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ESTIMATOR SELECTION

M. LERASLE!

Abstract. The paper presents recent developments of the theory of estimator selection. We introduce,
in the density estimation framework, the main methods used by the participants of the session "Variable
and estimator selection" in the Journées MAS 2014. The purpose of the selection is always to prove
oracle inequalities, that is, to compare the selected estimator with the best estimator in the original
collection via some risk function. The first part of the paper deals with the selection by minimization
of a penalized empirical loss and the second presents the methods based on robust tests.

Résumé. L’article présente quelques développements récents de la théorie de la sélection d’estimateurs.
Nous introduisons, dans le cadre élémentaire de I'estimation de la densité, les principales méthodes ap-
parues dans les exposés de la session "Sélections de variables, sélection d’estimateurs" des Journées
MAS 2014. L’objectif de la sélection est toujours ’obtention d’inégalités oracle comparant le risque de
I'estimateur choisi au plus petit des risques des estimateurs de la collection initiale. Nous discuterons
dans une premiere partie les méthodes par minimisation d’un critere pénalisé et dans une seconde celles
utilisant les tests robustes.

INTRODUCTION

The paper introduces some recent developments on the theory of estimator selection, from the oracle point of
view. The subject is quite general and this presentation focuses on the methods related to the talks given in the
Journées MAS 2014 in the session "estimator selection". By oracle point of view, we mean that we are interested
in the following problem : given a collection (f)\) xen of estimators and a risk function R : A — R%, the aim is
to choose, using only the data, an estimator X € A such that R(:\\) is as close as possible to infycp R(A). We
focus on the density estimation framework where one wants to estimate the unknown density f* with respect
to a known measure p of a distribution P, based on the observation of an i.i.d. sample Xi,..., X, of real
valued random variables with common distribution P. Among popular risk functions in density estimation, one
can mention the risks L', L? or least-squares, L?, Kiillback, in total variation or in Hellinger distance. In the
first part of this talk, R denotes the least-squares risk, that is f* is supposed to belong to the space of square
integrable functions L? and

YA € A, R(/\)_]E“

~ 112
f*—fAM .

Estimator selection covers several classical problems, let us present here some well known examples that are
discussed in the following. In the sequel, X denotes a copy of X7, independent of X;,..., X,,.
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Ezample 1 (Model selection). The unknown density f* is equal to
f* = arg min { If]° — 2B [¢(X)] }

Given a collection of linear subspaces (Sy)xea (the models) of L2, the empirical risk minimizers of f* are defined

by
~ ) s 2 x
Jx=argmin q JlH° = = 4(X)

i=1
The estimator fA is also called the projection estimator of f* on the linear space S). The problem of model

selection is the problem of selecting a space S or, equivalently, an estimator fy in order to minimize the risk
R.

Example 2 (Selection of linear estimators). Let k : R? — R denote a function such that k(z,y) = k(y,z) and

sup [k(z, )| Vsup [ (o, 1)?du(y) < oc

(z,y)

The function k is called a kernel. The associated linear estimator is defined, for any = € R, by

n
Z (X, x)

3\'—‘

In the linear estimator selection problem, or kernel selection problem, we want to select % in a collection K in
order to minimize the least-squares risk. It is an estimator selection problem.

As a first example of kernel estimator, consider a finite dimensional linear space S C L? and an orthonormal
basis (¢;)i=1,..,p of S. A projection kernel onto S is defined by ks(z,y) = > b_; @i(x)pi(y). The associated

B (A 0;i(X;))p; is the projection estimator onto S. Hence, model selection can

kernel estimator fk =2 i1y

be seen as a kernel selection problem.

To present a second classical example, let K : R — R denote a bounded function such that K(z) = K(—x)
and ||K||; = 1. Let h > 0 denote a real number called a bandwidth. The approximation kernel (or Parzen’s
kernel) associated to K and h is defined by kg n(z,y) = +K (%2). The associated estimator ﬁcK,h (z) =
# Y K ( %) is sometimes called simply kernel estimator. The kernel selection problem is then to choose

the function K and/or the bandwidth A > 0 to minimize the L?-risk.

