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A NUMERICAL STUDY OF THE SOLUTION OF X-MODE EQUATIONS
AROUND THE HYBRID RESONANCE*

CELINE CALDINI-QUEIROS!, BRUNO DESPRES?, LISE-MARIE IMBERT-GERARD® AND
MARYNA KACHANOVSKA*?

Abstract. The hybrid resonance is a physical phenomenon that appears for example in the heating
of plasma, and as such is of scientific interest for the development of the ITER project. In this paper
we focus on solutions of low regularity to Maxwell equations in magnetized plasmas. Our main purpose
is three-fold. First, we aim at investigating the finite element approximation of the frequency-domain
problem. Second, we would like to study the resonant solutions in the time domain, with the help of
two different finite difference approximations. We finally compare the results with the ones obtained
in the frequency domain, by numerical examination of the limiting absorption and limited amplitude
principles.

Résumé. La résonnance hybride est un phénomeéne physique qui apparait par exemple lorsque 1’on
chauffe un plasma. Il est en particulier d’intérét scientifique dans le cadre du développement du projet
ITER. Dans ce papier, nous nous concentrons sur des solutions faiblement réguliéres des équations
de Maxwell pour les plasmas magnétiques. Notre but est ici triple. Dans un premier temps, nous
approchons numériquement la formulation fréquentielle a I'aide d’éléments finis. Dans un deuxiéme
temps, nous étudions les solutions résonnantes dans le domaine temporel, a 'aide de deux méthodes
distinctes de différences finies. Finalement, nous comparons numériquement les solutions fréquentielles
avec le comportement en temps long des solutions temporelles, dans le cadre des principes d’amplitude
et d’absorption limite.

1. INTRODUCTION

Modeling various phenomena in plasmas is of practical importance for developing new sources of energy
based on plasma fusion, see the ITER projectﬂ This article concentrates on studying a phenomenon of hybrid
resonance [22], which is observed in experiments (see [6,[7,|11]) and is described mathematically as the non-
regularity of the solutions of Maxwell equations in magnetized plasmas [10]. Physically the hybrid resonance
corresponds to situations where the electric field becomes infinite due to some resonance coupling between the
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background magnetic field and the polarization of the wave. The energy deposit is resonant and may exceed by
far the energy exchange which occurs in Landau damping, see [15]. Contrary to the Landau damping, however,
hybrid resonance appears in a simpler one-dimensional model coupling fluid equations with the non-electrostatic
part of Maxwell equations. Since the mathematics of hybrid resonance is far to be understood in dimension
greater or equal to two, we restrict this work to dimension one.

To illustrate the hybrid resonance, we consider in this work a time-dependent wave propagation problem
leading to the cold plasma model for a single species (electrons) under a uniform in time background magnetic
field By = (0, 0, Bp). We restrict our attention to the poloidal plane, which is the plane perpendicular to the
direction of the magnetic field. The model can be described by the time-dependent Maxwell system [22]

_EOGth + ay}IZ = Ja:;
OB, — 0,H, = J, (1)
10O H, + 0.E, — 8,E, =0,

coupled through the linear electronic current J = eN.(r)u with the equations

MeOyty, = €geEy + eBo(r)uy — Meluy,

(2)

mediuy = €peEy — eBy(r)uy — mervuy,

where v > 0 is the friction between particles, e < 0 is the charge of electrons, m, the electron mass and N, the
electron density. In the cold plasma model, because of the frequencies considered, the electron density depends
on space and is uniform in time. A non-zero value of v constitutes a basis for the limiting absorption principle.
The unknowns are the electron velocity u and the electromagnetic fields. The energy of this system in a domain
2 € R? can be expressed as, see [10],

[ (@lBenE | BEoP | mpeoPy
5“*14( 2 T om '+2MNJﬂ>d’

and (12)) yield
d
%5 =—v (HumH%z(Q) + ||UyH%2(Q)> + boundary terms.
To illustrate unexpected difficulties that can occur in this system, consider the frequency domain counterpart

of | , which corresponds to the cold plasma model. We introduce the plasma frequency wp(r) = %,
the cyclotron frequency w.(r) = %ﬁr) and perform the Fourier transform in time of 1 j (with the convention
Oy — —iw), for a particular case v = 0:
~ w2 ~
curl curl E — —253(r)E =0, (3)
Cc ==
where the cold-plasma dielectric tensor |22, Chapter 1-2]
00y _ [Quwlr) —idu(r)
£u(r) = (iéw(r) au(r) )
wp(r) we(r)wy (r)
) =1 s () = e D 4
W= e Y T e ) W

The point ro s.t. we(rg) = w, i.e. when ) (ro) is singular, is called a cyclotron resonance (c.f. [22, Chapter 1-5]).

In [9] it was demonstrated for a 1D-counterpart of the above system that such points behave like removable
singularities, hence this case is not of interest for the present work.
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The hybrid resonance is precisely defined where w2(r) + w2(r) = w? and we(r)wy(r) # 0, ie. when the

diagonal part of the tensor 591 (r) vanishes and the non-diagonal part remains non-zero. As shown in [9,/10], for

a 1D-counterpart of , in this case the time-harmonic electric field component E, is not necessarily square
integrable (for a demonstration of this behaviour with the help of a simpler example, namely the Budden
problem, see e.g. |[10]). This apparent paradox is of course the source of important numerical difficulties which
are the subject of the present study.

