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INVARIANCE PROPERTIES IN THE DYNAMIC GAUSSIAN COPULA MODEL*

STEPHANE CREPEY! AND SHIQI SONG?

Abstract. Based on Gaussian tail distribution estimates of independent interest, we study the math-
ematical properties of the default times (or any of their minima) in the dynamic Gaussian copula
model. In particular, depending on the value of the correlation parameter g in the model, the so-called
invariance property of Crépey and Song (2017) may be satisfied or not. This gives together an example
of a model where the invariance property is satisfied but immersion does not hold, for small o, and, for
larger o, an example of a model where the invariance property may not be satisfied.
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1. INTRODUCTION

Crépey, Jeanblanc, and Wu (2013) (in book form Crépey, Bielecki, and Brigo (2014, Chapter 7)) proposed a
dynamic version (DGC) of the Gaussian copula model. Related models include the one-period Merton model
of Fermanian and Vigneron (2015, Section 6) or other variants used in credit and counterparty risk softwares.

As demonstrated in Crépey et al. (2014, Section 7.3.3), this model yields a dynamic meaning to the ad hoc
bump sensitivities that were used by traders for hedging CDO tranches by CDS contracts before the subprime
crisis.

From a more topical perspective, the DGC model can be used for dealing with counterparty risk on credit
derivatives (notably, portfolios of CDS contracts) traded between a bank and its counterparty, respectively
labeled as —1 and 0, and referencing credit names 1 to n, for some positive integer n. Accordingly, we introduce

N={-1,0,1,...,n} and N* ={1,...,n}

and we focus on 7 = 7_1 A 79 in the paper. However, analog properties hold for any minimum of the 7; and, in
particular, for the 7; themselves.

In particular, the default intensities of the surviving names and therefore the value of credit protection spike
at default times in the DGC model, as observed in practice. This nonimmersive feature of the model is in
line with the wrong-way risk feature of counterparty risk embedded in credit derivatives, which is the adverse
dependence between the default risk of a counterparty and an underlying credit derivative exposure.
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To illustrate this numerically, Figure 1 shows the valuation adjustment accounting for counterparty and
funding risks (total valuation adjustment TVA) embedded in one CDS between a bank and its counterparty on
a third reference firm (hence for n = 1).

The left graph displays the TVA computed as a function of the correlation parameter g in a DGC model of
the three credit names (hence n = 1): the bank, its counterparty and the reference credit name of the CDS. The
different curves correspond to different levels of credit spread A of bank: the higher A, the higher the funding
costs for the bank, resulting in higher TVAs. All the TVA numbers are computed by a Monte Carlo scheme
dubbed “FT scheme of order 3” in Crépey and Nguyen (2016, Section 6.1). FT refers to Fujii and Takahashi
(2012a,b). The numerical parameters are set as in Crépey and Nguyen (2016, Section 6.1), to which we refer
the reader for a complete description of the CDS contract, of the F'T numerical scheme and of other numerical
experiments involving CDS portfolios (as opposed to a single contract here).

The right panel of Figure 1 shows the analog of the left graph, but in a fake DGC model, where we deliberately
ignore the impact of the default of the counterparty in the valuation of the CDS at time 7_1 A 7o (technically,
in the notation of Crépey and Song (2016, Equation (6.7)), we replace (P£ 4+ A¢) by P,_ in the coefficient f),
in order to kill the wrong-way risk feature of the DGC model. We can see from the figure that, for large g, the
corresponding fake TVA numbers are five to ten times smaller than the “true” TVA levels that can be seen in
the left panel. In addition of being much smaller for large g, the fake DGC TVA numbers in the right panel are
mostly decreasing with . This shows that the wrong-way risk feature of the DGC model is indeed responsible
for the “systemic” increasing pattern observed in the left panel.
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FIGURE 1. Left: TVA on one CDS as a function of the correlation parameter g and for different
bank credit spreads A, in a DGC model with three names: the bank, its counterparty and the
reference credit name of the CDS. Right: Analog results in a fake DGC model without wrong-
way-risk.

The dynamic Gaussian copula model has been assessed from an engineering perspective in previous work.
The present paper deals with the corresponding mathematics, including explicit computations for the main
model primitives and a study of the so-called invariance property as per Crépey and Song (2017). A major
technical difficulty in this last regard stems from the explosion of the auxiliary functions h; that are required
for defining the default times in the model. This is addressed by means of Gaussian tail moment estimates of
independent interest. We conclude that, depending on the value of the correlation parameter o in the model,
the so-called invariance property as per Crépey and Song (2017) may be satisfied or not: This gives together
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an example of a model where the invariance property is satisfied but immersion does not hold, for small o, and,
for larger o, an example of a model where the invariance property may not be satisfied.

1.1. Invariance Times and Probability Measures

We work on a filtered probability space (2,G,.4,Q). Given a G stopping time 7 and a subfiltration F of G,
F and G satisfying the usual conditions, let J and S denote the survival indicator process of 7 and its optional
projection known as the Azéma supermartingale of 7, i.e.

Jt = ]l{T>t}) St = OJt = Q(T > t|]:t), t Z 0
The following conditions are studied in Song (2014a) and Crépey and Song (2015, 2017).

Condition (B). Any G predictable process U admits an T predictable reduction, i.e. an F predictable process,
denoted by U’, that coincides with U on |0, 7].

For any left-limited process Y, we denote by Y™~ = JY + (1 — J)Y,_ the process Y stopped before 7.

Condition (A). Given a constant time horizon T > 0, there exists a probability measure P equivalent to Q on
Fr such that (IF,P) local martingales stopped before 7 are (G, Q) local martingales on [0, 7.