Ezxample 3 (Aggregation). Let (¢1,...,¢p) denote a fixed collection of functions, for example an orthonormal
system in L? or some estimators built with an independent sample. For any A € A = RP, define

D
=" digi .
i=1

Any estimator f,\ is called an aggregate and the problem of choosing the aggregation weights A minimizing
the L2-risk is another estimator selection problem. Notice that J/C:\ is a fixed function when A is, it is still
denoted ﬁ\ though to keep uniform notations. A first important example of aggregated estimator is given by
thresholded estimators. Suppose that (p;)%_; is an orthonormal system in L? and let 7 > 0 be a threshold,

define \; = ;1 3|5+ with 3; = Z] 19i(X;). The thresholded estimator is then defined by

P
,} res )
frret = ;(ﬁil}@|>7)%
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These estimators are mostly used when (1, ..., ¢,) is a wavelet basis, see for example [DJKP96]. Remark that
T = 0 gives the projection estimator onto the linear subspace of L? spanned by the family (¢1,...,¢,). Another
popular example is given by LASSO estimators [Tib96]. Let ¢ > 0 and

- TP SN P
Nasso _ i H H _z X, A
e = argyiny ||/ n;:lim >+cj§:1:|J|

The Lasso estimator with regularization parameter c is f)\lasso These estimators are particularly interesting since

they can be computed in practice and have nice theoretical properties in large dimension such as adaptation
to sparsity as long as c is sufficiently large. Notice that the choice of the optimal threshold 7 or constant ¢ are
other estimator selection problems.

The paper is organized as follows. Section [I| deals with minimization of an empirical contrast. Deterministic
penalties, in particular the Lasso, are presented in Section [[.I} Resampling methods and cross-validation are
discussed in Section [I.2] Section [I.3] presents the minimal penalty phenomenon and some practical applications
to the slope heuristic. The second part of this paper, Section [2 briefly introduces estimator selection using tests.

] is as

1. SELECTION BY MINIMIZATION OF A PENALIZED EMPIRICAL CONTRAST

The purpose is to select among ( f,\) AcA an estimate fA from the data such that R {H =1

close as possible to infycp R(A). More precisely our aim is to choose X such that

N <o
R(\) < C, )1\I€1£ R(A)+ 71y

where C,, > 1 and r,, > 0. In this case, J% is said to satisfy an oracle inequality, see [DJ94], as long as r, is
asymptotically comparable to infycp R(A) and C,, does not explode, that is C,, is smaller than a power of logn.
This means that the selected estimate does as well as the best estimate in the family up to some multiplicative
power of log n. The case where C), is close to 1 is the best case one can expect. If C}, —,_, o 1, the corresponding
oracle inequality is called asymptotically optimal. When C,, = 1, the oracle inequality is called sharp, see for
example [Cat04] or [DTOS].

To do so, we study minimizers of penalized least-squares criteria. Let P, denote the empirical measure defined
for any real valued function ¢ by

For any t € L*(P), let also
P(t) = E[H(X)] = / 1) () dp(z)
The least-squares contrast is given for any ¢t € L? by
2
Y(t) = [t =
Then for any given function pen : A — R, the least-squares penalized criterion is defined by

Cpen(A) := Poy(fa) + pen()) . (1)

Then the selected A € A is given by any minimizer A of Cpen(A), that is
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A € arg I)\Iléil{cpen()\)} . (2)

1.1. Selection with deterministic penalties

Consider the aggregation setting where A = RP and one wants to select X €A to guarantee a small risk of
]% =3P Xigi. Recall that the functions (¢;)?_; are assumed to be fixed in this setting. The penalty pen(\)
is usually a deterministic quantity proportional to the norm [A|. A classical choice is the £p-norm |A|, that is
the number of non-zero coordinates of X\. These penalties yield nice adaptive results and ensure sparsity of by
However, it is usually hard to compute the estimator X when p is large. An interesting particular case though
where this estimator can be computed is when the dictionary (p;)?_; is an orthonormal basis. Actually, the
corresponding estimator is simply the hard thresholded estimator (see for example [BBM99])

p
f/): = Z(P”soi]‘wn(w)br)@i B

=1

where the threshold 7 is the constant in front of the penalty. Laure Sansonnet presented her paper [Sanl4]
that uses thresholded estimators in a Poissonian interactions model in the Session Estimator selection in the
Journées MAS 2014.