Before proceeding, let us define the geometrical setting of the problem. We consider the frequency domain
problem posed in a truncated infinite half-plane, (—L, H) xR, for some L > 0 and H > 0, with the following
boundary conditions. At the left boundary of the domain, which represents the wall of the Tokamak, we impose
a Robin boundary condition

curl E 4+ iAE A n = §ine = curl Ejpe + iAEjne An, (5)

where E;,. = exp (i\z) (gl> and A > 0 is the frequency of the antenna. At the right boundary we impose
2

curl E = 0.

In this work we focus on stratified medium case: we suppose that the electron density N, and the magnetic
field By are uniform in the second coordinate y, N. = N.(x) and By = By(x), see e.g. [10]. We additionally
assume that N, > 0 on [-L, H]. We choose this simplified case to focus on the fundamental mathematical
difficulties of the hybrid resonance [9}/10].

Under the aforementioned assumptions on N, and By, the one-dimensional model can be derived from
by performing the Fourier transform in y (9, — 6, 6 € R):

€0 E, —i0H, = —eN_ uy,

€00 By + 0, H, = —eNeuy,

100 H, + 0,E, —i6E, =0, (6)
MOty = eEy + euy By — vmeuy,

meOiuy = ey — euy, By — vmeuy,
posed in the one-dimensional domain (—L, H), with the corresponding boundary conditions:

(0x By —i0E, +iAEy)|,_ | = Ginc(t),

(7)
O0zEy|,_y =0,
and the initial conditions for values E.|,_o, Uzl,—qg, Eyl,_g» Uyl,_g, H:l,—o- This is the time-domain model
that will be considered in the rest of the article, unless stated otherwise.

The frequency domain formulation of @ forv=0is

i00,E, + 0°E,\  w? E.\
<i98xEm—6§Ey) 2@ |5 ) =0 (8)

Y

see . Indeed, in a stratified medium, the coefficients «,, d,, depend solely on z and w. We concentrate on a
physical situation of the hybrid resonance, which we define as in [9].

Definition 1.1 (of a hybrid resonance). Let w € R be fized. We will call a point x;, € R a hybrid resonance
if a,, has a simple root in xp, and has no other roots in an e-vicinity of this point Be(xy), for some € > 0, and
0u(zn) # 0. The parameter v is al the same the physical friction and a regularization parameter. The hybrid
resonance singular solution shows up at xj, at the limit v — 0%,
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Ev (t) v — 0+ EOJr (t)
t — +oo t — +oo
B (t)e«! 229, lim lim E“(t) = lim lim E”(t)
v—0t—o0 t—oo v—0

FIGURE 1. Schematic representation of the equivalence of the limited absorption and limiting
amplitude principles.

To investigate the behaviour of the solutions at the hybrid resonance, we will study a sequence of the
regularized problems, for v — 0. These problems are not the frequency domain expression of @, but a simple
regularization of . This choice will be justified in further sections. The equations read:

ieawa + 02E, w? [, ) JoR B
(ioasz - 6£E},) & (i%(x) ’ WId) (Ey> - ©
where Id is the identity matrix.

The goal of this article is three-fold. First, we investigate the finite element approximation of the 1D frequency
domain problem @[), with a regularized dielectric tensor for a small parameter v. We prove the well-posedness
of this problem for v # 0 in Section[2.1]and demonstrate that the use of P finite elements allows to approximate
the singularity of the solution efficiently (Section . Second, we develop an original scheme based on widely

appreciated semi-lagrangian schemes for the discretization of time domain Maxwell’s equations with a linear

current. Third, we consider the case v — 0, and study the limiting amplitude solution . li+m lin}) E(t) obtained
L— 400 v—>

with the help of the FDTD discretization of (@, suggested in [5]. We compare this result with ]::)e_i“t7 computed
in the frequency domain, for v — 0, which corresponds to lirr%J , ligl E(¢). Such a comparison is a way to study
1 g —>+00

the formal commutation relation between the limited absorption and the limiting amplitude principles. In
application to a non-resonant case of , equipped with boundary conditions, the limited absorption principle
states that the solution of @ would approach the solution of as v — 0. Similarly, the limiting amplitude
principle applied to the problem @ states that if the boundary conditions are chosen harmonic in time, e.g.
0xEy|,_ , =e ™! then the solution of this problem (E(t), H(t)) asymptotically (¢ — +o0) tends to a steady

state of the form (E(w*)7 H(w*)) e~ W=t where (E(w*)7 H(w*)) is the solution of (EI) in the frequency domain,

with w = w, and the boundary condition 8,E, = 1. For more details see e.g. [12,20]. The commutation
r=—
between the two principles then writes as lim lim = lim lim, see Figure [II Even though it is true for
v—0t——+oo t——4o0 vr—0

standard linear wave problems, it is not clear if it still holds in the singular case of the hybrid resonance.
To our knowledge, such numerical studies have not been performed in the existing literature.

2. FREQUENCY DOMAIN STUDY

This section reviews the connection between the frequency domain counterpart of the problem @ and the
regularized problem @ Model @ can be rewritten in the frequency domain as

i00,E, + 0°E, _wjgy(x) B\ _,
i00,E, —2E,| 2="'\E,|]
(x) = <a;(m) —z’é}j,(x)) o (2) =1 wywy () 5 () = we(r)wp ()

iV “ w2 —wi() T ww? - wi(z))

= Lo) ) 2
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where the frequency w, = w + iv is shifted in the complex plane. The choice of the non-zero plasma friction
v > 0 is a regularization of the problem. A series expansion as v — 0 gives at leading orders

w2 (w? + w?)

v . i .
o =a, +V————mt =y, +ivD,
w w w(w2 — w2)2 w o
Y ) 2wcwg )
0, = 6w — W = b + ivDs,
(OJ _wc)

where «y,, d,, are defined by . One thus can consider the following regularization of the cold plasma dielectric
tensor of the above problem, valid as v — 0:

Vo 0+- Da _D6
g, R E, TV Ds D, )

However, as demonstrated in [9] for the 1D setting, a significantly simpler regularization (considered in [10])

¥ (z) ~ €0 (x) + ivld

yields the same limit solution as v — 0. As a consequence we will consider in this work the simpler regularized

system
i00,E, +02E,\ w? /[, , E,
~ PN - — Id PN =
(i@@zEm _ azEy> 2 f%($) +w B, )

() = (ozw(x) —iéw(m)> .