If the conditions (B) and (A) are satisfied, then we say that 7 is an invariance time and P is an invariance
probability measure. If, in addition, Sp > 0 almost surely, then F predictable reductions are uniquely defined
on (0,T] and any inequality between two G predictable processes on (0, 7] implies the same inequality between
their F predictable reductions on (0,7] (see Song (2014a, Lemma 6.1)); invariance probability measures are
uniquely defined on Fr, so that one can talk of the invariance probability measure P (as the specification of an
invariance probability measure outside Fr is immaterial anyway).

2. DyNAMIC GAUSSIAN COPULA MODEL

In the DGC model the default intensities of the surviving names and therefore the value of credit protection
spike at default times, as observed in practice. This nonimmersive feature makes the DGC model appropriate
for dealing with counterparty risk on credit derivatives (notably, portfolios of CDS contracts) traded between
a bank and its counterparty, respectively labeled as —1 and 0, and referencing credit names 1 to n, for some
positive integer n. Accordingly, we introduce

N={-1,0,1,...,n} and N* ={1,...,n}

and we focus on 7 = 7_1 A 79 in the paper. However, analog properties hold for any minimum of the 7; and, in
particular, for the 7; themselves.

2.1. The Model

We consider a family of independent standard linear Brownian motions Z and Z%,i € N. For g € [0,1), we
define

Bl = \/oZ; + /1 — oZ]. (2.1)

Let ¢ be a continuous function on R, with f]R<+ ¢2(s)ds = 1 and o?(t) = t+°° ¢2(s)ds > 0 for all t € R,. For any
i € N, let h; be a continuously differentiable strictly increasing function from R* to R, with derivative denoted
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by h;, such that limg)g hi(s) = —o0 and limgtioo hi(s) = +00. We define

n:hil(/om (u)dB:) \f/m u)dZ, +\/1T/ u)dZy) (2.2)

for i € N. The random times (7;);en follow the standard one-factor Gaussian copula model of Li (2000) (a
DGC model in abbreviation), with correlation parameter ¢ and with marginal survival function ® o h; of 7;,

where
—+o00

1 2
d(t) = e zdx, teR
(t) t o

is the standard normal survival function. Note that, if o < 1, the 7; avoid each other:

Q(r; =7;) =0, for any i # j in N.

2.2. Density Property

By multivariate density default model, we mean a model with an F conditional density of the default times
(see e.g. the condition (DH) in Pham (2010, page 1800)), given some reference subfiltration F of G. This is the
multivariate extension of the notion of a density time, first introduced in an initial enlargement setup in Jacod
(1987) and revisited in a progressive enlargement setup in Jeanblanc and Le Cam (2009) (under the name of
initial time) and El Karoui, Jeanblanc, and Jiao (2010, 2015a,b).

First we prove that the DGC model is a multivariate density model with respect to the natural filtration
B = (B;)¢>0 of the Brownian motions Z and Z',i € N. We introduce the following processes.

t oo
miz/ s(u)dB!, and mi:/ s(w)dB!, = h(1;) —mi, i € N.
0 t

The standard normal density function is denoted by

and the associated survival function by ®(y) = fyoo o(z)dz, y € R.

Theorem 2.1. The dynamic Gaussian copula model is a multivariate density model of default times (with
respect to the filtration B), with conditional Lebesgue density

pt(ti,i S N) = 8t71 .. .8t”Q(Ti <t 1€ N|Bt)

of the 7;, 1 € N, given, for any nonnegative t;, i € N, andt € R, by

Ly i€ N) /¢ 1 ¢< mﬂ'a( )\/@J) = hi(t:) dy. (2.3)

e I-o VI —o

Proof. The conditional density function p given B; can be computed thanks to the independence of increments
of the processes Z, Z*,i € N. Actually, for any ¢ > 0, we can write

= h; '(my + o' + /1 —0€}), i € N,

where £! is a real normal random variable with variance a?, (§;) jen is a centered Gaussian vector independent
of £' with homogeneous marginal variances o and zero pairwise correlations, and where the family ¢%, &8 i € N,
is independent of B;. See Crépey et al. (2014, page 172)!. &

1or Crépey et al. (2013, page 3) in the journal version.
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2.3. Computation of the Intensity Processes

Note that the 7; are B, measurable, but they are not B stopping times. In the DGC model, the full model
filtration G = (G)>0 is taken as the progressive enlargement of the Brownian filtration B by the 7;,¢ € N,
augmented so as to satisfy the usual conditions, i.e.

G =Nest(Bs vV \/ o(ri A 5), t>0. (2.4)
iEN

In this section we prove that the 7; are totally inaccessible G stopping times with intensities that we compute
explicitly.
Fort>0,u> 0,1 C N and j € N, we define:

I 0 N2 [Ilo+1 I 0
P =17 g = 1_977 A = 7 aN . a0
e+ @) =0-97,07 TEDIES!

o 3 _ hiw) —mi oy
T = (Tz)zela Zt I(u) - Ck(t) )\126; O[(t).

For t > 0, let
i={ieN:7; <t}
(representing the set of obligors in N that are in default at time ¢) and let

pr=p", oy =0", Jy=N\TI,.
For 0 > 0, p € [0,1] and J C N, we define the functions

o BZJ‘ (I)J,p,a

Ty, (zs), j € J, (2.5)

(I)J,p,a<ZJ) = Q(gj > Zj7j € ‘])’ w?},p,a (ZJ) =

where z; = (zj)jes is a real vector and (§;)jen is a centered Gaussian vector with homogeneous marginal
2 and pairwise correlations p. Note the following:

