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REGIONAL STABILITY AND STABILITY RADIUS ∗
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Dedicated to Abdelhaq El Jai for his 65th birthday.
Abstract. In this work we consider the problem of stability, for distributed parameter systems,
through the space variable. We give an extension of the stability radius, introduced by A. J. Pritchard
and S. Townley [7, 10], to the regional case. This consists to determine the ”smallest disturbance”
which destabilizes regionally an exponentially stable system. We prove in particular that for a certain
given class of distributed parameter systems, it is possible to destabilize regionally an exponential
stable system without destabilizing it totally.

Résumé. Nous considérons dans ce travail le problème de la stabilité pour les systèmes à paramètres
distribués avec une variable espace. Nous donnons une extension au cas régional du rayon de stabilité,
introduit par A. J. Pritchard et S. Townley [7,10]. Il s’agit de déterminer la “plus petite perturbation”
qui déstabilise régionalement un système exponentiellement stable. Nous montrons en particulier que
pour certaines classes de systèmes distribués données, il est possible de déstabiliser régionalement un
système initialement exponentiellement stable sans pour autant le déstabiliser totalement.

Keywords: Distributed parameter systems, regional robust stability, total instability, stability radius.

introduction
Stability is one of the most important concepts introduced in analysis and control of systems. An unstable
system has practical applications if we can stabilize it and the stability/stabilizability will be more interesting
if the system remains stable even in the presence of some disturbances (robust stability/robustness). For
distributed parameter systems, characterized by a spatiotemporal evolution, the recent works developed by A.
El Jai and his team show the importance of space variable in the study of such systems. Indeed, in [1], it was
introduced for distributed parameter systems, a notion more appropriate for highlighting the spatial aspect in
the analysis and control of such systems: It is the regional analysis. That consists to study the system (analysis
and/or control) no more globally (on the whole field Ω where is defined the system) but only regionally (on a
certain region σ ⊂ Ω). These concepts of regional controllability/observability and stability/stabilizability were
introduced. It has been shown that it is possible to control (observe or stabilize) regionally some systems which
are not globally controllable (observable or stabilizable) [1, 12–14, 18].
In this work we consider the problem of robust regional stability. In particular we consider the problem of
determining the regional stability radius (for a given region σ ⊂ Ω). Indeed, for the stability radius, A. J.
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Pritchard and S. Townley [7, 10] have considered the problem of determining the smallest disturbance which
destabilizes a given exponentially stable system on Ω. But since there are some systems which are regionally
exponentially stable without being globally exponentially stable, we consider the following problems:
(1) For an exponentially stable system the smallest disturbance which destabilizes the system could destabilize it on a very particular region σ ⊂ Ω (without destabilizing the other regions) ? If yes which one
? and for what type of systems ?
(2) For an exponentially stable system can we define a regional stability radius for each region ? If yes this
means that each region σ admits its proper stability radius rσ . In this case are there any relationships
between rσ and the global stability radius rΩ ? Also can we compare the degree of stability (of such a
regions) and determine which region is the most vulnerable to instability ? [3, 5]
(3) For two regions σ1 and σ2 , can the destabilization of the one of them cause the destabilization of the
other?
This paper is organized as follow: In the first section we recall the stability radius. In the second section we
recall the regional stability definition as it was introduced by El jai et al. [1], [11] and we introduce the ”total
instability” concept. In the third section we introduce the regional stability radius. Some examples are given
to illustrate the results.

1. stability radius
We begin by recalling the definition of the stability radius as it was given in [7].
Let Ω be an open and bounded subset of Rn representing the geometric field in which evolves the system
described by the following state equation