W 10w(x)  au(x)

. . 2 2 . .
For brevity, from now on we will denote ¥z a,,, “zd, by o, d and consider a sequence of regularized problems

i00, B, + 6°E, , E,
<wa B, 2F ) - (éo(x) “”Id) (E ) =0, (10)
xr-—x x Y

2= (50 o) a

where «a, § satisfy the following assumption.

Assumption 2.1. The coefficients a(x) and 6(x) are assumed to be sufficiently smooth, i.e. continuous in
L, H].

This assumption can be ensured, for example, by requiring the continuity of N,(z), Bo(z) in [-L, H] and
the absence of the cyclotron resonance, i.e. for all z |w?(z) — w?(z)| > ¢ > 0 on this interval.

Remark 2.2. For the time domain problem (@ the choice of the sign of v > 0 is of crucial importance for
the stability of the problem. In the frequency domain, as we can see from the above and from [10,|(18], the
sign of the parameter v can be chosen arbitrarily to regularize the problem. However, as demonstrated in the

aforementioned works, as v — 0%, the corresponding limiting solutions differ, though both exhibit the singularity
in the point of the hybrid resonance.
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2.1. Well-Posedness of the Frequency Domain Problem

In this section we study the well-posedness of Problem with the boundary conditions , thanks to the
Lax-Milgram lemma. After introducing Q = (—L, H) C R and defining the function space V = L?(Q) x H(Q),
equipped with the norm

VI = lvillZe@) + el for v =(v1, va),
the resulting one-dimensional system reads in the following variational form:
H

/H(Eg// - ZeEm)(Eg/; - ZGEE) - / (éo + “/Id)E : E - Z)‘Ey(iL)Ey(fL) = 7ginc(*L)(Ey(7L))> (12)
L —L

for all E = (Ew,Ey) eV.

Recall that here A > 0.
Let us remark that in this and further sections, where it is not ambiguous, we will use the notation E, ,

instead of Ewy for convenience. Also, by |jufz2 we will denote |ul|p2(q), for u € L?*(2), and [Jul/p20) =

1 2
(luillZz +[luzll72)*, for u = (u1, u2) € (L*())".

For the sake of conciseness, we introduce the following notation. Let a and [ be the bilinear and linear forms,
defined for u, v € V:

a(u,v) = ai(u,v) +iaz(u,v) and I(v) = —ginc(—L)(v2(—L))
where a; = a] and ag = a3 are hermitian
ar(u,v) = [T (uh — i6u) (0] — i6o1) — [T Pu- ¥,
as(u,v) = —v [T w5 = Mug(~L)va(—L).
Then reads: find E such that
a (EE) = (E), forall E€ V.

Let us denote the spectral radius of € by é = [|p(€”)| (). By Assumption the spectral radius

€ = max (|l + 8| oo (), [|ov = 8]| Lo (2)) is bounded.
We now prove the following result.

Lemma 2.3. Let Assumption[2-1] hold. Then the bilinear form
a(u,v) : VxV—C
is continuous and coercive for all X > 0 and v > 0: for all u,v € V it holds that
{ R (e a(u,u)) > 7\/(5-5-(;:‘% (3lub)122 + [[ul|22), for some B, € (0,%),
la(u,v)| < Cllullv([v]v,

where C' > 0 does not depend on v. Problem s well-posed in V.

Proof. The boundedness of a is obvious using the continuous embedding in dimension one H'(2) C C°(Q).
Let us focus on the proof of coercivity. Given € the spectral radius of £°, £Id — £” is a non-negative hermitian

matrix. Therefore

. ) . — . 1
ax(u, ) + élful[Fe = fuh = iGur[F + ((E1d = £, @) = uh = i0uur][Fe = SllupllFe — 0% 2.
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Thus a1 (u,u) > $||lubl|22 — (€ + 6%)[|u]|2.. On the other hand, for A > 0, az(u,u) < —v|ul|2,. Therefore

E+602+1

1
s, w) = g3+ [l

a1 (u,u)

1

or, introducin, = arccos ——————
’ & By 14(64+024+1)2p-2’

this is equivalent to

. 1 1 v 1
R (e"Pra(u,u)) > (u’2+u2>2 <u’2+u2).
(ot )2 e (15 ) 2 s (1 <l

Problem is then uniquely solvable thanks to the Lax-Milgram theorem. O

Remark 2.4. The above proof is not optimal when the diagonal coefficient is uniformly positive, namely a(x) >
¢ for some ¢ > 0 on the whole interval [—L, H|, at least for the case § = 0. In this particular case Problem
1s well-posed for v = 0. More precisely, it can be written as a system of two equations, the first equation
(for E, ) being the variational formulation for the Helmholtz equation with the variable coefficient k* = (a — %)
coupled to boundary conditions @, and the second equation being (Ey,u) = (%Ey,u) for all w € L*(Q). The
demonstration of the well-posedness of the former problem, with additional assumptions on boundary conditions
and smoothness of the coefficients, can be found in [18, Theorem 5.2.3]. Provided the solution E, € H'(2),

E, € L?(Q) is uniquely defined from the latter equation.