In general, the ¢y criterion has to be relaxed and {,-norms, with ¢ = 1,2, have also been studied yielding
respectively to the LASSO [Tib96] and ridge estimators. Ridge estimators, as named by Hoerl, are very easy
to compute since a closed form is available, but the estimator N s usually not sparse which yields to bad
performances when the dimension p is large. LASSO estimators offer a nice alternative, the criterion can be
minimized in practice and efficient algorithm have been developed. Moreover, the selected estimator behaves
well in large dimension. These reasons made LASSO estimators very popular over the last few years, even
if theoretical results on LASSO estimators usually rely on strong assumptions on the dictionary (¢;)?_; such
as the RIP condition that may not be easy to check in practice. We refer to the book [BvdG1l] and the
references therein for more details on LASSO estimators and related topics. Mixed strategies, such as the
Elastic net estimators [ZH05] that takes a linear combination of ¢; and f¢s-norms, have also been studied.
In this section, we’ll shortly present a study of the LASSO estimator in density estimation. We follow the
presentation of [BTWBI0], who study these estimators for general f* and apply their results to the case of
mixtures of Gaussian densities. The empirical risk

PR = B -2 Mg = |- £ - 11 2ZA (P = P)i]
i=1

Hence, any minimizer X defined by satisfies, for any A € RP,
|75

Suppose that the functions ¢; are uniformly bounded by M. Hoeffding’s inequality ensures that

- 2§Hﬁ—f*

2 LA
#pen(d) = pen(®) +2 333 =0 (P~ Pl

2(1
Vo > 0, ]P’(Vi:l,...,p, (P, — P)p;| <M (Og(iHm)>21—26I
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Ontheevent,ngod:{W:l,...,p, [(P, — P)p;| <M Q(IOg(nM},foranyx\eRp,

2(log(p) +2)

~ 2 ~ ~
|B-r| < |B-r N = x| M

5 R P
+ pen(A) — pen(A) + 2 Z
i=1

Then various assumptions allow to derive from this inequality some oracle properties of j?:\\, they usually involve

some connection between the fy-norm of A and the L?-norm of ]?)\ Assume for example that, for any A with
support supp(A) of cardinal smaller than s,

—~ 12
P < || A

Suppose furthermore that, for any s < p and any X such that |A|, < s, there exists a constant Cs > 1 such

1|2 2
that HfAH <C fo ’ for any A’ such that \; = X; for any ¢ such that A; # 0. Lasso estimators are defined

by with pen(A) = ¢>F_ |\, for ¢ = 2M w. Using successively Cauchy-Schwarz inequality, our
assumptions on the dictionary and the classical inequality 2ab < fa® + b?/6, we get that, for any § > 0, and
any A with [A|, < s, they satisfy

N * 2 N * 2 2(lo +x ~
Hf;—f <||fa—fF|| +4M % 3 ‘Ai_&
i€supp(A)
- 2 2(1 - 2
<[ | any 2D | sm s,
i€supp(A)
~ 2 2(1
<|h=F +4M\/CSASS(Og(ZHx)‘f;_f§
N | . =12 16CsA M2 s(lo +x
) N ] N e

i.e., for any x > 0, denoting by Ay = {A € A, s.t. |A; < s} forany s <p,

- 2 16Cs A, M? s(log(p) + ) }) >1—2"%

1P><v9>0, 72”%_]0

h—r

1+ s<p | A€A, + 0 n

2
< inf { inf

This equation shows several nice properties of Lasso’s estimators; in particular, even if the dimension p is larger
than n, the remainder term is controlled when slogp < n. Therefore, the risk of f/)\\ is well controlled if f* is

close to some subset of (fx)xea. with a small s.
1.2. Selection with resampling methods

2
i fAH - ||f*||2 and we replaced it by

We would like to minimize an ideal criterion Ciq(A) := Py(fy) = ‘

a penalized one Cpen(A) = P,~v(fx) + pen()), therefore, an ideal penalty (as called by [Arl09]) is given by

penyy(A) == Cia(\) — Puv(fr) = (P — P)v(fr) = 2(P — P)fx

In this section, we shall focus on the model selection framework where one wants to select among a finite

collection of projection estimators f,\ = D ier, (Pagpi)pi one with a small L%risk. The ideal penalty can be