Lemma 2.1. For I = N\ J, the family of random variables

I G ,
<@<IAMH§¥>

defines a centered Gaussian vector independent of o(&;,1 € I), with homogeneous marginal variances and pair-
wise correlations, respectively given as

variances o

JjeJ

12 2 [Ilo+1 I 0
0 ) =0°(1—9)5——— an = . 2.6
) ( )m9+1—9 P T e +1 (26)
Lemma 2.2. Fort >0, I =N\J and u; >0,j € J, it holds
E[ﬂ{Uj<Tj,jEJ}|Bt \ U(TI)] = (I)J,pI,UI (th’l(uj)vj € J) (27)
Proof. For j € J and u; € R, the condition u; < 7; is equivalent to
; hj(u;) —m! mi m mi
ZJ,I ) — I\ t o\ t t A\ t 2.8
AT 2aw < aw V2aw 2

i€l i€l
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Noting that m] € By, m! € B, V o(77),i € I, the desired result follows by an application of Lemma 2.1. B

Lemma 2.3. Fort >0 and I =N\ J, we have
{m<t<m:iel,jeJinG ={n<t<r:iel,jedJin(B,Vo(r)). (2.9)

Proof. Let the 7(;) be the increasing ordering of the 7;, with also 7y = 0 and 7(,,4.1) = 00. According to the
optional splitting formula which holds in any multivariate density model of default times (see Song (2014b)),
for any G optional process Y, there exists a O(B) ® B(]0, oc]”)-measurable functions Y(?), i € N, such that

Y = Z vy (@ (T J[T(i), ces Tt T(i))]l[T(i)»T(qu)% (2.10)
1=0

where a { b denotes a if a < b and oo if a > b, for a,b € [0,00]. Since G; = o(V;) and YO (71 { 75y, ..., 75 1
() L[rsy 701)) 18 @ function of By and 77 on {r; <t < 7;:4 € [,j € J}, this implies (2.9). B

Theorem 2.2. For anyl € N, 7, admits a (G, Q) intensity given by

hl(t) j, Lt .
%= 1{t<n}@¢f7t7p“m (Z*(t),5 € Th), t>0. (2.11)

Proof. For bounded B; measurable functions F', for measurable bounded function f, for 0 < ¢t < s < o0, we
look at

EIFf(Tr) 1 r <t<r it jesy Lit<n <s)]-
We need only to consider | € J. Then, using (2.7) to pass to the third line and conditioning in conjunction with
the tower rule to pass to the fourth line:

E[Ff(TI)]l{nSKTj,ieI,jeJ}]l{s<n}]
E[Ff(TI)1{7i§t;ieI}E[]]‘{t<Tj,jE‘JI}ﬂ{S<T1}‘Bt \ U(TI)H
E[Ff(TI)]l{TiSt,iGI}(I)J,pI,UI (th’ (uj)7j € J)]

where u; =t except u; = s, (2.12)
_ @, 1 ,1(Z] (ug),5€)

= E[Ff('r])ﬂ{Ti§t<7'j7i€I7jEJ} éJ,pI,aI(ZZ';(t)»jEJ) ]

= <I)~7t>/’t“"t(Zf‘ t(“J)vjEJt)

= E[Ff( B T ) e 7] ].

)L r <t<r; icl jety
With the formula (2.9), we conclude

E[]l{t<ﬂ§s} ‘gt] = E[]l{t<n}|gt} - E[]l{s<n} ‘gt]

(I)Juptﬁt (th7zt(uj)7j € t7t)
(I)]typtyUt(ZtLIt(t)vj € u7t)

= ]l{t<'rl}(1 -

The stated result follows by an application of the Laplace formula of Dellacherie (1972, Chapter V, Theorem
T54) (see also Dellacherie and Doléans-Dade (1971) or Knight (1991)). B

2.4. Computation of the Drift of the Brownian Motion

Next we study the processes B%,i € N, in the filtration G. Thanks to Theorem 2.1, the DGC model is a
multivariate density model. According to Jacod (1987), this implies the following:

Lemma 2.4. The processes B',i € N, are G semimartingales. i
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By virtue of Jeanblanc and Song (2013, Theorem 6.4), another consequence of the multivariate density
property is the martingale representation property.
Theorem 2.3. Let W, fori € N, denote the martingale part in G of B*. Let
dM} = dl,,<; —~idt, t>0,
where the process v* is defined in (2.11). Then, the martingale representation property holds in G with respect
to (Wi, M* i€ N).

This section is devoted to the computation of the martingales W?. We begin with the following remark on
the Gaussian processes B® (cf. Lemma 2.1).

Lemma 2.5. For J C N and I = N\ J, the family of processes

i 0 i
(B (EDrES ;B )jeJ (2.13)

is a continuous Lévy process (multivariate Brownian motion with drift) independent of o(B,i € I), of homo-
geneous marginal variances (o1)? and pairwise correlations p'. m

Proof. This follows by computing the brackets of the continuous local martingales and applying the Lévy
processes characterization.

Lemma 2.6. Forkel and0<t<s<y¢,
E[BY — BY|B, v o(rr)] = (& [c.du) mb.

Proof. For keI, for 0 <t <s<s < oo,

’

1 S
B —Bf—(j/ Sudu) mk (2.14)
ay Js

is a centered Gaussian random variable, independent of mf, with variance
’ ’ ’

(5= 9) =2 [t + (i = (5= 9) - ([t

t Qi
Hence, for k € 1,

E[BY — BB, v o(71)] = E[BY, — B¥|B, v o(mi,i € )]
= E[Bf — Bi|B: Vo(my) V(] iel\{k})

where the fZI form a Gaussian family independent of B; VV o(B¥), constructed with (2.13),
= E[BY — B¥|o(m})] = (5 [Jcudu) m} because of (2.14). 1

In the sequel we find it sometimes convenient to denote stochastic integration (or integration against mea-
sures) by . and the Lebesgue measure on the half-line by A.

Theorem 2.4. For J C N and k € J, define the function

b?(zwx) = E[]l{Zj<5JI.,jEJ}(£I£ J'_x)}? S Ra z = (Zj7j € J)7
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where ( JI»,j € J) is a Gaussian family of homogeneous marginal variances (o1)? and pairwise correlations p!.
For any k € N, define the process

PRGN mE b5, (Z17(1).5 € T). N Yieq, oibs)
Fa) \ U e TR T g (28T (1), € )

, teR,.