2.2. Discretization of the Frequency Domain Problem

Testing the variational formulation 1) with (Ex, 0) and (0, E’y) € V and using an explicit expression for
the tensor of the dielectric permittivity (11)), we get the following system of two equations

if /H(Eg’, —i0E,)E, — /H (o +iv)Ey — i6E,) By = 0,
H ow0f, - [ v)Ey) By i E,(-L) WA (13)
/_L(Egl/ —i0E,)E; — /_L (i6F, + (a +iv)E,) By — iNEy(—L)Ey(—L) = —ginc(—L)(E,(—L)),

for all £, € L*(Q), E, € H'(Q).

Let us introduce two function spaces Vg, C L?(f2) spanned by a set of basis functions {1, };V; L and Vg, € HY(Q)
spanned by {¢; f\fl. We discretize problem as:

N1 N2
E, = E ek Wk, E, ~ E EykPk-
1 k=1
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Introducing

H H H
(ko) = / Vmdr,  (MY), = / Uithmda, (M) = / (@) + v)pmipda,
L —L —-L

H H H

(Mo0?) = /5($)7/;m¢kdl‘, Ko, = /%(ﬂf)@(ﬂ?)dma (M), = /(a(x) + iv)gedrdr,
—L —L —L

L = b (=L)o1(~L),

er:(emla"'aele)T; ey:(ey17"'7ey1\/2)T7

0,, is an n-dimensional zero column vector,

we rewrite System in an antisymmetric block form:

On,
2 ; Y ¢1(—L)
O2MY — MY POKY® L i ovo e\ L) r(—L)
—iH(Kl/“ﬁl)* — ’L.(Mé’w@)* K — MO¢7¢ _ ’L)\IF ey = —Ginc .
Q3N2<_L)
This expression greatly simplifies when choosing Vg, = Ve, spanned by a unique set of basis functions (¢,,) zl .
and in the case # = 0. One obtains the matrix structure
_On,
¢1(—L)
Mo — i MS®0 €. & ( L)
= —Q; — 2\ —
(—i(M5’¢’¢)* K —M*% )" ) \e, Jine(=L) . : (14)
QEN2<_L)

In this work we use the above formulation with the Lagrange P; basis elements.

3. TIME-DEPENDENT PROBLEM DISCRETIZATION

We develop hereafter the discretization of the time-dependent one-dimensional model @, for the particular
case § = 0. We first show how this system can be discretized thanks to a Yee scheme suggested in [5], then a
scheme based on semi-lagrangian discretization is employed.

3.1. A staggered scheme

We compute a numerical approximation of @ with § = 0 on a cartesian grid using the Yee scheme, as
suggested in [5]. Let n and At denote the time step index and the time step, as usual the discrete time is
t, = nAt. Tt is standard (see [5[24]) to discretize the electrical field on the integer time steps, whereas the field
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H on half time steps, t,,41/2. The time discretization of the system reads:

En+1 En n+1 un
€g—t—~——= = —eN, 7+,
E""Q E; n+1/2 u;+1+uz
ot 4+ 9, HITH? = —eN, P
Hn+1/2 Hn— 1/2 n
Ho +1 At tlaxEy B O +1 +1
P _ u'rn E:!L E™ u” v + w™ u'[n
Me @ N z — oz 2+ z _|_ e Y y BO + ,
wn T _gyn Ertiygn "+1+u n+ +u
y Yy o Y y o 7: _
Me 77 =e 5 e 5 Bg —vme 5

In the Yee scheme, the different components of the vector fields are defined on staggered points. We summarize
this discretization on Fig. [2| where the positions of E,, u, (black dots), E,, u, (blue dots) and H, (red dots)
on the discretized grid in space and time are displayed. The fully discretized system then reads

+1 +1
Ey 77 —Es |7 ug [ dug |7
ool Zeli oy el e li
At 2
n+l n n+1/2 n+1/2 n+1 n
. E, i+1/2 E, i+1/2 n H, /7" —H. |; . Uy |iy1/2 TUy |i+1/2
0 - _
At Az € 2 ’
n+1/2 n—1/2 n _ n
u H, |, / H. |, / E, ‘i+1/2 E, |i—1/2 —0
o —
At Az ’
1 1 1 n+1
up |77 —ug |7 By [T 4B 7 g [77 g |7 Uy [1ye +y i)
Me =e —vme—+———" +¢eBy ,
At 2 2 2
n n+1 n n+1 n 1
Uy |z+1/2 —Uy |¢+1/2 ylit12 t ‘i+1/2 Uy |i+1/2 tuy |i+1/2 Uy |7 +ug |?+
Me At = 5 — UM 5 —eBg 5 ,
t
(1, ,nAl '2>
(mia )
T

FIGURE 2. Positions of E,, u, (black dots), E,, u, (blue dots) and H, (red dots) on the
discretized grid in space and time

Tt is straightforward to rewrite this system in an explicit form (we omit here these simple but slightly tedious
computations).