ESAIM: PROCEEDINGS AND SURVEYS 237

written

penig(A) =2 Y (Pui) (Pn — P)gi -
1€T

1.2.1. Resampling penalties in the model selection framework

Resampling penalties, originally introduced by Efron [Efr83], have recently been studied from a non-asymptotic
point of view in a series of works including [Fro04l [Arl09] Ler12].
The idea of Efron [Efr83] is to estimate the ideal penalty using the resampling heuristics. A resampling scheme

is a vector W = (W4,...,W,,) independent of X1,...,X,, of random variables such that Y . W; = n. The
associated resampling estimator of pen;y(\) is defined by

peny (\) = Ew | (P = P )y ()| = 2Bw [ (PY = P)JY | = 2Ew | D (P @) (P = Pei |

i€T)

where the resampling empirical process PV is defined for any function g by

1 n
PZVQZEZWiQ(Xi) ;

=1

the resampling estimator fJV = Yier, (PYi)@i and the expectation Ey [.] is the expectation conditionally
on the sample X1,..., X,,.
The most classical weights W are exchangeable, which means that, for any permutation 7 of {1,...,n},

dist

W =" (Wray, . s Wemy) -
For example, Efron’s weights, where W has multinomial distribution M(1/n,...,1/n) are exchangeable. It is
proved in [Ler12] that all resampling penalties built with exchangeable weights are proportional in this problem.

In particular, they are all proportional to the leave-one-out penalties that will be presented in the next section.
Therefore, the results for these penalties can be derived from those on cross-validation methods.

1.2.2. Cross-validation

Another important method for estimator selection is cross-validation. In order to evaluate the risk of a
procedure of estimation, the validation principle proposes to divide the sample into a training sample X =
(Xi);er, with T C {1,...,n} and a validation one X7e = (X;)sere, with T¢ = {1,...,n}\ T, both non-empty.
The training sample is used to build the estimators ff = ZiGIA (Pryi)pi, where Prg = ITl“\ EieT g(X;) while

the validation sample is used to estimate the risk of ff, Py(ff) by PTc’y(f/';\T). This yields the validation
criterion, or hold-out criterion

Cro,r(A) = Pray(fT)

and the estimator ]%, where ) is a minimizer of Cro,r(A) is called hold-out estimator of f*. In practice, hold-out
estimators are highly dependent on the choice of T and are therefore unstable. In order to reduce this variability,
cross-validation criteria propose to take several training sets £ and to minimize the criterion obtained by taking
the empirical mean of the hold-out criteria :

Ce(A) = E1| > Prey(f)

For example, the leave-p-out criterion, Cipo(A) is obtained when £ is the collection of all subsets of {1,...,n}
with cardinal n — p. The V-fold criteria Cy (\) are obtained by taking a partition By,...,By of {1,...,n}
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such that all B; have cardinal n/V and to choose for £ the collection of subsets (Bf)r=1,. v. Closed forms
exist for leave-p-out criteria in this framework, see [Cell2] and the references therein, but, in general, V-fold
cross-validation estimates are much faster to compute, especially when V' = 2,5 or 10 which are the usual
choices in practice.

It is easy to apply the cross-validation principle to estimate the ideal penalty by

peng(\) = 2% S° S (Proos) (Pr — Pre)gs -

TeEiely

We define peny,, and peny, using this principle and the collections of training sets respectively used in the
definitions of Cjpe and Cy. Now, if all T € £ have the same cardinality n — n/V, as this is the case for the
collections defining Cypo, when p = n/V and the one defining Cy, then

Vi € Ty, (PT_PTC)@i:V(PT_Pn)(pi .
and, denoting by W, = %L’e% Prg = P g for any g. Therefore,

peng(/\) = VPGHW(/\) )

where W = (Wy,...,W,,), with W; = %L‘eT and T uniformly chosen among the subsets in £. Moreover,
the weights W associated to the leave-p-out criteria are exchangeable, hence peny,, belongs to the family of
penalties peny, built with an exchangeable resampling scheme. The V-fold weights are exchangeable iff V' = n,
hence, peny, is proportional to pen,,, iff V= n. Hence, any resampling penalty peny, built with exchangeable
weights W and any leave-p-out penalties belong to the set (C peny, )cso,v=n. In addition, the following results
holds, see Lemma 1 in [ALI4].