·

z (t) = Az (t) + Bu (t)
z (0) = z0

t>0

(1)

with the measure function
y (t) = Cz (t)
(2)
where A is a differential operator with domain D(A), self-adjoint and with a compact resolvent and generates
a strongly continuous semigroup (S(t))t≥0 on the state space X. C ∈ L(X, Y ) and B ∈ L(U, X).
X, U and Y are separable Hilbert spaces. Generally U and Y designate respectively state and observations
spaces. X and X are Banach spaces considered in a way to consider the case where B and/or C are unbounded.
To determine the stability radius of a given system, the choice of the nature of the disturbance is very
important. Indeed in [6] Desh and Schappacher considered a class of disturbance of A in the form T =
A(I + P Q) + LQ while in [7] Pritchard and Townley have considered disturbance of A in the form A + BDC.
In this work we consider the stability radius as it was been introduced by Pritchard and Townley in [7].
For this we consider a disturbance of the system (1) in the form u = Dy, where D ∈ L (Y, U ).
The system (1) is written as
 .
z = Az + BDCz
z (0) = z0
Under some assumption (which will be clarified later), the solution of the disturbed system is given by
Z

t

S(t − s)BDCz(s)ds

z(t) = S(t)z0 +
0

Which gives
Z

t

S(t − s)BDCz(s)ds

y (t) = Cz (t) = CS(t)z0 + C
0

(3)

ESAIM: PROCEEDINGS AND SURVEYS

25

and
y = y0 + CLDy
where y0 = CS(t)z0 and
L : L2 (0, ∞; U ) → L2 (0, ∞; X)
is defined by
Z

t

S(t − s)Bu(s)ds

(Lu)(t) =

t>0

(4)

0

For D ∈ D where D is a subset of L(L2Y , L2U ).
Assume that the system (A, B, C) is in the Pritchard-Salamon class i.e. the following assumptions are
satisfied:
1. X ⊂ X ⊂ X with a dense and continuous injections.
2. S(t) extends (restricted) to a strongly continuous semigroup on X (X).
3. The domain of A in X is a subset of X ; DX (A) ⊂ X.
4. There exists M, α > 0 such that kS(t)k ≤ M e−αt , t ≥ 0. on the three spaces X, X and X.
5. For all T > 0 there exists k such that for all x ∈ X, kCS(.)xkL2 (0,T ;Y ) ≤ k kxkX .
RT
6. For all T > 0, there exists kT such that for all u(.) ∈ L2 (0, T ; U ) , 0 S(s)Bu(s)ds ∈ X and
T

Z

≤ kT ku(.)kL2 (0,T ;U )

S(s)Bu(s)ds
0

X

7. There exists k such that for all u(.) ∈ L2U ,
Z

.

S(. − s)Bu(s)ds
L2X

0

≤ k ku(.)kL2 (U )

Then the solution of (3) is given by
Z

t

S(t − s)BDCz(s)ds

z(t) = S(t)z0 +

(5)

0

We have the following definition [7]
Definition 1.1. The stability radius of system (3) is the greatest positive real r, noted r(A, B, C) defined by
r (A, B, C) = sup{r > 0 such that if kDk < r, then
the solution of (3) is exponentially stable for all z0 in X}
This means that the stability radius is the smallest disturbance which destabilizes an exponentially stable
system. We have the following result [7]:
Theorem 1.2. If the system is in the Pritchard-Salamon class and supω kG(iω)k < +∞ then
r(A, B, C) =

1
1
=
kCLk
supω kG(iω)k

where G(iω) is the transfer function of system (S) and L : L2 (0, ∞; U ) → L2 (0, ∞; Y ) is defined by (4).
For more details see [7].
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2. regional stability / total instability
2.1. Regional stability
Let σ be a given region, with non null measure (meas(σ) 6= 0 where meas(σ) is the Lebesgue measure of σ),
fixed in Ω and χσ the characteristic function of σ. We have the following definition [1]:
Definition 2.1.
(1) A semigroup (S(t))t≥0 is said to be σ-regionally exponentially (or σ-exponentially) stable on X = L2 (Ω)
if there exists two strictly positive constants Mσ and ασ such that
kχσ S (t)k ≤ Mσ e−ασ t

t≥0

,

(2) The system (1) is said to be regionally exponentially stable on σ (or σ-exponentially stable) if the
semigroup (S (t))t≥0 generated by the operator A is σ-exponentially stable on L2 (Ω).
(3) We say that the system is σ−exponentially unstable if it is not σ-exponentially stable.
If (S(t))t≥0 is a semigroup σ-exponentially stable on L2 (Ω) then for all z0 ∈ L2 (Ω) the solution of the
associated autonomous system (1) satisfies
kχσ z(t)k = kχσ S(t)z0 k ≤ kχσ S(t)k kz0 k ≤ Mσ e−ασ t kz0 k
and then lim kχσ z(t)k = 0 .
t→+∞