Then, Wk = B* — gk X

Proof. For 0 <t < s < s’ < oo, for any bounded B; measurable function F' and measurable bounded function
f, we compute

E[Ff(TI)]l{n<t<rJ,zeI,geJ}( - Bk)}
= E[Ff(r)l{r<, zeI}]l{t<TJ,j€J}E[(B / — BY)|B, v o(tn)]]

= ]E[Ff(TI)]l{ﬂ<t le]}]]‘{t<TJ,j€J} f Cudu mt]
fkel,mheBVolr) kel

E
= E
= E

Ff(TI)]l{n<f lel}ﬂ{f<TJ jGJ} f gudu mt]
P Lr<tien (o Jo Sudu) E[]l{f<7—],]€J} )\Bt Vo(r)]]
Ff(TI)]l{‘riSt,iGI}(ﬁ f;(udu

1 -\ +/\I B:Vo(T
{z]! (t)<a(t) MY = a0y JGJ}( ® ZZEI a(t) ZZGI o )| ! ()l

= E[Ff(r)l{r<tieny( @fs gudu ) E[1 {z]" (t)<&l, JEJ}(fk + M Dier SZZ))H

= E[Ff("'l)]l{ngt,iel}(ﬁ fssgudu) bJ((ZtJ I( )a] € J)a M Ziel (:Ztt))]

s 05 (20 (0).5€0), N X0, )
= E[Ff(‘rf)ﬂ{nsmel}ﬂ{t«j,jeJ}(ﬁfsgud“) — ., ,(Z{’I(t)uegj) ]

J,pl 0

[
[
[
[

k
t

=

This, combined with the formula (2.9), implies

E[(BY, - B)|G,] = (ﬁ / eudu)x

. mE by, (Z17(8),5 € To)y A S ieq, aly)
{kEIt} a(t) {kizt} @Jtvpt,gt(zij,l't(t%j c ‘7t)

The G drift of B* is obtained as the differential of the above with respect to Lebesgue measure, i.e.

§(t) 1 T?Lf i1 b (( J If( )a] € ‘-71‘) ZzeL oz(t))
N keZi}y — N k¢, >
a(t) | T g T e ® 7, po (27T (t), 5 € Th)

dt. n

The function b%(z,z) is closely linked with the functions WJI, p.o(B).

Lemma 2.7. We have the identity:

05 (22) = (2 + (0T V/PTP Sies 01 0 (2) + (01T = g0 s 11(2) @ 1 (2)
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Proof. We write the function [35 with the Gaussian density functions:
b§(2,$) = fR¢(y)dyfR\J\ Hjej¢(yj)H]eJ {Z]<O.I\/>y+o.l T—ply; } I\/ y+o’ \/1* yk+z ]edej

= @ Je oWy fpin Iies 0@ Iies Ui cor fityior yimpiy,y Lies
+o! Vol fR yo(y)dy me HjeJ ?(y;) HjeJ ]l{zj<gz\/p7y+61\/ﬁyj} HjeJ dy;
ol V 1- pI fR ¢(y)dy fR\J\ Yk Hjej (b(y]) Hje] ]1{2j<01\//7y+01myj} Hje,] dyj

Then, applying the integration by parts formula to replace the appearance of y and y; by the Gaussian functions:

by (2 2) z Jp W)yl @ (z;:j/lgu)
+gI\//7 fRd(—ﬂb(y))Hje(,@(%)

Ve zj—0 y
1- fR dy H]GJJ7H€ (I)( ]I \/> fR yk Yk {zk<cr[\/7y+of\/ﬁyk}dyk

o

= T fR dyH]EJ (zj:j/lgy)
cal VAT Jotnds (e #5220
VT [ 60y T V2 S0 20

— o fuoayTLe, LY

HOIVIT b0y EA T ey (T ¥R 2TE
VTP [ 60y T 0 D2 S0 2

= x (I)Jml)g \/ Eler.]p UI( )q)J7pI)o.I(Z)+(O'I /1_pI)2w§7pI,aI(Z)CI)JxPIxUI(Z)'l

3. REDUCTION STRUCTURE

We now study the invariance properties of the DGC model. In this perspective, the market information
before the default event of the bank or of its counterparty is modeled by the filtration F = (F});>0, where

Fir = Ns>y (Bs \ \/ (U(Ti N 8))’ (31)

1IEN*

augmented so as to satisfy the usual conditions.

Because of the multivariate density property of the family of (77,7 € N*) with respect to the filtration
B (same proof as Theorem 2.1), the computations we have made in G in the previous section can be made
similarly in F. In particular, the following splitting formula holds (cf. (2.9)): for any ¢ > 0 and I C N*, writing
J=N*\1I,

{n<t<mrieljeJinkh={n<t<t:iel,jeJ}NB,Vo(r). (3.2)
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Moreover, the so-called condition (H’) holds, i.e. the processes B* k € N, are F semimartingales, and the
random times 7;,j € N*, are F totally inaccessible stopping times, as stated in the following lemma. For ¢ > 0,
let

={ie N*:7 <t}, JF = N*\I}, pf = p™, of =%,

Lemma 3.1. For any k € N, the process W} = Bf — fg BEds, t > 0 is an F local martingale, where

’471—: . * * ’I”T’L;
g(t) mk +1 b t*((th (t)vj € ~7t )’ >‘It ZiEIt* a(t))
= kez; k¢ Ty . .
Oé(t) { } (t) { } (I)jt*,p,*,,dt* (Zglt (t),j c $*)

, teRy.