3.2. A co-localized scheme based on semi-lagrangian discretisation

The scheme described hereafter is mentioned since it is based on some well-known numerical methods in
plasma physics, the so-called semi-lagrangian schemes widely used for the numerical approximation of transport
equations. It seems to be an original use of semi-lagrangian schemes and is mentioned as possible other option.
We restrict the presentation to the minimum and leave the details of the construction to the alert reader.
Concerning the vast literature on the use of semi-lagrangian schemes in numerical plasma physics, we refer the
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reader to |13]/14/16,[21[23] and references therein. The structure of the following algorithm is very similar to
the one developed in [§] and can be adapted and studied numerically in any dimension on a Cartesian grid and
for more complex right-hand sides. So mathematical properties of the first step of the following semi-lagrangian
scheme have been described in [3].

The idea is to split System @ into a series of transport equations (here just 2) and a local in-the-cell system.

- At time step ¢, = nAt, all quantities are given (Eg, Ey, H., ug, uy) in the cells, that is for all 4 in the
computational domain.

- The first step is to solve

OBy = 0,
GoatEy +0,H, =0,
/J/OatHz + 8$Ey =0,
meOiuy, =0,
mgatuy =0.

Since egpoc? = 1, this can be performed solving two transport equations

Ow+copw =0, w=E,+cH,,
Oz — cOzz =0 z=E;,—cH,.

In our case we used a semi-lagrangian scheme for a time step At. In the tests, we used Strang’s stencils described
in [3] with CFL v = 0.5, at order 7. It yields the chain (E,, H,)} — (w,2)} — (w, 2)]"* — (E,, H,)?*. Here nx
denotes the intermediate time step of the algorithm.

- The second (and final) step is to solve

€00 Fy = —eNouy,

€00t BBy = —eNcuy,

/J’OatHz =0,

MOty = eBy + euy By — vMetiy,
MmeOiuy = elly — euy By — vmety.

This is performed locally in every cell starting from the data at the preceding step. In our case we just adapt the
algorithm developed for the staggered scheme. We make sure that the method is conservative in total energy if
v = 0, using a half-step discretization of the right-hand sides.

- Therefore all quantities are now given (E,, Ey, Hz7ux,uy)?+1 in the cells at time step t,+1 = (n + 1)At,
and that defines totally a time step of the algorithm.

4. NUMERICAL EXPERIMENTS

This section is organized as follows. The first part is dedicated to the numerical implementation and simula-
tion of the frequency domain formulation . We study the convergence of this formulation and the behaviour
of the numerical solution as the absorption parameter v tends to zero. The experiments in this section were
performed with our code written in Octave. We implemented the scheme described in Section for a case
of P;-space used for the approximation of F, and E, and § = 0, thus working with System . We apply
permutation to the above system to obtain a 7-diagonal Hermitian matrix and solve the system with the Gauss
back substitution algorithm. The intermediate part briefly validates the semi-lagrangian discretization of the
time domain formulation. The last part of the section deals with the question of the equivalence of the limiting
absorption and limited amplitude principle. We compare the solutions obtained as v — 0 with the help of the
frequency and time domain codes (computed for large values of time). The time-domain code implements the
scheme described in Section [B.1] and is written in Fortran.
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101 L

——|[Ex — Eg| 1

5 1077 —— 1By = Bjlln
£ —[|Ey — EyllL2
& O(h?)

1072 | ---0(h)

1078 Ll Hmm".‘\‘\mm\ [T A AT |
107° 107* 1072 1072 10~* 10°
h

FIGURE 3. Convergence rates for the problem described in Section (the problem
discretized as with the parameters and the boundary condition (16f)). Here Ey(x)

Ai(z) and Eg(z) = i 2 Ai(z).

[0

4.1. Frequency Domain Problem
4.1.1. Validity of the Implementation

To check the validity of the code, we first perform a numerical experiment in the following case:
alr) = 2% + 1, 5(1‘):—(0424-‘%04)%, v=0, 0 =0. (15)
In this case £, that solves satisfies the Airy equation, see also Remark
E, —2E, =0, x € [-L, H].

The physical solution of this equation, the Airy function Ai(z), see |1, Chapter 10.4], is analytic and decays
rapidly as * — oo. Hence, choosing H sufficiently large (the actual value used in the experiments H = 10,
where |Ai’(10)| < 1e — 9) and the boundary conditions

0y Ey(—L) +2iE,(—L) = Ai'(—L) + 2i Ai(-L), 0.E,(H) =0~ Ai'(H), (16)
the exact solutions are: Ai(z) for the unknown E,, and Zi((i)) Ai(z) for E,. Hence both functions are smooth.
The well-posedness of the respective variational formulation is due to Remark

In Fig. [3] we verify the convergence rates for this problem, comparing the solution with the analytic solutions.
Importantly, the obtained convergence rates are in agreement with known estimates of the standard theory of

convergence |2, Chapter 5.7, Chapter 0.4], provided that the Aubin-Nitsche lemma [4, Theorems 3.2.4, 3.2.5]
holds for the variational formulation.

