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SOME GENERAL PRINCIPLES IN TROPICAL CONVEXITIES

CHARLES HORvATH!

Abstract. We present what the title says with an emphasis on separation and topological properties
as they relate to some of the fundamental principles of nonlinear analysis.

1. INTRODUCTION

The text is structured along the lines of a short talk given at ETAMM 2016. Some details are given in the

first part, which is mainly algebraic or set theoretical; few details are given in the second part where algebra and
topology intertwine. The first part revolves maily around the Kakutani Separation Property, also known as the
Stone-Kakutani Property or the algebraic Hahn-Banach; going into the analytic or the geometric Hahn-Banach
would have taken us too far. The second part revolves around a basic intersection theorem, the theorem of
Knaster-Kuratowski-Mazurkiewicz - which is an avatar of Brouwer’s Fixed Point Theorem - and some of its
consequences, mainly fixed point theorems for single valued or multivalued maps. We refrained from giving the
most general statement or the most general proof, when we gave one at all. With the last part we come back
to the first part of the paper; the result stated their shows that the Kakutani Separation Prop erty, along with
some natural topological properties, like connectedness of the convex sets, are at the heart of the fixed points
results - and others too - that were presented in the preceding section. We have not tried to be exhaustive -
duality and variational inequalities in tropical convexities are not to be found here - we tried to show on a few
basic results why and how things work.
Applications are made mainly to the standard tropical convexities, maxplus in R™ and maxtimes, also called
B-convexity, in R”. Some infinite dimensional tropical convexities are listed among the examples but they are
not studied here. The topological structures of some infinite dimensional spaces naturally related to tropical
convexity are studied in [3] and [4].

2. CONVEXITIES AND CONVEX SPACES

2.1. The general framework

Definition 2.1.1. A convexity on a set X is a family C of subsets of X such that:

(Convl) B eC and X € C and, Vz € X, {z} € C;
(Conv?2) if A is a subfamily of C then (A belongs to C;
(Conv3) if A is an updirected' subfamily of C then |J.A belongs to C.

Elements of C are called convex sets and (X,C) is a convex space.
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vC,¢" e ¢ 3C" € C such that CUC’ C C".
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Given A C X let [A], =N{C €C: A CC}; It is the C-hull of A.
By Convl and Conv2, VA C X [A], €C and [A], = A & A € C. Furthermore,

(1) Ac[4]

VA BCX <{(2) AcB=][A],C[B]. (1)
(3) [[A]c]c:[A]c
y

For all non empty sets S let {S) be the family of nonempty finite subsets of S. Condition (Conv3) implies
that

Lemma 2.1.2. For all convex space (X,C) and for all subsets A of X

[A]c = U [F]c (2)

Fe(A)
Proof. We can assume that A # (). The family (A) of nonempty finite subsets of A is updirected and consequently
50 is the family of convex sets {[ F]. : F € (4)} and therefore Upe 4y [ F]e is convex, call this set C. If F € (A)
then F' C [F]. C [A]¢ from which C' C [A].. From A = (Jpg 4, F" we have A C C and consequently, since
C eC,[A]; € C. We have shown that [A], =C. O

Lemma 2.1.3. For all convex space (X,C) and for all subset C of X, C € C if and only if, for all finite subset
FofC,[F],cC.

Proof. This is a restatement of Lemma 2. O

The C-hull of a finite set is a C-polytope. From 1 and 2 we have

vcec c=|J P 3)

pPCC
Pis a polytope

Conditions 1 say that the application A — [ A]. is a Moore closure operator while 2 says that it is an algebraic
closure operator. One can easily check, that given a algebraic Moore closure operator [ - ]: P(X) — P(X) on
a set X such that [#] =0 and, forall x € X, [{z}] = {z}, the set of fixed points of [ - ] is a convexity C on X
for such that [ - ]J. = - ]

From here on, if no confusion is possible, the convex hull operator associated to a given convexity will mostly
be written [ - ] and we will write [p1, -+ ,pm] for [{p1, " ,pm}]

Definition 2.1.4. A convex space (X,C) is recursive if, for all non empty finite subset S of X and for all
point po € X

[SU{po}]= U [p.po]. (4)

pe[S]
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Let us say that a convexity C on a set X is an interval convexity if, for all C' C X, the following two
conditions are equivalent :

(1) CcecC

{

(2) Vp,qeC [pq]lcC
Lemma 2.1.5. A recursive convexity C on a set X is an interval convezity.