Remark 2.2.
(1) In this paper we consider only the case where the measure of σ is non null. (meas(σ) 6= 0).
(2) An exponentially stable (globally) system (on Ω) is regionally exponentially stable on all region σ ⊂ Ω
(with σ ⊂ Ω and meas(σ) 6= 0) but the converse is not true as it is shown in the following example:
Example 2.3. Consider the system given by the following state equation:

ż (t) = (x − 4)z(t)
, x ∈ ]0, 5[ , t > 0





z(x, 0) = z0 (x)
x ∈ ]0, 5[
(S)





z (0, t) = z (5, t) = 0
t>0

(6)

For all a ∈ ]0, 4[ this system is exponentially stable on a σ =]0, a[ but it isn’t exponentially stable on Ω = ]0, 5[.
z (x, t) = e(x−4)t z0 (x)

0<x<5

then
S (t) z0 : x ∈ ]0, 5[ → e(x−4)t z0 (x)
2

Z

kχσ S (t) z0 k =

a

2

e(x−4)t z0 (x) dx 6 e2(a−4)t

0

≤ Mσ e−ασ t

Z
0

,

a

2

z0 (x) dx 6 e2(a−4)t

Z

5

2

z0 (x) dx
0

t≥0

Mσ = 1 and ασ = 2 (4 − a) . then the system is not exponentially stable because for z0 (x) = χ]4,5[ (x) , x ∈ ]0, 5[ ,
we have kz0 k = 1 and
Z 5
2
e2t − 1
e2t − 1
2
2
kS (t) z0 k =
e(x−4)t dx =
=
kz0 k
2t
2t
4
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then
e2t − 1
2t
and then the semigroup is not exponentially stable. 
2

kS (t)k >

,

∀t > 0

In the following proposition we summarize some elementary results [1].
Proposition 2.4. Let σ1 and σ2 be two regions of Ω, with meas (σj ) > 0, j = 1, 2 ; Then:
(i): If the system is exponentially stable on σ2 and σ1 ⊂ σ2 , then the system is exponentially stable on σ1 .
(ii): If the system is exponentially stable on σ1 and on σ2 , then it is stable on σ1 ∪ σ2 and on σ1 ∩ σ2 (if
meas (σ1 ∩ σ2 ) > 0).

2.2. Instability and total instability
As we consider in this work the problem of determining the regional stability radius i. e. the ”smallest disturbance” which destabilizes regionally a given system, we consider in this subsection the problem of ”instability”
through space variable. We have the following definitions
Definition 2.5. The system (S) is said to be totally exponentially unstable if for all subset σ of Ω such that
meas(σ) 6= 0, (S) is σ-exponentially unstable.
A totally exponentially unstable system is globally (on Ω) exponentially unstable. The converse is not true
(see example 2.3). However there exists many systems for which we have the equivalence. Then we have the
following definition
Definition 2.6. The system (S) is said to be of UTU type (Unstable/Totally Unstable) if: (S) is exponentially
unstable if and only if (S) is totally exponentially unstable.
Definition 2.6 means that a system of UTU type is exponentially stable or else totally exponentially unstable.
In other words if a given disturbance destabilizes the system it destabilizes it totally.
The system given in example (2.3) is not of UTU type however there exists many systems of UTU type.
When a given system is unstable exponentially but not totally exponentially unstable (not of UTU type), the
system is exponentially unstable on some regions but is exponentially stable on some others. Then can we
characterize the regions on which the system is exponentially stable? Consequently can we characterize the
UTU systems ? The following theorem gives such a characterization:
Theorem 2.7. Assume that A admits a system of orthonormal eigenfunctions (φn )n associated to eigenvalues
(λn )n and
(h1) Re (λ0 ) > Re (λ1 ) > . . . > Re (λn ) > Re (λn+1 ) > . . .
(h2)
lim Re (λn ) = −∞

(7)

n→+∞

Denote ℵ = {n : Re (λn ) ≥ 0} and (1)
ΩS = Ω

if

ℵ=∅

or

ΩS =

\

[φn = 0]

if

ℵ=
6 ∅

n∈ℵ

Then for a given region σ ⊆ Ω, with non null measure, the system is σ-exponentially stable if and only if
meas (σ \ ΩS ) = 0
1We denote [f = 0] = {x / f (x) = 0} and [f 6= 0] = {x / f (x) 6= 0} .