4.1.2. Solution of the Frequency-Domain Problem with Resonance

Let us consider the case of the resonance, more precisely, we choose sufficiently smooth a, §, so that «(0) =0
and 6(0) # 0, and the solvability conditions of Lemma [2.3| are satisfied. For simplicity, let us assume that a(x)
is smooth and

a(x) = —x in some neighbourhood of 0 . (17)
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Let h > 0 denote the meshwidth. Given Vj, = P} x P}, with P} consisting of piecewise-linear (hat) functions,
and EY, EY" being respectively the exact and the numerical solution, we look for the ratio h(v) that would
ensure the bound on the absolute error

1EY — BZM|e <€, (18)

given a fixed value of € > 0 and v — 0. Without loss of generality here we assume that v > 0.
We use the following ingredients:

e The Céa lemma applied to the problem (|12)); here E is the exact solution, E*** is the computed solution,
and C. and C; are respectively the continuity and the coercivity constants:

C
[E” — E“ v < & min [E” — vlv < Cv" min B = vy, € >0, (19)

The last inequality follows from Lemma [2.3] and is valid for v — 0.
e The estimate from |2, Chapter 0] on the rate of convergence of the interpolation

[v = 1"v[|z2 < C1A? [[v"]| 12, C1 >0, (20)
||’U — Ih’U”Hl S CQhH’UNHLZ, 02 > O7

where I" is an interpolation operator onto Pﬁ.
e An explicit bound on || (E%)" ||12(q) based on [10] and [9, Proposition 1]. First of all, we will assume

that the main contribution to || (E%)" ||12(q) comes from the behaviour in the vicinity of the resonance,
where, for sufficiently small v, the following expansion is valid [9, Proposition 1]

EY(z) = E¥ + SY (),
v (@) (21)

By = fo(@)log pu(x = Xo) + 050,

where f,, g,, S7 are smooth functions, which, together with their derivatives, are bounded indepen-
dently of v for all sufficiently small values of v; p, is a smooth function s.t. p,(0) = 0, with the derivative
p.,(0) = 1, the point X, ~ ivc + O(v?), for some ¢ € R\ {0}.

e An explicit bound on || (EZ)” |2 () based on [9]. As before, we will assume that the main contribution
to || (E;’ )H || L2(q) comes from the behaviour in the vicinity of the resonance, where, for sufficiently small
v, it holds |9, Proposition 1]

By (z) = Ey () + 55 (),
EY(z) = (@) + iv)py () log pu (z — X,),

where p,, X, are is in , and p,, S%¥ are smooth functions, which, together with their derivatives,
are bounded independently of v for all sufficiently small values of v.

Let us recall that we defined the function space V = L?(Q2) x H(Q). Estimate combined with results
in, for some C' > 0.

|EY — EXM| 2 < Comhll (BY) " 2 + Co= B2 | (BY)" || 2. (22)
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First of all let us examine the behaviour the derivatives of £ in the vicinity of the resonance, in particular, the
term E; :

(a(z) +iv)py (x)p, (x — X))
Pu(ﬂU - Xl/) ’

(E;)’ = d'(z)p,(z)log pu(x — X)) + (a(x) + iv)p,, (z) log p,(z — X)) + (23)

The last term in this expression is well-defined in @ = 0, even for v = 0 (the limit can be obtained with the

help of the L’Hopital’s rule and recalling that p,(z — X,) = 2 — X, + O((z — X,,)?) in the vicinity of the

resonance), and is uniformly bounded for sufficiently small v, together with its derivatives. The second term is
"

also well-defined in = 0. To examine the behaviour of (EZ ) , it is sufficient that we study solely the singular

first term of

(o (@) () log pu (& — X)) = + (o' (2)pu(2)) log py (x — Xy).

The term o' (@)p, (2)pl, (—X,)

PR can be bounded, for all sufficiently small |z|, by

(@p(@)py e - X)) | . C
pu(z— X)) = o —ive|’

C >0,

where we used an explicit form of p,(z — X)) = 2 — X, + O((x — X,))?) valid for small v and |z|, as well as the
expansion X, = icv + O(v?). For sufficiently small v, the term (o’ (x)p, (z)) log p,(z — X,)) can be bounded by
the above expression as well.

Therefore, assuming that the main contribution to || (E} )H | z2(0) comes from the vicinity of the resonance,

where for v =0 (Eg )H is singular, we obtain the following rough bound

1
2

H
N\ 1 C
|| (Ey) ||L2(Q) < G+G (/ mCﬁ < ﬁ7 G7GI,C >0,
L

for sufficiently small v > 0.

To derive a similar bound on the second derivative of E¥, we assume that the main contribution to || (E%)" || L2(Q)
comes from the singular part of E;’ , whose second derivative can be represented in the following form, for some
functions F, x(x), k =0, .., 3, uniformly bounded in z, v in the vicinity of (z,v) = (0, 0):

2 v 3 €T
ddff =2 (p(F(X)))k + Fo(x)log py(z — X,). (24)
k=1 \Pril = Av

Then there exists ¢ > 0, s.t. for all sufficiently small v

where C' > 0 does not depend on v. Plugging this into we obtain

EY
dx?

2 1
< ——dz < Cv7?,
L2_C/(x2+1/2)3 e
L

|EY — EY"||p2 < Cv3h? + Cv~ % h.
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From this it thus follows that to ensure h should be chosen as
h = 0451/%, (25)
where a, > 0 depends on € but does not depend on v. This prediction is very severe and is due to the singular
nature of the problem under consideration.
Let us check numerically whether this holds true. To do so, we conduct the numerical experiment with

parameters for Problem as given in Table [I} Recall as well that 6 = 0.

Parameter | Value

10, xz < —10,
alx) —z, —10<z <5,

—b, x > 5.

0, z < —10,
5(z) —4/30x —4/3, —10 <z <5,

-2, T > 9.
g (—L) | —2v/2iexp(—22v/2i)
A V10
L 15
H 10
TABLE 1. The parameters for the problem with the resonance.

Denoting by E¥" the solution E,(z) computed on the mesh with width h and absorption v, and by EY the
solution computed on a mesh multiple times finer (more precisely, the reference mesh was typically 10-200 times
finer, except when the computation was performed for very small values of i when results were compared with
results computed on twice finer meshes), let

he = sup{h : |EX" — EY|| < € for all B’ < h}. (26)
The computed dependence of he on v is shown in Fig. We can see that Estimate is pessimistic compared

to the one suggested by , at least for given values of € and for a chosen range of v > 0.