Proof. Let S = {po,--- ,pm} be an arbitrary non empty subset of C. Assume that, for all p,q € C, [p,q] C C.
We show, by induction on the cardinality of S, that [S] C C. If m < 1 there is nothing to show. Assume that
m > 1; from D =[S\ {pm}] C C and from [S] = Ugep[pm, ¢] we have [S] C C; by Lemma 2.1.3, C' is convex;
O

Definition 2.1.6. A convez space (X,C) has Property C if, for all triple (a,b1,b2) of points of X and all
points ¢ € [a,b1] and d € [¢, ba] there exists a point b € [by,be] such that d € [a,b]

(7)

Proposition 2.1.7. A convexity C on a set X is recursive if and only if it is an interval convezity with Property

C.

Proof. Assume that C is recursive, by Lemma 2.1.5 it is an interval convexity. Let the points a, b1, bs, ¢ and d
be as in definition 2.1.6. From [a,b1,b2] = U [a,b] and d € [¢,b2] C [a, b1, b2] there exists b € [b1,b2]

be[br,bs]
such that d € [a,b].

Assume now that C is an interval convexity for which Property C holds and let us show that C is recursive.
Since SoU{po} C U,eps,1 [P Po]it is enough to see that U, 5,1 [P, po]is convex since we then have [ SoU{po}] C

[ Upersor[:poll=U,eso [P 00]-
Let py,po be two points of UpE[So] [p,po]- We show that [p1,p2] C Upe[So] [P0l
There exist q1,q2 € [So] such that p; € [po,¢;]; let ¢ € [p1,p2]-

a = po

. . €1 =DP1
Applying Property C to the configuration

1=

2 =by =ps

we find a point b’ € [q1,p2] such that ¢ € [po, V']

a = po
. . a=b=q . ,
With the configuration we find a point b € [q1, ¢2] such that b’ € [po, b].
2 = (2
C2 = P2

From ¢ € [po,b'] and V' € [po, b] we have ¢ € [po, b].

From b € [q1,¢92] and q1,¢2 € [So] we have b € [ Sp] and finally ¢ € UpE[So][p7p0] and therefore [p1,p2] C
Uperso [P o] O
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Given a set X let X{%1} be the family of non empty finite subsets of X of cardinality at most 2 ; given a
map Z : X101 = P(X)\ {0} let

Cz={CcX:Y{z,y} cC I({xy}) CC}.

The proofs of Lemmas 2.1.8 and 2.1.9 below are left to the reader.

Lemma 2.1.8. (X, CI) is a convex space if and only if the following condition holds:
Lo : Vz € X Z({z}) = {=}
in which case it is an interval convexity.

The convex interval [z, y]CI, which is the intersection of all the Cz convex sets containing {z,y}, does not
have to be Z({z, y}).

Lemma 2.1.9. Assume that condition Ly holds. The following statements are equivalent:
(1) For all {z,y} C X [z,y]e, = Z({z,y}).
(2) For all {z,y} C X and for all {w,z} C Z({z,y}), Zw, z}) C Z({z,y}).