For j € N*, 7; is an T totally inaccessible stopping time and the process thj =dl; <t — ’ygdt, t>0,isanF
local martingale, where

; hy(t
W= Lty (( )) ¢Jt 507 (ZLI (t),j €T’ ) > 0. (3.3)

The family of processes W*, k € N and M7,j € N*, has the martingale representation property in the filtration
F.n

3.1. The Azéma Supermartingale

Our next aim is to compute the Azéma supermartingale of the random time 7_; A 7y in the filtration F, i.e.,
E[]l{t<7'71/\7'0}‘]:t}7 t Z 0.

Lemma 3.2. The Azéma supermartingale of the random time T_1 A\ 7o in the filtration F is given by

St:

iy . N
@Jﬂ*u{—l,ﬂ},pg,g;(ztj t(t),j € JFru{-1,0}) 0 »
3 IE . N , 12U (3.4)

s pror (277 (8),5 € TF)

In particular, the Azéma supermartingale S is positive.

Proof. For any bounded B; measurable functions F' and measurable bounded function f, we compute (cf.
(2.12))

(D) V7 <t<ry i jesy Li<r_ aro}]

(D)L r<tiieny Bl f1<r,. jGJ}]l{t<T_11/\'ro}|Bt Vo(r)]]
(T (7, <t:iery P yug—1,0y,00,00 (Z17 (1) : JE€JU{-1,0})]
(1)

1 ) ) P r0(—1,0},01, gI(Z Lty jegu{— 10})]
{ri<t<7j:iel,jel} Py, 1(Z7I(t)J€J)

E[
= Ef
[

Paru{-1,0}.pF .0 t( f(t)JGJt u{-1,0})
éjt*,p;-,o;‘ (Zz : (t):5€T)

I,

where conditioning and the tower rule are used in the next-to-last identity. With the formula (3.2), we conclude

= E[Ff(r)l{r<t<rictjery

i, L) .
P ui10)p10: (2071 (1) 1§ € TFU{-L0Y)
SR — :
D pror (2070 ()15 € TY)

E[]l{t<7:1/\‘ro} |]:t] =

Let v = % . 5¢, where S¢ denotes the continuous martingale component of the (F, Q) Azéma supermartingale

S.
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Lemma 3.3. We have

j i Ii . * Iy
dvy = Zjej;u{—l,O} @Z’fﬁiu{_l,o}yp;,a; (Zf (t):jeJru {*LO})dCt
j 5L . i}
- Zjej;_ ijti,p;,o't* (Zt (t):j€ «ﬁ*)dcg )

where, for I C N*, g‘” denotes the martingale part of (—ﬁdm{ + W Yier ﬁdmi) in F.

Proof. To obtain dS§ (which is then divided by S;), it suffices to apply Itd calculus to the expression (3.4) of
S on every random interval where Z;" is constant. Note that, knowing ¢ is in such an interval, 7z; is in J;.
Also note that the jumps of S; triggered by the jumps of Z; have no impact here, because S¢ is a continuous
local martingale. i

3.2. F Reductions of ¥, ~7
Lemma 3.4. The triplet (T_1 A 70, F,G) satisfies the condition (B).

Proof. To check the condition (B), by the monotone class theorem, we only need consider the elementary G
predictable processes of the form U = vf(7_1 A 5,70 A 5)1 (44, for an Fy measurable random variable F' and a
Borel function f. Since Ul ) = F'f(s,5)1(sq1(0,s], we may take U’ = F f(s,5)1 (54 in the condition (B). B

Next we consider the reduction of the processes 5*,~7 in the filtration F. Notice that, for t < 7_1 A 79,
L, =1If, J = Jr U{-1,0}.
Therefore, the following lemma holds.
Lemma 3.5. The F reduction of 77,5 € N*, is

» hi(t) LTE N i o
77? = ]]'{t<7'j}%w‘jjt*u{fl’o},p:ﬁ; (th (t)a] € ~7t U {_1,0}), t> 0 (35)

Similarly, the F reduction of 3%,k € N, is

) mk
= — ]l * —_—
ﬂt Oé(t) X ( {keZ;}} O((t)+
b (Z17(1),5 € TF U{=1,0}), N S,y 215)
Jru{-1,0} t 5] t ) ’ €LY aft)

L . *
D 7aU{—1,0}, 00,00 (2170 (1), 5 € T U{-1,0})

Likgz;) , teR,. N

Note that the processes 77,77 and ﬁk,gk are cadlag. The next result shows that the process f* (and

consequently 3) is linked with 3* through the process v.
Lemma 3.6. For ke N,

¢ ¢
/ Brds = / Bds + (W* vy, t €[0,7_1 A o).
0 0

Proof. Notice that B* is a continuous process. By the Jeulin-Yor formula (see e.g. Dellacherie, Maisonneuve,
and Meyer (1992, no 77 Remarques b))),

¢
Btk —/ des - (Wk,u>t, t€[0,7—1 A 7o),
0
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defines a G local martingale. But, acccording to Theorem 2.4, the drift of B* in G is fot BEds,t > 0. We

conclude that
t t t ~
/ prds = / Brds = / Brds + (WF v),
0 0 0

fort e [0,7',1 /\T()]. [ |

4. THE CONDITION (A) AND THE INVARIANCE PROBABILITY MEASURE

In this section we prove two results regarding the condition (A) in the DGC model. Technically this section
is the most significant part of the paper. The Gaussian correlation computations in the DGC model (cf. Lemma
2.5), which was the key in the computations of the previous sections, becomes useless, , used in the previous
sections, turn to be helpless, while Gaussian tail moment estimates become crucial.

Here is the first result to be proved.

Theorem 4.1. There exists a g9 > 0 such that, if the correlation coefficient o is inferior to pg, the condition
(A) holds in the DGC model (7—1 A 19, F,G,Q) on [0,T] for any finite constant T > 0.

Remark 4.1. In the univariate case where n = —1 (case of a single default time 7_1), all the terms involving
o disappear in the computations. Hence, by revisiting all the computations in this (much simpler) case, the
condition (A) always holds.