Lemma 1. For any &€ such thatVT € £, |T| =n—n/V and ﬁ Y res Pr = Pn,

1

~ —

Ce) = Pur(F) + 2 pene() = P+ (V = 5 ) pemy )

Since the collections & defining pen,,, and peny, satisfy the assumptions of the lemma, this result implies,
together with our previous discussion, that we can study all cross-validation criteria, all V-fold penalized criteria
and all criteria penalized by a resampling penalty with exchangeable weights by studying the following penalized
criteria.

Cv.c(N) = Pay(F2) + C(V = 1) peny (A) (3)
for any constant C, the factor V' — 1 being here for normalization, see [AL14].

1.2.3. An oracle inequality for V-fold penalized criteria

The following result shows an oracle inequality that can be derived for minimizers X of the criteria . The
proof can be found in [AL14].

Theorem 2. Assume that (Sx)xea is a finite collection of finite dimensional linear spaces such that, for any
A EA, SUPses, /{0} % < /n and either all the projections f5 of f* onto Sy are uniformly bounded by a
constant A > || f*|| ., or the collection (Sx)aea is nested, that is Sx U Sy C {Sx,Sx } and A = ||f*|| .. Then,
for any 1/2 < C < 2, there exists an absolute constant k such that, for any x > 1, with probability larger than

1—e*, for any 0 € (0,1), the minimizer h) of satisfies

15 e A(A]2 +2%)
(55157

2 —~ 2
<l [A - oS

AEA
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where 6 = 2(C — 1), 64 =06V 0, 6 = (=) VO and |A| is the cardinality of A. In particular, integrating this
inequality,

1—-6_ ~ . A|A?

(157 0) A0 < jt RO + o5
Unbiased criteria, such as corrected V-fold cross-validation, are obtained for C' = 1, i.e. § = 0. Theorem
shows they are asymptotically optimal. More generally, 6 measures the bias of the V-fold penalization as an
estimator of the ideal penalty. The result suggests no asymptotically optimal oracle inequality can be obtained
when 0 does not converge to 0. While this result is not proved in [AL14], the ideas of [Arl08] can easily be
adapted to show that it is actually the case in general. In particular, as in [Arl08] or [Cell2], we get that classical
V-fold cross-validation, with a fixed V', or leave-p-out selection, with a fixed p, are asymptotically suboptimal.

1.3. The minimal penalty phenomenon

The minimal penalty phenomenon was discovered by Birgé and Massart [BM07] in the model selection
framework. We were lucky to have a very interesting overview of this topic and its recent developments by P.
Massart during the Journées MAS 2014.

1.3.1. The minimal penalty phenomenon in kernel selection

The material of this section is borrowed from [ALMI14, LMRB14]. We will only consider the projection
kernels and Parzen kernels. Recall that a projection kernel is defined by

kx(z,y) = Z pi(z)ei(y) ,
i€y

where (¢;)iez, is an orthonormal family. To simplify the exposition, we consider projection kernels onto the
regular histograms in [0,1). More precisely, A = {1,...,n}, forany A € A, Z) = {1,..., A} and, for any i € Z,,
Y = \f/\l[(i_l)/m/,\). A Parzen kernel is defined by

1 T —
kK,h(zvy) = EK ( h y) )

where K is a bounded, symmetric, real valued function and h > 0 is a bandwidth. In both cases, the estimator
fe(z) = L3 | k(X;,z). Elementary algebraic computation show that the criterion minimized by k is equal to

7 2Px — PEy | (P.— P)(Ex —2
P.y(fr) + pen(k) = pen(k) — an k +( )(nk Xk)

Ua i —2U, 2(n—1
n A,kn2 ko (n )(Pan)(FA,k*QfI:)

e (VT

_|_

where Xk(x) = ]{1(1‘,1‘), Ek(x) = Ak(x’x)a Ak(xay) = fk‘(x,z)k(z,y)du(z),

Uak= > Ap(Xi, X;) = Far(Xs) = Far(X;) + E[Au(X5, X;)]

1<i<j<n

U= Y kX, X;)— (X)) = f5(X) +E[k(X;, X;)]
1<i<j<n
Far(z) = E[Ap(X,2)], fi(x) = E[k(X,2z)]. Thus, Bernstein’s concentration inequality and concentration
bounds for totally degenerate U-statistics of order 2 show that, not only in expectation, but also with large
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probability, the criterion is well approximated by