(8)
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Proof: a) Suppose that (S) is exponentially stable on σ.
If ℵ = ∅ then we obtain ΩS = Ω and then meas (σ \ ΩS ) = meas (σ ∩ ∅) = 0.
Now if ℵ =
6 ∅ we know that there exists α > 0 and M > 0 such that
kχσ z (t)k ≤ M e−αt kz0 k

∀z0 ∈ L2 (Ω)

∀t > 0,

For all n ∈ ℵ we have meas (σ ∩ [φn 6= 0]) = 0, else z0 = φn gives z (t) = eλn t φn and then
et Re(λn ) kχσ φn k ≤ M e−αt kφn k

,

t>0

(9)

But in this case kχσ φn k =
6 0 and (9) gives
e(Re(λn )+α)t ≤ M

kφn k
kχσ φn k

,

t>0

which is not satisfied when t tends to infinity because Re (λn ) + α > 0.
Then meas (σ ∩ [φn 6= 0]) = 0, ∀n ∈ ℵ, and then
!!
meas (σ \ ΩS ) = meas (σ ∩

ΩcS )

[

= meas σ ∩

[φn 6= 0]

n∈ℵ

!
= meas

[

(σ ∩ [φn 6= 0])

n∈ℵ

≤

X

meas (σ ∩ [φn 6= 0]) = 0

n∈ℵ

b) Reciprocally let σ be a given region with non null measure and satisfies (8).
If ℵ = ∅, the system is exponentially stable and then it is also σ-exponentially stable.
If ℵ =
6 ∅, due to hypothesis 7, ℵ has a finite number of elements:
Denote n1 = inf (ℵc ). Then ℵ = {0, , . . . n1 − 1} and
Re (λn1 −1 ) > 0 > Re (λn1 ) > . . .
For every n ∈ ℵ we have meas (σ ∩ [φn 6= 0]) ≤ meas (σ ∩ Ωcs ) = 0 and then χσ φn = 0 almost ∂
χσ zI (t) =

X

eλn t hz0 , φn i χσ φn = 0

n∈ℵ

We deduce that for all z0 ∈ X
2

2

2

kχσ z (t)k = kχσ zS (t)k 6 kzS (t)k =

X

e2t Re(λn ) hz0 , φn i

2

n∈ℵ
/

≤ e2t Re(λn1 )

X

hz0 , φn i ≤ e2t Re(λn1 ) kz0 k
2

2

n∈ℵ
/

with Re (λn1 ) < 0 and then the system is σ-exponentially stable.
Remark 2.8. The condition meas (σ\ΩS ) = 0 means that σ ⊆ ΩS almost everywhere ; That is almost all the
region σ is contained in ΩS (except a neglectable part).
We deduce from this theorem that when a given system is unstable (exponentially) the domain Ω can be
divided on two regions: One region ΩS where the system is exponentially stable and another region ΩcS where
the system is totally unstable. And consequently all region σ is divided also on two regions: one region σ ∩ ΩS
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Figure 1. Zone of stability ΩS (grised zone) according to ℵ.
where the system is exponentially stable and another region σ ∩ ΩcS where the system is totally unstable. The
figure 1 illustrates the different situations.
An extreme case is when meas (ΩcS ) = 0 (or ΩcS is empty) then the system is exponentially stable on all region
with non null measure.
The other extreme case is when meas (ΩS ) = 0 (or ΩS is empty), the system is then exponentially stable
or else totally unstable. This is the case for systems of UTU type which are characterized by the following
corollary:
Corollary 2.9. If A admits a system of orthonormal eigenfunctions (φn )n associated to eigenvalues (λn )n
satisfying (7) then we have the equivalence:
(i) (S) is of UTU type ;
(ii) meas (ΩS ) = 0.
The corollary is deduced from theorem 2.7.
Remark 2.10. If meas [φn = 0] = 0 for all n then the system is of UTU type but the converse is not true. It
is the case for example if !
there exists two eigenfunctions φn1 and φn2 such that meas [φni = 0] 6= 0 for i = 1, 2
T
and meas
[φni = 0] = 0: the system is of UTU type.
i=1,2