Remark 4.1. It can be shown that ||EY |2 < %, C >0, and thus the relative error control

B2 = By
| EY L2 -

is ensured by choosing h as ﬂel/%, Be > 0.

In Figure [5| we demonstrate the dependence of the condition number of the matrix of System on v, for
several values of h. Remarkably, for v = 0 the computed matrices are not singular. We do not know the exact
reason for this. As an additional illustration, we compare the solutions for very small v and v = 0 for different
meshes in Fig.

4.2. A validation of the semi-lagrangian scheme

With very basic simulation, we show that the numerical strategy based on co-localised semi-lagrangian
discretization is valid even for the resonance. The numerical tests have been kept to a minimum, and many
more are needed to fully validate the concept. The setting of the numerical results of Figure [f]is the following.
We use a 7th order semi-lagrangian scheme, and the CFL is v = 0.5. The peak is the hybrid resonance, visible
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1074 1073 1072 1071

FIGURE 4. We consider the problem with the parameters defined in Table (1} In the left
figure the dependence of h. as defined by on v is demonstrated. In the right figure we
show the computed solutions for this problem (for brevity denoted by E;’y) for different values

of v.
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FIGURE 5. We consider the problem with the parameters defined in Table |1l The left plot
demonstrates the dependence of the condition number of the system on v, for different
values of h (the condition number for ¥ = 0 is not shown, however, for all values of h as shown
in the plot, the matrix was non-singular even for ¥ = 0). The right plot shows E;“h computed
on different meshes for small v. It can be seen that for h = 1072 and h = 10~ the solutions

o o o o o oo o e Lo
9107% 1077 107 107" 10~* 107* 1072 10~' 10° 10!
v

computed for v = 0 are almost indistinguishable.

I I I
—14 —12 —10

15

on E, and u,. The total energy £(¢) is the physical energy. The comparison with Figures [4] and {12 shows that
the singular nature of the resonance is captured by this new scheme without any doubt.

Notice that in this case we shifted the computational domain for visualization purposes, so that L = 0 and
the point where the resonance occurs is x; = 20.
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FIGURE 6. An antenna sends a time-harmonic wave on the left. The medium is propagative
on the left and non-propagative on the right. The resonance is visible on the real functions
EY and uY. The time of the simulation T' = 2000 is chosen large enough so that the periodic
solution is captured, at least numerically. The number of cells is typically 10000 to reach space
convergence. The shift for visualization purposes if +20, which explains why the resonance is
now at x = 20.

4.3. Limiting Amplitude and Limiting Absorption Principle

In this section we perform several numerical experiments to check whether the limit amplitude principle and
the limit absorption principle are equivalent for our problem. That is we compare the solution of the time
harmonic code with the solution of the time domain staggered code.

We normalize ¢g = pg = 1 and w = ¢ = 1. Also, we set m, = 1 and e = —1. From this it follows that
w, = —By and wg = N.. We consider the following two cases:

e case N, # const, no resonance;
e case N, # const, resonance.

For every fixed absorption rate v > 0, in the time domain we choose the boundary conditions

OiH|,__; =—0.E,,__, =Gsin(t), GeR, (27)
atH|m:H - 0,
and zero initial conditions, and in the frequency domain
0. E, =G, 0,E, =0.

z=—L rz=H
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We compute the solution E”(¢) for large ¢ in the time domain, and the solution E” in the frequency domain.
In the numerical experiments we check whether the following two quantities

lim E"(t), and S (E”e‘”)
t—+o0

are close as v — 0 (provided that the first of these quantities exists).
In all the experiments in this section the CFL number was set to 0.5.

4.3.1. No-Resonance Case

We choose the parameters so that in the frequency domain, for the limiting amplitude problem, EZ , v=0,
satisfies the Airy equation, c.f. also Remark[2.4 We set w, = 0 (thus §(z) = 0), w = 1 (hence a(z) = 1—N(z)),
on the domain as (—0.5,10) and set the electron density N.(z) = 1+ > 0, 2 € Q. Importantly, since §(z) = 0,
in this case no resonance occurs and E,(xz,t) = 0. This corresponds to the case when the tensor of dielectric
permittivity €% is diagonal.

The boundary conditions in are chosen as G = Ai'(—0.5).
First we set v = 1072. To demonstrate that the limiting amplitude principle indeed holds, we fix a point
x = z. inside the domain and plot the dependence of the solution Ej(z.,t) on time ¢ for a range of £ > 1 in

Fig. ﬂ We compare this solution to the computed & (EZ e_“), for fixed values of t. Both solutions appear to

be in close agreement.

Fig. [8| (left) shows the solutions at a fixed point in space for v = 1074, As previously, we fix a point * =
inside the domain and plot the dependence of the solution E}(x.,t) on time ¢ for a range of t > 1. One of
our observations was that for smaller ¥ more time steps are required to achieve the limiting amplitude solution.
For v = 10~* we were not able to obtain the limiting amplitude solution for ¢ < 3 - 10*, unlike in the case of
v = 1072, For example, for v = 1076 we were not able to reach the limiting amplitude solution even on the
time interval ¢ < 1.92¢6, see Fig. [§] (right).