When the condition (A) holds, we also have an explicit expression of the invariance probability measure.

Theorem 4.2. Under the condition of Theorem 4.1, the invariance probability has a density process in (F,Q)
given by E(u), where

Theorem 4.2 can be proved with a semimartingale calculus. In contrast, the proof of Theorem 4.1 is much
more involved. The proof relies on the sufficiency condition given in Crépey and Song (2017, Theorem 3.5). To
compute the quantities in this sufficiency condition, we begin with the following lemma.

Lemma 4.2. The (G,Q) compensator of the stopping time 7_1 ATy has an intensity ~y, which is given by

Y= H[O,Tfl/\T(J](’yil + PYO)'

Proof. This follows from, for example, Crépey and Song (2016, Lemma 6.2). B

As a consequence of this lemma and of the formula (A.4) in Crépey and Song (2017), the sufficiency condition

of Crépey and Song (2017, Theorem 3.5) reduces to the positivity condition S > 0, which has been established
T -1 0 .

in Lemma 3.2, and to the Q integrability of edo Me<rinroy (06 +75)ds e latter, however, necessitates a careful

study of the intensity processes y~! and 7°. A major technical difficulty stems from the explosion of the

functions h; and their derivatives at 0, for which the following Gaussian estimates are required.

4.1. Gaussian Estimates

Let 0 > 0. We denote by ¢, the density function of a centered Gaussian random variable of variance o2, i.e.,

Let ®, denote the survival function associated with ¢,, i.e., ®,(y) = fyoo ¢ (t)dt. Notice that, for any j € N,

Py o = Po
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(for every 0 < p < 1).
Lemma 4.3. Letl € J. Forz = (z;,j € N) € RN we have

¢U(Zl) _ d
S (I)a_(zl) = —%lnq)(,(t)t:zl.

_ 92, PJp.o (Z)
P, (2)

Remark 4.4. The merit of this lemma is provide a majorant of a function of z by a function of z;, which is,
moreover, an exact differential.

W, o(2s) =

Proof. Consider the Gaussian vector ¢ introduced in (2.5). Separating & from the other Gaussian random
variables ;, j # [, we can write

Dypo(zr) =Pl <&,z —p& <& —p&,j € .5 #1]
= B[l Pley —py <& —p&,j € 1,5 # ly=¢] = ]E[]]'{zz<£L}@J\{l},$,a—m(z<]\{l} - &)

2 00y, o oy By — oY) dy.
From that, we deduce two estimates:

0.,P5,0(2z7) = _¢o'(Zl)(I)J\{l}7TpFNU\/§(ZJ\{l} — pz1),
q)J,P,U(zJ) > (I)O'(Zl) q)J\{l},ﬁ,a\/ﬁ(zJ\{l} - pzl)a

because the function ¢J\{l}yﬁ’gﬂ(z‘;\{l} — py) is increasing in y. As a consequence,

)

0. Dy0(29) § ¢a(zl)<I>J\{l}7$,” el GO Sl ) ool
o,

!
< N | (4.1)
PJp.0(2s) ‘po(zl)@‘]\{l}’ﬁ,gﬂ(ch\{l} — pz1) (z1)
Lemma 4.5. The function fz;—z 18 increasing.

Proof. We notice that, for ¢ > 0,

Hence

We compute now the derivative, on ¢t > 0,

i(%(t))_ t Do (t) +(¢Z(t))2:( Lo %(t))%(t) > (_ b4t )%(t) 0.

dt\D,(t)) — T o2 D, (1) D, (1)

This proves the lemma for £ > 0. But the lemma is trivially valid for ¢ < 0.
Lemma 4.6. We have ®,(t) < UTzqﬁg(t) fort >0, and ®,(t) > %z%gbo(t) fort>o.

Proof. In the proof of the previous lemma, we have already proved ®,(t) < ‘772(150(07 t>0.Let I' = ¢, in
Lemma A.1. As ¢/ (t) = —5¢(t),t > 0, we have g(t) = %. Hence Lemma A.1(ii) applied with ' = 0 and

€= %2 yields

D, () > %2 ¢o(t), t > 0o,

o~ | =

and then also for t = ¢ by continuity.l
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4.2. The Exponential Integrability of the Integrals of the ~/
For j € J C N, we define the process GJI‘t through

i T, _ he 7, mi—hi(r) _. hy(t) | GPT
Z0 () = T a(t)+)\ Yier, —am - = o T am >0

We define

GLTv
or =0l when |I| =k, and U, = sup —%—.
0<v<t a(v)

The result that follows is the key that allows absorbing the explosion of the functions h; and their derivatives
at time 0.

Lemma 4.7. Forl e N, lett > 0 be such that hi(t) < 0. We have
UV o

t 24+n—1
1
/’yqu< Z U{an—&—ln(Ut\/Jk) Inop +1/2In2+1/2lnw + 207

Proof. Using Theorem 2.2 as well as Lemmas 4.3 and 4.6, we can compute

f: Todu = fot %{)tﬁn} };l(:f) ¢.7u,pu,au(zj (u),j € {u)d“
hi(t 7, .
= L L) s Y ey o onie Cisy  (K(8)), 5 € Ti(s))ds

where k(-) = h; ', Hence,

hy(t o 1, Ly (s
Jo vudu < f_l( : Lirs)<ny (k(s))%())(zk(sg( '(k(s)))ds
lIk( )
N ) Dor(s G,
= f_l ]l{k<s)<n}a(k<s Doy (a0 T alk(ey )48
h . oyt
< f_l()]l{u )<Tz}<1> (f (S{oy + SUPo<ust Gy )45,

because s < hy(t) < 0. Therefore,

Jo vadu = ﬁf oi)]l{k( )<n}<1>a ()(SJFUt)
< %f 1®) Spte-t ¢°‘k (s+ Uy)ds
= 24n- u(t) lncbaml( )+ Us))
< oot (t) In®,, (U;) because hi(t) <0
Ut Vak
24+n—1 2(UVo a
S k=0 Oz%t) [ ( V k)\/27TO' e ?