Remark 2.11. For distributed parameter systems, characterized by their spatiotemporal evolution, the space
variable plays an important role. When A admits a system of orthonormal eigenfunctions (φn )n , associated
to eigenvalues (λn )n , the eigenfunctions φn (x) translates the effect of the eigenvalues λn through the domain
Ω (for exponential stability). This explains the fact that in the region σ of Ω where φn0 (x) = 0, the effect (on
stability) of the corresponding eigenvalue is not important in the sense that the system (S) can be σ-regionally
exponentially stable either when <(λn0 ) ≥ 0 (see figure 1).
As an application of the theorem 2.7, corollary 2.9 and remark 2.10 we have the two following examples.
Example 2.12. Consider the system described by the following state equation in Ω =]0, 1[

∂z
∂2z
∂z


=
α
+ β

2

∂x
∂x

 ∂t
z(0) = z0






z(0, t) = z(1, t) = 0
where α and β are a non null real.

Ω × ]0, T [
(10)
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Using corollary 2.9, we deduce that the system is of UTU type because the corresponding eigenfunctions are
given by [4]
√
βx
φn (x) = 2 exp(− ) sin(nπx)
2α
Note that the corresponding eigenvalues are given by [4]
λn = −αn2 π 2 −

β2
4α

(11)

The system is totally unstable if α < 0 and exponentially stable if α > 0.
Example 2.13. Consider the Haar system defined on Ω =]0, 1[ by [1]

∂z (t)


= Az (t)
Ω×I
∂t


z (0)
Ω

(12)

with for all z ∈ L2 (Ω)
Az = λ1 hz, 1i +

X

λ(n,m) z, h(n,m) h(n,m)

V
(n,m)∈

V
where V
= {(n, m) ∈ N2 / m < 2n } and (λn,m )(n,m)∈V are real. h(n,m) are the Haar’s functions defined for
(n, m) ∈ and x ∈ Ω by

h
i
1
m m+ 2
 2n/2
if
x
∈
,

2n
2n





h
i
m+ 21 m+1
n/2
(13)
h(n,m) (x) =
−2
if
x
∈
,
n
n
2
2







0
elsewhere
V
The family {1, h(n,m) / (n, m) ∈ } is an orthonormal basis of L2 (Ω).
We notice for this example that for the eigenvalue λ1 the corresponding eigenfunction is φ1 (x) = 1 for x ∈]0, 1[
and for λ0,0 the corresponding eigenfunction h0,0 (x) 6= 0 for all x ∈ Ω =]0, 1[. We consider the following case:
λ1 = −π
λn,0 = − (n + 2) π
λn,m = − (n + m + 1) π
λn,m = 4 − sup (n, m)
Then we have:


 =1
=0
λn,m

6 −1

if
if
if

if
if
if

n≥0
n < 3, m 6= 0
n ≥ 3 and m 6= 0

sup (n, m) = 3
sup (n, m) = 4
sup (n, m) < 3 or sup (n, m) > 4

Which gives:
ℵ = {(3, 1) , (3, 2) , (3, 3) , (3, 4) , (4, 1) , (4, 2) , (4, 3) , (4, 4)}
As

i m h m + 1 
[hn,m = 0] = 0, n ∪
,1
2
2n
and
 


\
1
5
ΩS =
[hn,m = 0] = 0,
∪ ,1
16
8
(n,m)∈ℵ
 1  1 
The system is not of UTU type and for all σ ⊂ 0, 16 ∪ 2 , 1 the system is exponentially stable on σ.

(14)
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Remark 2.14.
(1) For systems of UTU type, there is equivalence between global and regional stability and consequently
in this case the smallest disturbance that destabilizes the system destabilizes it totally (all regions are
destabilized simultaneously).
(2) There exists systems which are not of UTU type (example (2.3) and example (2.13)). For such a systems
we consider the regional stability radius problem.