2Py — P=
2 Xk k 2
I = £ = 2P ey 7
Hence, if, for some u > 0, pen(k) = % — u%, ¥ minimizes essentially
Puk
I = FIE -

while, if pen(k) = % + u%, for some u > 0, k minimizes essentially

PH
15 = P =

Let us discuss this result in our examples. For any projection kernel k), it comes from the orthonormality of
the system (p;);ez, that Ag, (z,y) = kx(x,y), hence, for the projection kernels onto the histogram spaces,

A
Apy (z,7) = kx(z,7) = /\Z Lii—1/ni/n = Al

i=1

and PZg, = A. Moreover, f is the projection of f* onto the histogram space with bin size 1 /A and the

bias is then essentially a non increasing function of A. Thus, when pen(\) = % — P:’“ = U= "))‘, ks

n
minimizes a criterion where both term are non-increasing with A. It is shown for example in [LMRB14] that, if

[* is a-Holderian, k5 is a model with P\ > [On asymptotically for some positive constant [1 > 0 and f;% is not a
A

(14u)A

consistent estimator of f*. On the other hand, when pen(\) = , k:\\ balances a bias term Hf,:A - f* H2 and

a variance term uM/n. Its complexity X is much more reasonable and f;% satisfies an oracle inequality with a
A

constant that depends on u. In particular, it implies that fk/\ is consistent and converges to f* at the minimax
A

rate of convergence. The sharp phase transition in the behavior of j?kA shows that pen(\) = % is a minimal
A

penalty in this problem.
For the second example, fix K and consider the problem of the choice of the bandwidth h. Elementary algebra
shows that X, ,(z) = K(0)/h and Ey, , (z) = | K||* /h. Moreover, as in the previous example, as fr,., is the

2
convolution of f* with the approximation to the identity K(./h)/h, the bias term ’ =1 ‘ is essentially

non-increasing with 1/h. Thus, when

2Py, — PS,  PS,  2K(0)—|K|° |K]|?
pen(h) = n —u n = nh - nh

k, 7 minimizes a criterion where both terms are non-increasing with 1/h. It is shown in [LMRB14] that, if f*

)

is a-Holderian, k sisa model such that 1/ nh > On asymptotically for some positive constant [ > 0 and f
is not a conswtent estlmator of f*. On the other hand, when
2 2
2K(0) — [|K]| K]l

pen(h) = - tuT

2
: * _fx
kK, P balances a bias term on =

reasonable and ﬁc _. satisfies an oracle inequality with a leading constant that depends on u. In addition, it is
K,h

and a variance term u || K||? /(hn). Its complexity 1/h is much more
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consistent and converges to f* at optimal rate of convergence in the minimax sense. As in the previous example,

the sharp phase transition in the behavior of fk . shows that pen(h) = %}”K”Z

K,h

is a minimal penalty in
this problem.

These examples are typical of the minimal penalty phenomenon of [BM07] in estimator selection. The first point
is that there is a sharp phase transition in the behavior of the selected estimator when the penalty goes from
(1 —u)pen,,;, to (14 u)pen,,;,. The selected estimator, that was not even consistent, becomes an oracle. The
second point is that this phase transition can be observed on the "complexity" of the selected estimator : the
complexity is usually a deterministic quantity such as X in the histogram example or 1/h in the regularization
example, the one of the selected estimator decreases very rapidly during this phase transition, we refer to [AMQ9]
for more details and to the next section for more references.

1.3.2. Learning from bad behavior: the slope algorithm

Birgé and Massart introduced the slope heuristics that states that an optimal penalty is equal to 2 X pen
The idea, as described in [AMO09] is the following. A penalized criterion is equal to

min*

~

Pay(fx) +pen(A) -

Since we would like to minimize Pfy(f)\), an ideal penalty is given by

(P = P)(F) = P (1(F) =253 ) + P (1) = 1(F) ) + (P = P ()

where f} denotes, for example the orthogonal projection of f* onto Sy in the model selection framework, or the
convolution f} in the regularization kernel example. Arlot and Massart [AMO09] called respectively p1(A), p2(X)
and () the three terms in the right hand side of this equality. () is centered and well concentrated thanks to
Bernstein’s inequality, so let’s forget about it. It is then clear that p;(A) + p2(A) is an ideal penalty. Moreover,
p2(A) is a minimal penalty, since, if pen(A) = pa(A), the criterion is equal to P, (v(f%)), which concentrates
around Pvy(f}) by Bernstein’s inequality, which is the bias part of the risk. As discussed in the example, this
bias is usually minimized for large values of the complexity. On the other hand, if pen(A) = p2(A) + up1(A) the
criterion balances the same bias and a term proportional to the variance. Consequently, the selected estimator
will satisfy an oracle inequality.