24n—1

o a(t) [ln2—|—ln(Ut\/ak) Inop +1/2In2+1/2Inm + =% U VU’“

Lemma 4.8. Let t > 0 such that h(t) < 0. The random variable U; defined in the preceding lemma is bounded
by

ﬁzmmmﬁz sup [m|.

JEN jen 0<vst

Therefore, for any p > 1, if tg > 0 and o are small enough, eJo® Veds g p times Q integrable.
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Proof. The process G{’I‘ is composed, on the one hand, of elements —h;(7;), j € Z; multiplied by A%, and, on
the other hand, of elements mg multiplied by A%t or by —1. We notice that 0 < Mt < p < 1. We also notice
that, for j € Z;, 7; <t i.e., h;(1;) < h;(t) < 0. Hence, —h;(7;) = (h;(7;))~. The bound on U; is now clear.

As hj(7;) takes the form h i(75) = Jo§++/1 — 0&; where the random variables ¢, §; are independent Gaussian

random Varlableb with unit variance, we have

(Cjen(hi(1))7)? < (Cjen(Veldl + VI =0lg1)? = (2 +n)y/elél + VI =03 e n 1651)°

4.2
< BEn)2+n)%0E + B m)(1—0) Ty & #2)
We compute
2+n ! ln(Ut Vor) < (24 n) ln(Ut V1), because op, <1,
ZQJrn 1 U Vak < ZZJrn 1 U +O’,€ Utg 2J£n 1 21 +22+n 1 20'k
(7 (7 (Tk
By the estimate in Lemma 4.7, for any p > 0,
. p(24n) U? 2+n 1 L U? 2+n 1
Efer 521 < CE[(0, v 1) "5 70T EET 5 < o, v 1) P et T w2

(where C' denotes a generic constant which may Change from place to place). By the Gaussian nature of h;(7;)

and of mJ, the first expectation E[(U; V 1) L0 ]1/2 is always finite (cf. Lemma B.1). As for the second
expectation

2p Uz 24n—1 1

E[ a(t) k=0 20%]
2p( 2A2+ 2B )22+n 1 1 _2p 4A2 }tn—l# 2p 1 432 zvtn 1 _1
S E[ea() a(t)2 a(t)z ]<E[ a(t) a(t)z k=0 20%]1/2E[ea(t) a(t)2 k=0 202 ]1/2
where
A= (hi(r))", B=_ sup |mj|.
JjEN eN0<v<t
2p 4A2 S 2Hn—1 1

a(t) a(t)2 k=0 Q]

From the inequality (4.2), for g sufficiently small, the expectation ]E[ is finite. Next we
apply Lemma B.1 to control the terms with B = deN SUPg,<¢ [M7|. We see that, for £ > 0 small enough, the

2 ~2+n—1 _1
a(f> a(t)24B 2 n 202

last expectation Ele 2% ] is also finite. The lemma is proved. B

Lemma 4.9. For any 0 <t <t', for any p > 1, the random variable el uds

Proof. We have

is p times Q integrable.

S ks = 3L eeny S0, 0, (217 (5).5 € T)ds
< Cf WY, o (207 (s). 5 € T)ds < C [} o (207 (5))ds < C [} o (supy ey M2 4 Uy )ds
= O 1) ?Sﬁywm@@a%+w»
< C -t) i+3 ' )(Supt<7j<t’ o U) +Ut’)a

ok
thanks to Lemma 4.6. The random variables h;(7;) and m? are Gaussian random variables. So (cf. Lemma
4.8), eV has any integer level of Q integrability. The lemma is proved. W

4.3. Proof of Theorem 4.1

Tie<r yargy (Y2 ' H70)ds

T
We want to prove the Q integrability of eJo when p is small enough. But

efOT Lis<r_ynmor (Vs TH9)ds _ efoto l{ng,Mm}(v;1+w2)dseffo Lis<r_qamor (v +72)ds

)
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for the ty of Lemma 4.8. Combining Lemmas 4.8 and 4.9 proves the theorem.

4.4. Proof of Theorem 4.2

The density process of the invariance probability P is a Dolean-Dade exponential £(X) for some (F, Q) local
martingale X (Xo = 0). The Girsanov theorem gives the (I, P) semimartingale decompositions of the B¥ and of
the 17, o) in terms of X. The drift parts of these decompositions are determined by the martingale invariance
property, i.e., for k € N,

t t t
/deer(W’“,XC)t:/ 5fds:/ Brds 4+ (WF v, t €10,T),
0 0 0

(cf. Lemma 3.6) and, for i € N*,

t t t ~J
[ s 1t X = [ Fids = [ ids 4 (00 Y (5 < 1) 580, te 0,7
0 0 0 jen+ -

as follows from a direct computation. Recall that the martingale representation property holds in (F,Q) with
respect to W* and to M7. The above equations imply that X and u have the same martingale representation.
Consequently, X = pu.

Remark 4.10. As a consequence of the above theorem, the Dolean-Dade exponential £(u) is a true martingale,

which is hard to prove directly.

A. TAlIL MOMENT ESTIMATES

The following tail moment estimates are of independent interest.
Lemma A.1. Consider a positive decreasing continuously differentiable function T'(y) defined on Ry. Set
gly) = f%. Let k > 0 be an integer such that limoo t*~'0(t) — 0 and fR+ tFD(t)dt < oco. Set G(y) =
fyoo tFT(t)dt,y > 0 (the tail moment function).
(i) Suppose that there exist a > 0,a’ > 0,5 > 0 such that
9(y) = ay+a’ for y=>yg.