3. regional stability radius
Consider the system given by the following state equation defined on Ω ⊂ Rn


·

z (t) = Az (t) + Bu (t)
z (0) = z0

t>0

(15)

Let σ be a subset of Ω with non null measure.
As we are interested by the state on the region σ, we consider the regional output function given by :
y σ (t) = Cχ∗σ χσ z (t)
which can be written as follow: y σ (t) = Cσ z (t) where χ∗σ is adjoint operator of χσ and Cσ : ψ ∈ L2 (Ω) →
Cχ∗σ χσ ψ ∈ Y and C is given in (2).
We assume that (A, B, Cσ ) is in the Pritchard Salamon class.
The solution of the disturbed system, in the case where u (t) = Dy σ (t), where D ∈ D and D is a subset of
L(L2Y , L2U ), is given by:
Z t
z(t) = S(t)z0 +
S(t − s)BDCσ z(s)ds
(16)
0

and the observation of the solution z(t) on σ is given by
y σ (t) = Cσ z (t) = Cσ S(t)z0 + Cσ

Z

t

S(t − s)BDCσ z(s)ds

(17)

0

Which gives
y σ = y0σ + Cσ LDy σ
where

y0σ

(18)

(t) = Cσ S(t)z0 and
L : L2 (0, ∞; U ) → L2 (0, ∞; X)

is defined by
Z

t

S (t − s) Bu (s) ds

(Lu) (t) =

(19)

0

We have the following definition
Definition 3.1. The regional stability radius (of σ) of (18) is
ρ̂σ (L, Cσ , D) = sup{d; r < d, implied ∃Kr
such that

sup ky σ (., D)kL2 ≤ Kr ky0σ (.)kL2 }

kDk≤r
D∈D

We have the following result

Y

Y
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Theorem 3.2. We have
ρbσ L, Cσ , L L2Y , L2U



= kCσ Lk

−1

Proof . The principle of the proof is the same as in Pritchard and Townley [7], but with taking into account
−1
the regional aspect. Indeed, if kDk < kCσ Lk , then kCσ LDk < 1 and then Cσ LD is a contraction on L2Y and
σ
then (18) admits a unique solution y (.) ∈ L2Y . Consider now a sequence uσn in L2U such that kuσn k = 1 and
kCσ Luσn k = µσn is increasing to µσ = kCσ Lk. Let hσn = (µσ )−1 Cσ Luσn and ynσ = y0σ + αnσ hσn where
αnσ

h
i−1 
h


i1 
σ 2
σ
σ
σ
σ 2
σ 2
σ 2 2
= 1 − khn k
hy0 , hn i + hy0 , hn i + 1 − khn k ky0 k

(20)

Then we have kynσ k = αn and ynσ ∈ L2Y for each n.Put Dn y = (uσn hynσ , y σ i) / (µσ kynσ k), then
µσ
−1
(i) kDn k = kCσ Lk and (ii) kCσ LDn k = µnσ < 1.
Then for each n, ynσ is the unique solution of y σ = y0σ + Cσ LDn y σ . As hσn = (µσ )−1 Luσn , we choose uσn such
that hy0σ , hσn i ≥ 0.
And then from (20), we obtainkynσ k → ∞.
Definition 3.3. The regional stability radius of σ, relatively to D ⊂ L(L2Y , L2U ), is the greatest positive real r,
denoted rσ (A, B, Cσ , D), such that for all D ∈ D the solution of (16) is σ-exponentielly stable for each z0 in X.
The regional stability radius of σ is the greatest positive real r, noted rσ (A, B, Cσ ), such that for all D ∈ L
(Y, U ), kDk < r the solution of (16) is σ-exponentielly stable for each z0 in X.
That means that regional stability radius of σ (respectively relatively to D) is the smallest disturbance
(relatively in D) that destabilizes the system on the region σ.
For systems which aren’t of UTU we can also define the total stability radius as follow
Definition 3.4. The total stability radius of system (S), relatively to D ⊂ L(L2Y , L2U ), is the greatest positive
D
real r, noted rtotal
, such that for all D ∈ D, kDk < r, the solution of (16) (for each z0 in X) is not totally
exponentially unstable.
D
The total stability radius of system (S) is the greatest positive real r, noted rtotal
, such that for all D ∈
L(L2Y , L2U ), kDk < r the solution of (16) (for each z0 on X) is not totally exponentially unstable.
That means that the total stability radius is the smallest disturbance which destabilizes totally the system.
We have the result