General convex spaces are more akin to general topological spaces or measure spaces, in that the structure

is defined by a family of subsets, than to the usual linear convex sets where the convex structure is associated
to some previously defined algebraic structure. This of course does not preclude a given convexity structure
from being associated to an underlying algebraic structure as, for example, it is the case for tropical, or linear,
convexity. In any case, in the absence of an underlying primary structure from which the convexity structure is
derived, it seems natural to define a morphism of convex spaces as it is done for topological spaces (continuous
maps) or measure spaces (measurable maps) ; morphisms of general convex spaces are called, following Van
Mill and Van de Vell, convexity preserving maps. A convexity preserving map from a convex space (X1,C)
to a convex space (X3,Cs) is a map ¢ : X1 — X5 such that, for all C € Co, <p_1(C) e (Cy.
Obviously, the class of convex spaces and convexity preserving maps constitute a category, whose study is not
the subject matter of this paper. All we will need is the associated notion of isomorphism : two convex spaces
(X1,C1) and (X3,C9) are isomorphic if there exists a bijective convexity preserving map ¢ : X; — X whose
inverse is also convexity preserving; such a map is naturally called an isomorphism of convexity spaces. Clearly,
if ¢ : (X1,C1) = (X2,C2) is an isomorphism then so is =1 : (X2,C2) — (X1,C1) and ¢ : (X1,C1) = (X2,C2) is
an isomorphism if and only if it is bijective and for all Cy € C; all Cy € Cs, @(Cl) €Cyand ¢! (Cg) e (.

2.2. Algebraic separation of convex sets

Definition 2.2.1. A convex space (X,C) has the Pash-Peano Property if, for all quintuple (a,b,bs,c1,c2)
of points of X such that ¢; € [a,b;], one has

[b1,c2]N[b2,c1] # 0.

by
[b1702]

[bQﬁCl]

C2

®)

Definition 2.2.2. A half-space of a convex space (X,C) is a convex set H € C whose complement X \H is also
in C.
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Definition 2.2.3. A convezx set (X,C) has the Kakutani Property if, for all pair (C1,C3) of disjoint non empty
convex sets there exists a half-space H such that C1 C H and Co C X \H.

Kakutani Property

Theorem 2.2.4. A recursive convex space (X, C) has the Kakutani Property if and only if it has the Pash-Peano
Property.

Proof. A proof can be found in [20]. O

Corollary 2.2.5. If an interval convexity C on a set X has Property C and the Pash-Peano Property then it
has the Kakutani Property.

Proof. By Proposition 2.1.7. O

Both Property C and the Pash-Peano Property are properties of polytopes spanned by at most three points;
one could informally say that, for interval convexities, the Kakutani property is a “2-dimentional property”.
One can compare with Proposition 2.2.8 below.

Definition 2.2.6. A convezx space (X,C) has the Generalized Pash-Peano
Property if for all non empty finite subsets By and By of X and all triple of points (a, c1,c2) with ¢; € [{a}UB;]
one has [{c1} U Bz N[{ec2} UB]# 0.

A proof of the following proposition can be found in [20].

Proposition 2.2.7. A convex space (X,C) has the Kakutani Property if and only if it has the Generalized
Pash-Peano Property.

Given a convex space (X, C) and a convex set P € C the family {PﬂC :C € C} is a convexity on P called the
induced convexity. Proposition 2.2.8 below is due to Keimel and Wieczorek; their proof can be found [23].

Proposition 2.2.8. A convex space (X,C) has the Kakutani Property if and only if all polytopes have, with
respect to the induced convexity, the Kakutani Property.

Proof. Notice that the Generalized Pash-Peano Property holds if and only if it holds on polytopes. O

Property C is due to Coppel, [14] where some of the results stated here, albeit in a somewhat different form
and for a different purpose can also be found. Convexities with the Kakutani Property are studied in [14]
and [29]; Holmes in [17] explicitely uses the Pash-Peano Property - without giving it a name since in a real
vector space it is obvious - to prove the algebraic separation theorem.
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3. TROPICAL CONVEXITY

A semiring is a set A, with two operations @ : Ax A - Aand ® : A x A — A and two distinguished
elements 14 and 04 such that:
(1) (A,®,04) is an abelian semigroup.
(2) forall z,y,z€ A, 20 (xQy)=(20z) Oy.
B)forall z,y,z€ A, 20 (zdy)=(202)® (20y).
(4)forallz € A,04, 0z =04 and 14 Oz =2

For simplicity we will assume that ® is commutative.