04 4 —  EY(x,te), te =29730, v =102
05f s(ﬁzg(x)eﬂfr), to=29730, v =102
= 02 = -==  EY(x,te), te = 29960, v =107
s = 3 (E;(x)e’”’) |t = 29960, v = 102
S 0 = ol
—02F
L L L L . - - 705 C L L L L L L L L L L ]
2.986 2.988 2.99 2.992 2.994 2.996 2.998 13 0 1 B) 3 s 5 6 7 8 9
t -10° E

FIGURE 7. Dependence of the solution E}(z.,t) to the problem described in Section on
time for large times is demonstrated in the left figure. In the right figure we show the solution
to the same problem for v = 1072, for two fixed moment of times.

4.3.2. Resonance Case

For the resonance case, we choose the parameters as in Table [2| Since a(x) = (1 — 2N,.(x)), a(0) = 0, and
clearly, 6(0) # 0. We compare the results for v = 1072, 102, 10~* in Fig. El, The harmonic
dependence of the solution on time is demonstrated by fixing . inside the domain and plotting EY(z.,t) and
E} (x,t) for a range of ¢.

Figures [[3]show that in the case of the resonance the limiting amplitude solution is achieved, and both
limiting amplitude and limited absorption solutions are in close agreement (but in the points close to a point
where the resonance occurs). These numerical results show that the staggered scheme resolves the resonance,
similarly to the semi-lagrangian scheme described before. Like in the regular case, longer computations are
needed to achieve the limiting amplitude solution for smaller v.



18 ESAIM: PROCEEDINGS AND SURVEYS

0.4

0.2 ff

E (e, )

—0.2H

0.6 7
—— By (ze,t), o =045, v =10"°
0.4 i

0.2

)

I
v

0

E:

—0.2 - B

—04]

I I
2.3988 2.3994

t

I I
2.3976 2.3982

1
24 1.919810 1.919990

10° ¢ 106

FI1GURE 8. In the left figure we plot the dependence of the solution Ej (2¢,t) to the problem
described in Section on time ¢, with v = 10™* and z. = 0.45. In the right figure we show
the solution to the same problem for ¥ = 1076 at the same point ., for larger times. As we
can see, for v = 10~ the limiting amplitude solution was reached for large ¢. For v = 1076 we
were not able to obtain the limiting amplitude solution even for ¢ &~ 1.9¢6.

Parameter Value
L 5
H 19
We V0.5
0.25, x < —0.5,
Ne(x) 1+7I, z>-052<9
5, x> 9.
G as in 0.11

TABLE 2. Parameters for numerical simulations in Section m

Y (e t)

0.4

0.2

Ey(wc.t)

0

—0.2 1

1 ! 1 !
2.9975 2,998  2.9985  2.999

t

I 1 !
2.9955 2996  2.9965  2.997

1
2.9995

| | . | \ | | |
2.9955  2.996  2.9965 2.997  2.9975  2.998  2.9985  2.999  2.9995
-10 t -10%

FIGURE 9. The figures demonstrate the dependence of the solutions to the problem described
in Section Ey(—2.5125,t) on time ¢ for different values of v.

5. CONCLUSIONS

In this work we considered the frequency and the time-domain formulations of the X-mode Maxwell equations.
In particular, we proved the well-posedness of the regularized variational formulation with the absorption
parameter v, as well as studied the convergence of the finite element method for the problem with the resonance.
The piecewise-linear FEM approximates the resonant solution rather well, at least for moderate values of v,
however, the discretization size should be chosen roughly proportional to V%, in order to obtain an accurate
discretization. Indeed, it would be interesting to look at the convergence of the adaptive finite elements for
this kind of problems. Another unanswered question is the well-posedness of the discrete problem when the
continuous problem is ill-posed. We have demonstrated by numerical means that while the condition number

of the FEM matrix grows, the matrix remains invertible even for v = 0.

We proposed two different schemes for solving the time-dependent problem. Our numerical experiments

demonstrate that both of them capture the singular behaviour of the solutions in the resonant case.
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FIGURE 10. The plot shows the dependence of the solution EY(z.,t), v = 1074, to the problem
described in Section {4.3.2l on time ¢ for fixed x. = 0.0125 and for z. = —2.5. We can see that
the solutions computed in the time domain are in close agreement with the solution computed
in the frequency domain at the point . = —2.5, however, differ at the point 0.0125 which is
close to z = 0 where the resonance occurs.

0.6 — —
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FIGURE 11. The left figure demonstrates the dependence of the solution £} (z,t) to the problem
described in Section £.3.2] on x for fixed values of t. For a chosen value of v the solutions
computed in the time domain are in close agreement to the solutions computed in the frequency
domain. This seems to be only partially true for the computed values EY(z,t) in this case
(which may be caused by the discretization). The right figure shows the dependence of the
solution EY(x,t) to the same problem for v = 10~* on time for fixed z = z.. We can see that
the limiting amplitude solution had been achieved, and the difference between the solutions
computed in the time and frequency domain is not visible on this scale (c.f. Figure .

The other part of the experiments concerned the equivalence of the limiting absorption and limiting amplitude
solutions. We have shown that for small v and large times the solution computed in the time domain is close
to the solution predicted by the limiting amplitude principle; as v — 0, the solution oscillates harmonically as
t — 400, however, we were not able to compute the limiting amplitude solution for very small values of v.
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FIGURE 13. The figures demonstrate the dependence of the solutions £} (z,t) and Ey (z,t) to
the problem described in Section on z for fixed values of t. While the solution in the
time-domain in the resonance point z = 0 has a smaller absolute value than that computed in
the frequency domain (in the plot both solutions are truncated to axis limits), in other points
the values are rather close.
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