), (1.3) with global consumption of
resources and with a shift of heights gives a good approximation of human height distribution (Figure 6).
Reproduction and mortality rates depend on the phenotype. Biological species correspond to localized
solutions in the space of phenotypes. As we discussed above, in the bistable case with the global consumption
of resources such solutions exist and they are stable. If the rates of reproduction or mortality depend on the
phenotype, then this localized solution will move in the direction where the reproduction increases or mortality
decreases [7], [35].
The models with space dependent coefficients are used in modelling of natural selection [7]. If we assume,
according to Darwin, that the most adapted survive and multiply while less adapted disappear, then we need to
assume that survival and reproduction depend on the phenotype, that is on the space variable. This assumption
allows us to describe the process of natural selection.
In the bistable case, localized solution are influenced by space dependent coefficients but they exist also
for constant coefficients. This is different in the monostable case where localized solution can exist if the
reproduction rate is greater than the mortality rate only inside some finite intervals of phenotypes (or genotypes).
This is the case in cell population dynamics where these existence intervals correspond to different cell types.
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1We associate here for simplicity marriage and having children.
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Figure 6. Human height distribution in statistical data (histograms) [1], numerical simulations
with the nonlocal reaction-diffusion system (upper curves) and normal distributions (lower
curves). Women height distribution is shown in red, men distribution in blue.
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