The slope heuristic then easily follows if p1(\) =~ pa(A). This is usually the case because the expectations

E[p1(AN)] ~E[p2(N)] ,

and because both quantities concentrate around their expectation. For projection kernels, we have

2

) = B 117 25 - 50 = ||B] - 10 - 205 50 = |7 -
) = IR~ || 208 - B B = 180+ B 2t 2 = |- 52

2

Hence, p1(\) = p2(A\) and the slope heuristic holds, see also [Ler12] for a rigorous proof in the density estimation
framework. On the other hand, for regularization kernel, [LMRBI14] prove that p; and ps concentrate around
their expectations that are respectively given by

E[p2(K,h)] = ”fvy .

2 (0) — | K|

E[p(K,h)] = =

There are several unusual facts that can be noticed here. First, the relation optimal penalty equals 2 times
the minimal one is only true in the particular case where ||K||> = K (0) which is not verified by many classical
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1 —z%/2

kernels, as the Gaussian kernel K (z) = ot or the Epanechnikov kernel K (z) = (1 — z?),. for example.

However, it can easily be corrected when we only want to select h. Actually, if ||K ||2 # 2K (0), the optimal
penalty pen, (k) = 2K(0)/(nh) and the minimal one pen,;, (k) = (2K(0) — | K||?)/(nh) satisty

2K (0)

——— — 5 peny;, (k) .
2K(0) — | K°

penopt (k) =

This type of non trivial relationship between optimal and minimal penalty has already been underlined in [AB09]
in regression framework for selecting linear estimators. However, note that if one allows two kernel functions
K, and K in the family of kernels such that 2K7(0) # || K1 ||%, 2K2(0) # || K2||* and

2K,(0) 2K5(0)
2K, (0) — | K |]* 7 2K5(0) — | Kaol*

there is no simple relationship between the minimal penalty and the optimal one. Next, the minimal penalty
p1(K, h) can be negative, if | K||> > 2K(0), in that case, a minimizer of the empirical risk in(fl{yh) satisfy an
oracle inequality! All these facts are illustrated in the paper [LMRB14].

A very interesting feature of the slope phenomenon is it can be used to calibrate a penalty. Actually, [AMOQ9]
propose to detect the minimal penalty by the explosion of the complexity of the selected estimator and then
to use that the optimal penalty equals twice the minimal one (or sometimes another constant) to calibrate
the final estimator. They show that this "slope algorithm" actually has very nice theoretical properties. The
practical implementation of the slope algorithm is extensively discussed in [BMM10]. It is particularly useful in
practical situations where no reasonable constants can be proposed from the theory, as in the simulation study
in [LT11, [LT14]. Another interesting example of practical application of the slope algorithm in a segmentation
problem was presented by Alice Cleynen in the Journées MAS 2014. She presented a result obtained in her
paper [CL14].

2. SELECTION WITH TEST

This section presents recent developments due to Baraud [Barll] for estimator selection based on ideas of
Birgé that are summarized in [Bir06]. The setting is very general and the L2-loss that was used in the previous
sections is replaced here by the Hellinger loss h to avoid unnecessary assumptions on the target f*.