Then, in the case where k < 1, we have

1, _
Gly) — ayk T(y) <0, for y>g.

In the case where k > 1 and o/ > 0, we have

1

_ k-1
G(Z/)—ayk T(y) <0, for yZ?JV7~

In the case where k > 1 and o/ =0, for any € > 0, we have

1

Gy) = (- + " 'TH) <0, for y= gV Grok-1

€

(ii) Suppose that there exist 8> 0,8 > 0,7 > 0 such that

g(y) < By—p for y>17.
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Then, in the case where k =0, if 3/ > 0, we have

Gly) - %y—lmy) >0, for y>gv %

while if B/ =0, for any € > 0, we have

1 _ \+
G(y) — (l — ey 'T(y) >0, for y>7gV 9
B 364
In the case where k > 1, we have

1
B

Proof. (i) Let ¢ be a positive continuously differentiable function on R* . We compute the derivative on y > 0:

Gly)— =y 'T(y) =0, for y=>7.

= —y*T(y) — ' W) + W)W (y) = (e(W)g(y) —y* — &' ()T (v)
> (e)(ay+a) =y = (y)(y), if y>7.

+ €)y*~1. We have

o(y)(ay + o) —y* — ' ()

(z 40y Hay+ o) —yF — (2 +e)(k—1)yF2
(I+ea)yf + (2 +e)ay" 1 —yF — (2 +e)(k —1)yF?
eyt + (2 +e)a'yh 1 — (L +e)(k—1)yF2

= (eay? + (i +e)a'y — (é +e)(k — 1))yk*2.

For k = 0 or k = 1, we take e = 0. Because 2o’y — 1(k — 1) > 0, the function G(y) — Ly*~'I'(y) is not
decreasing on y > §. As limyj (G(y) — éyk_ll"(y)) =0, we conclude

1, .
G(y) — ay’“ T(y) <0, for y>7.

Suppose k > 1. If o’ > 0, we take e = 0. Because 2a/y—21(k—1) > 0fory > 221, the function G(y)—Ly*~'T(y)
is not decreasing on y > § V kcj,l. As limyto (G(y) — 24*7'T(y)) = 0, we conclude

1
G(y) — ayk_lr(y) <0, for y>gyV

a/

Suppose k > 1 and o/ = 0, we take an € > 0. Because eay® — (L +€)(k—1) > 0 fory > 1/ W, the function
G(y) — (£ 4+ €}y 'T'(y) is not decreasing on y >V (i"_?# As limytoo (G(y) — (£ + €)y*'T(y)) =0,
we conclude

(3 +ok-1)

1
G — (= k_lf <0, fi >V _—
(y) (a +€)y (y) <0, for y >y .

The first part of the lemma is proved.
(ii) We begin with

(Gy) = )T (y))

IA
—
©
—
<
=
~
®
<
|
@
—
|
<
ke
|
ﬁ\
—
<
~—
=
)1
—
<
=
-
lr}
<
Y%
<
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For € > 0 consider ¢(y) = (% —¢)y*~1. We have

ey)(By —B8') —y* — ¢ (y)

(5 -y By —p) —v" — (5 —e)(k -
(1—eB)y* — (5 - By —oF = (5 —¢
—eBy* — (5 — By — (5 —e)(k -1y
—(eBy* + (5 —€)B'y + (

I
Y

|~
|
)
SN—
—
Bl
|
—_
~—
N~—
<
i
N

Suppose k = 0. If in addition 8’ > 0, we take ¢ = 0. Because %B’y + %(—1) >0 for y > %, the function

G(y) — %y*IF(y) is not increasing on y > i V % As limypoo (G(y) — %y*IF(y)) = 0, we conclude

! 1
Gly) = 2y 'T(y) 20, for y>yV .
b B
l*ﬁ
If instead ' = 0, we take € > 0. Because €3y? + (% —€)(—1) >0 fory > (3Eﬁ)+7 the function G(y) — (% -

(3-9*

€)y 1T(y) is not increasing on y >  V 7 Aslimypoo (G(y) — (% - e)y‘lf(y)> = 0, we conclude
1 (% —e)t
Gy)— (= — ey 'T'(y) >0, for y>7yV
)~ (5 - o't —

Suppose k > 1. We take ¢ = 0. Because %B'y + %(k —1) > 0, the function G(y) — %yk_lf(y) is not increasing
ony > g. As limyjos (G(y) - %yk_lf‘(y)) = 0, we conclude

G(y)—%y“r(y) >0, for y>g.1

B. GAUSSIAN INTEGRABILITY

Lemma B.1. Let m; = fot ¢(s)dBs, where B is a a univariate standard Brownian motion and ¢ is a square

integrable function with unit L? norm. For any constant ¢ > 0, e45Po<s<t ™3 s integrable for sufficiently small
t.

Proof. The process (my)i>o is equal in law to a time changed Brownian motion (Wg);>o, where W is a a
univariate standard Brownian motion and ¢ = fot ¢2(s)ds goes to 0 with t. Thus, it suffices to show the result with
m replaced by W. Let r; be the density function of the law of supy<,<; |W| and let Ri(y) = fyoc ri(x)dz,y > 0,
so that

Eled*tPozaze Wi) = / e ry(y)dy = —[Ry(y)e™ 15 + 2¢ / yR,(y)e® dy (B.1)
0 0

and (using the reflection principle of the Brownian motion)

Ri(y) = Qsupgcs<, (W +Ws) >yl < Qlsupgeey Wi > 5]+ Qlsupgcs, Wi > 4]
— 2Qbsuppae We > 4] = 20[W] > 5] = 3QUWi| > 3] = 4B,

where by Lemma 4.6

1 e
y): e 5, y>0.

V2r

Y Y
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Therefore, for é > ¢, both terms are finite in the right hand side of (B.1), which shows the result. B
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