An idempotent semiring, also called a tropical semiring or a Maslov semiring is a semiring A such
that, forallz € A, z @ x = x.
A (tropical) semifield is a (tropical) semiring for which (A, ®,14) is a group (A, = A\{04}). Since tropical
multiplication can sometimes be the “usual addition” or the “usual multiplication” of scalars we will denote,
for an arbitrary semifield (A,,®,14), by u™ the inverse of u € A,.

An idempotent abelian semigroup (A,@®,04) is a semilattice with smallest element 04, and reciprocally,
where x @ y is the least upper bound of {z,y} with respect to the partial order z < y if t By = y.

Some tropical semirings

(1)(maxplus semiring) A = RU{—00}, Opaxt = =00, Lyt =0, z®y = max{z,y}, Oy =z +y.

On could could also take A to be ZU {—o0} or QU {—o0}.

(2)(maxtimes semiring) A = Ry, Opaxx = 0, lpaxx = 1, 2 ® y = max{z,y}, ¢ © y = zy. One could also take
for A N or Q.

(3)(distributive lattice) (L, V,A,0r,1z) is a disributive lattice with a smallest and a largest element; let z &y =
zVyand zQy=xAy.

The maxplus and the maxtimes semirings are semifields ; if v € R the multiplicative inverse of u in the

maxplus semifield is —u ; if u € Ry \{0} = R, the multiplicative inverse of u in the maxtimes structure is u=*.

A (tropical) semimodule over a (tropical) semiring (A, ®4,®4,04,14) is an abelian (idempotent)
semigroup (M ,,0 M) endowed with an operation
®:AXx M — M such that :

a®dy)=(a0z)d(boy)
(a®ab)Ooz=(a0z)® (bO)
(a@ab)Or=0a0(bOx)
lyGr=zand 04 ©x =0,/

Ya,be A Vr,ye M

>From here on we will mostly drop the subscripts on the operations @, ®. Tropical semirings are also called
idempotent semirings or Maslov semirings.

A tropical semiring A is a totally ordered tropical semiring if for all xz,y € A, x @ y € {z,y}.

The maxplus semiring A U {—occ} and the maxtimes times semiring A, where A € {Z,Q,R,---} are totally
ordered.

Some tropical semimodules

(1) Let A be an arbitrary semiring and S a non empty set. On M = A®, the set of all functions from S to A,
let & and © be the pointwise operations: (f @ ¢)(s) = f(s) ® g(s) and (a ® f)(s) =a ® f(s) ; and take 05 be
the function which is identically 04.
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(1.1) If A is the maxplus semiring R U {—oo} and if $ = {1,---,n} we have the maxplus semimodule (R U

{=00})"™;

(1.2) If A is the maxtimes semiring R; and S is as above we have the maxtimes semimodule (R ).

(2) Let (L, V) be a real vector space semilattice, for example the space of real valued bounded functions on a
given set X or the set of real continuous functions on a compact set X where V = max;on Ly = {x € L: 0 < z}
let x©y=2Vyand, fort € Ry, t®a = tx. With these operations L, is a semimodule over the maxtimes
semiring R .

A subset C of a tropical semimodule M over a tropical semiring A is tropically convex if :
Y(z,y) € C? V(a,b) € A2 suchthat a®b=1 (aG2)® (boOy)€C

Proposition 3.0.1. The set of convex sets of a given semimodule M over an arbitrary tropical semiring A is
an interval convezity on M for which, for allz,y € M, [z,y] = {(a®z)® (bOy): (a,b) € A> and a D b= 1}.
Furthermore, for an arbitrary finite and non empty subset S = {z1,--+ @} of M, [S] = { D a; © z; :
(a1, -+ ,am) € A™ s.t. Piv,a; = 1}
Proof. Let Z({z,y}) = {(a®z) ® (b®y) : (a,b) € A> and a ® b = 1}. Lo holds since, with a ® b = 1, we have
(aox)d(boz)=(adb)Or=10z=u.