2.1. Setting

The set of probability densities is endowed with the Hellinger distance h defined for any densities f and g
with respect to p by

W) = 5 (VT - vrdn = |[VF - val| =1-atha) |

where the Hellinger affinity p(f,g) = [ +/fgdu. This distance has many advantages over the L2-distance, in
particular, it can be defined for any density and it does not depend on the measure y. As in the previous
section, a set of estimators (f))xea is given and we want to select one with a small Hellinger risk, that is,

RO =E [1(f*. £
To simplify the presentation, we assume furthermore that the candidates f)\ are fixed functions and we denote

f)\ = f) to emphasize this point. Remark though that this condition is not necessary since a generalization of
the following results to random estimators can be found in Baraud [Barll].
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2.2. Selection between two candidates

To choose between two estimators fy and fy/ the closest to the target f*, we would like to define the "ideal"
function ;4 such that

wid()V)\/) :)\7 if h(f*vf)\) < h(f*vf)\’)
wid()V)\/) :)\17 if h(f*7f)\) > h(f*7f)\') .
Since ;4 takes two values, it is called a test. The problem is that the estimation of the Hellinger loss of a function

fx is not easy in general. Baraud [Barll] proposes the following heuristic. Since h(f*, fi')? =1—p(f*, fr) the
Hellinger affinity can be used equivalently to define ;4. Moreover,

o ) < [ 1 Pl du [ VSTl = ()

for rx.x = (fx + fr)/2. Hence, an alternative to the ideal test is given by

Vig(AN) = A, it pry () > ey (V)
w;do‘a X) = )‘/a if Pry (f)x) > prky/\/(f)\’) .

The great advantage of the function p,. |, is it can be estimated easily by

R 1 « (X
Py (fr) = n;”M +/\/TA,,\/fA/dM .

Baraud’s test is then based on the functional
TA\N) = ﬁm v () = Py o (FX)

Z \/\;};\ —|—\f/,\J/C)\ /\/f)\ )+ fa(w (\/fx \/fA(:c)) dz

with the convention 0/0 = 0. The decision rule is given by

[N TN
ZW’M_{ A T N) <0

When T(\, ) = 0, define ¢(, X') arbitrarily in {\, X'}. Define A € {\, X'} the parameter selected by this
procedure. The following proposition is proved in [Barll].

Proposition 3. There exists an universal constant C' such that, for any x > 0,
P(CR(f* J5) = i (W2 L) W27 ) f ) < e

Remark 4. The log-likelihood ratio test does not satisfy this proposition without assumptions on the distribu-
tions f*, fx, fr. However, Le Cam [LC75|] and Birgé [Bir84], see also Proposition 6 in [Bir06] showed that it
can be modified to achieve this goal. The idea is to make a log-likelihood ratio test between the closest points
in the balls centered at fy and fy of radius h(fx, fr)/4.
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2.3. Selection among a finite collection

To select among a larger family of estimators (fy)xea, Birgé proposes to use the tests in the following
procedure. For any A € A, define

RO ={N €A, st. V£ andyp(A\,XN)=XN1}, and D)= sup h2(Fr, fr)
NER(N)

with the convention supy = 0. The idea is that, when D(\) is small, any density fy that is preferred to fy is
close to fy, hence, f) must have a risk that is close to the optimal. This is why the final estimator is defined by

A inD(\) .
c e PO

By Theorem 3 in [Bir06] or Theorem 2 in [Barll], this estimator satisfies the following proposition.

Proposition 4. There exists universal constants a and C such that, if % <a,
20 px . 2/ p* IOg ‘A| —nx
Yz > 0, P Ch(f,f;)meh(f,f)\)Jrier <e .
AEA n

The theory of estimation with tests has been considered a powerful theoretical tool for a long time. Actually,
it does not require many assumptions on the observations and very general optimal risk bounds can be shown
for the selected estimator, see for example Birgé [Bir06] and Baraud [Barll]. In particular, the assumption
that A is finite can be refined using the more general notion of D-model, see [Bir06]. It allows to work with
infinite collection of estimators and to avoid the logarithmic loss in some examples in Proposition [f] . However,
as noticed by the authors, the practical implementation of the estimators remained intractable in these works,
and was only possible in a very particular framework of Gaussian regression [BGH14]. Recently Mathieu Sart
[Sar14] and Nelo Magalhaes, who presented his results in the Journées MAS 2014 got interested in the practical
implementation of the estimators. It was quite a surprise to remark that these estimators, that were designed
to achieve risks bounds in general frameworks, show very good performances in practice too, at least in their
preliminary experiments.

Once "robust" estimators are built on a single collection (f))reca, penalization technics can be used to select
between various A, as we did in Section This was the idea in [Bir06, [Bar11l [Sar14]. Nelo Magalhaes presented
an alternative approach based on the V-fold cross-validation principle that we introduced in Section [1.2.2
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