Proposition 3.5. If we denote rΩ the global stability radius, then:
1. For all σ ⊂ Ω, meas(σ) 6= 0, we have rΩ ≤ rσ ≤ rtotal .
2. If the system is of UTU type, then ∀σ ⊂ Ω, meas(σ) 6= 0, rΩ = rσ = rtotal .
We have the same results for stability radius relatively to a given subset D.
The proof lies with the fact that regional instability implies global instability and we have equivalence for
the UTU systems.
To illustrate the regional stability radius we consider the following examples

4. examples
In this section we consider the three examples given bellow (example 2.3, 2.12 and 2.13). We begin by
example (2.12).

33

ESAIM: PROCEEDINGS AND SURVEYS

Example 4.1. Consider the system described by the following state equation in Ω =]0, 1[












∂z
∂t

2

∂ z
∂z
= α ∂x
2 + β ∂x + Bu ; Ω×]0, T [

(21)

z(0) = z0
z(0, t) = z(1, t) = 0

Augmented by the output function
y(t) = Cz(t)

(22)

where α and β are a non null real.
In the autonomous case, u = 0, the system is of UTU type because the corresponding eigenfunctions are [4]
φn (x) =

√

2 exp(−

βx
) sin(nπx)
2α

Remark that the corresponding eigenvalue are given by [4]
λn = −αn2 π 2 −

β2
4α

(23)

Consider the case where the autonomous system is exponentially stable i. e. α > 0 and let us determine the
stability radius of system (21) in two cases:
Case 1. Stability radius of system (21) relatively to a particular subset D of L(L2Y , L2U ) for B = I and C = I .
We consider
D = {Dγ ∈ L(L2Y , L2U ) defined by Dγ y = γy : γ ∈ R Dγ = γI}

(24)

The disturbed system is then given by












∂z
∂t

2

∂ z
∂z
= α ∂x
Ω×]0, T [
2 + β ∂x + γz

(25)

z(0) = z0
z(0, t) = z(1, t) = 0

The corresponding eigenfunction are given by [4]
φn (x) =

√

2 exp(−

βx
) sin(nπx)
2α

The nature of the corresponding eigenfunctions means that the system is of UTU type and consequently the
total and regional stability radius are the same.
The corresponding eigenvalue are given by [4]
λn = γ − αn2 π 2 −

β2
4α

We have
r(A, I, I, D) = απ 2 +

β2
4α

(26)
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Case 2. We consider now the particular case where α = −1, β = 0, Bu = δ(x−b)u and y(t) = Cz = hz, φn0 i,
we obtain [4]
+
*
X φn (b) u
φn0 (b)
φn , φn0 =
u
(27)
G(iω)u =
iω − λn
iω − λn0
n
Which gives for b such that φn0 (b) 6= 0,
r (A, B, C) =
As an example for b =

1+2m
2n0 ,

r(A, B, C) =

|λn0 |
|φn0 (b)|

(28)

n20 π 2
√ .
2

For more details about the computation of the stability radius (and transfer functions) for different systems
see Bernoussi [4].
Remark 4.2. As for the first case, the smallest disturbance that destabilizes the system destabilizes it totally
(the system is of UTU type) and depends on the location (space) of the
√ actuator but it depends also of the
eigenfunction λn0 for which the corresponding eigenfunction φn0 (x) = 2sin(n0 πx) (meas{φn0 (x) = 0} = 0).
In the first case we have considered through C = I all the eigenvalues λn (eigenfunctions φn ) but in the second
case we have considered just λn0 (eigenfunctions φn0 ).
We consider now an example where the operator A admits an orthonormal system of eigenfunctions but the
system is not of UTU type: Example (2.13).
Example 4.3. Consider the Haar system given in example (2.13) but excited by a pointwise actuator located
at point b ∈]0, 1[
 ∂z
= Az(t) + Bu(t)
Ω × I


 ∂t
(29)
z(0) = z0
Ω



With for all z ∈ L2 (Ω),
X

Az = λ1 hz, 1i +

(n,m)∈

λn,m z, h(n,m) h(n,m)
V

V
where = {(n, m) ∈ N2 / m < 2n } and (λn,m )(n,m)∈V are reals.
We consider the case where (B = I, C = I) and D given by (24). The disturbed system is given by





∂z
∂t

= Az(t)

+ γz(t)

Ω × I

z(0) = z0 Ω




(30)

In this case the corresponding eigenfunctions are 1 and h(n,m) given by (13) and the corresponding eigenvalues
are λ1 + γ and λn,m + γ. We have the result
Proposition 4.4. 1. The stability radius relatively to D is r(A, I, I, D) = min(|λ1 |, |λn,m |)
2. The total stability radius rtotal (A, I, I, D) = |λ1 |.
In the two examples given above we have considered the case where the operator A admits a system of
orthonormal eigenfunction φn (x) associated to eigenvalues λn . In the following example we consider another
example.
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Example 4.5. Consider the system given in example (2.3) but excited by control Bu.

t>0
 ż(t) = a(x)z(t) + Bu(t)
(S)

z(0) = z0

35

(31)

Augmented by the output function
y(t) = Cz(t)
We consider Ω =]0, 4[, a(x) = x − 5, B = I and C = I.
Remark that for the autonomous system (u = 0), (31) is exponentially stable.
For u = Dy the system (31) becomes:

0<t<T
 ż(t) = [(x − 5) + D]z(t)
(S)

z(0) = z0

(32)

(33)

The system (33) will be stable (on all Ω) for all D such that: |D| < 1 and the system isn’t exponentially stable
for D = 1. So rΩ (A, B, C) = 1.
Analysis of regional aspect. We remark at first that the system (S) isn’t of UTU type. (S) is exponentially
stable on the region where x − 5 + D < 0.
Consider now the three following regions: σ1 = [0, 1], σ2 = [1, 2] and σ3 = [2, 4], then:
• For σ3 : for D such that |D| < 1 the system is σ3 exponentially stable but for D = 1 the system isn’t σ3
exponentially stable. So the regional stability radius of σ3 is rσ3 = 1.
• For σ2 : for D such that |D| < 3 the system is σ2 exponentially stable but for D = 3 the system isn’t σ2
exponentially stable. So the regional stability radius of σ2 is rσ2 = 3.
• For σ1 : for D such that |D| < 4 the system is σ1 exponentially stable but for D = 4 the system isn’t σ1
exponentially stable. So the regional stability radius of σ1 is rσ1 = 4.
Remark 4.6.
(1) The smallest disturbance which destabilizes the system (S) (globally) is D = 1 and the smallest disturbance which destabilizes it totally is D = 5 and for all region σ ⊂ Ω with meas(σ) 6= 0, we have
1 ≤ rσ ≤ 5. Remark that (S) isn’t of UTU type.
(2) For systems of UTU type we have equality: The smallest disturbance which destabilize the system
globally destabilize it totally (destabilizes all region σ ⊂ Ω with meas(σ) 6= 0).
(3) We can find this results also by considering in (32) as a measure function y σi = Cχσi z for i = 1, 2 and
3.
This example shows clearly the importance of regional stability radius for systems which are not of UTU
type.

5. conclusion
In this work we have considered, for distributed parameter systems, the problem of robust regional stability
and particularly that of regional stability radius. We have proved the important role that plays the space
variable for such a systems. As the stability radius is the ”smallest disturbance” which destabilizes a given
exponentially stable system, we have considered the problem of ”instability” through the space variable and
consequently we have introduced the UTU (Unstable/Totally Unstable) systems. For UTU systems, whose
instability is equivalent to the total instability, the stability radius is the same for all region σ ⊂ Ω. However
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we have shown that there exists some systems which are not of UTU type (for which instability (global) is not
equivalent to regional instability), and for which each zone σ ⊂ Ω has its proper stability radius which could be
calculated by a ”regional” measure. For such a systems it would be interesting to develop all the other problems
of robust control through a regional aspect. For example as each zone σ ⊂ Ω has its own stability radius we
can introduce the concept of vulnerability [3, 5, 17] to stability (A given zone σ1 will be ”more vulnerable to
stability” than σ2 if its stability radius rσ1 ≤ rσ2 ). Consequently we can consider problems of robust control
(optimal) through the ”more” vulnerable zone. Also it will be very interesting to consider time varying and
non linear systems. Some of those problems are under investigation.
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