The following straightforward calculation shows that (2) of Lemma 2.1.9 holds.
Assume that a; ®b; =1and ad b =1.
Let w = (a1 ©2) @ (b1 ®@y) and 2 = (a2 ©@ ) ® (by ©® y) with a; ®b; = 1. Then (a @ w) ® (b ® 2) =
{laea)e®oa)ozte{{(a0b)s (bob) oy}
>From {[(a®a1)® (b®a2)]} ®{[(a®b1) ®(bObs)]} =a® (a1 ®b1) DbO (a2 ®by) =a®@1BbO1l=adb=1
we have (a @ w) ® (b© 2) € Z({x,y}).

A similar straightforward calculation yields the second part. O
Let Cirop(M) denote the family of tropically convex subsets of a tropical semimodule M over a tropical
semiring A; the emptyset belongs to Ciyop(M).

Proposition 3.0.2. If M is a tropical semimodule over a tropical semifield A then tropical convexity on M is
recursive.

Proof. . We have seen that Cy,., (M) is an interval convexity ; let us see that Property C holds. Let ¢ and d be
two points of M such that

(1) ¢c=(50a)®(tob)withsdt=1
and (9)
(2) d=(d0c)d ' ©by) withs'@®t' =1

which gives
d=(s08)0a® ((sOt)Ob)® (¥ ©bs)

(s ot)at #0letu=((s 0t)ot)™.
] =
S

Then [(s' ©@t) @by & (' ©bg)] = ((s ©t) @) O (1 ©b1) B (t2 © b2)) with t1 =u® (s ©t) and to =u O ¢’
Furthermore, t1 @t = [u© (s O 1))@ (vOt)=uvo (s Ot)dt] =1,
‘We have shown that (tl O) bl) (tg O) b2 E [bl7 bg] Let b = (tl ® bl) D (tg ® bg)

Fromd= (s ©s)0ad ((f 0t)@t)oband (8 ©s)d (s 0t)dt =8 0 (sdt)dt =5 @t =1 we have
d € a,b]
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If (s ©t)®t =0 then (¢ ©@t) =t' = 0. Since A is a semifield, either s’ =0 or t =0 ; from s’ ®¢ =1 and
t' = 0 we have s’ = 1 and therefore t = 0 and, from s®t=1,s=1. Soa=c=dand d=a® (0©b) with
b=b,. O

Proposition 3.0.3. If M is a tropical semimodule over a totally ordered tropical semifield A then tropical
convexity on M has the Pash-Peano Property.

Proof. Let ¢; = (s; ®a) ® (t; ®b;) with s; & t; = 1. We have to show that there exists (u1,v1) and (ugz,v9) in
(1) w1 vy =usdvy=1

A x A such that
(2) (u1©c)® (11 Ob2) = (uz ®ca) B (v2 @by)

Substituting for ¢; and c¢g, respectively, in

(2) yields
(u1 ® Cl) [S2) (’Ul ® bQ) = [(u1 ® 81) ® (Z] D [(ul @tl) O) bl] &) [’Ul O] bg]
(ug @) ® (v2 ®b1) = [(ug ® s2) ®a] ® [(ug O t2) ®ba] ® (v2 @ by)

(a) w1 ©s1=u2® 52
To complete the proof it is sufficient to find (u,, v;) such that { (b) wy ® ¢ = ve and uy Pvy = usPvy = 1.
(C) U Oty = 1

Assume that either s; # 0 or s # 0; let us say sg # 0.

Uz = up © 51 O s
Given an arbitrary u; € A\{0} let < v; = us ® 1o (10)

Vg = U1 @tl

Equations (a), (b) and (c) hold. We have to see that u; can be chosen such that uy & v; = ug Gve = 1.

{UI Gvr=u1 8 (u2 Ota) =u1 B (u1 ©s1 O s5¥ O t2) =u1 ©[LD (510 85" O ta)] (11)

Uz D Vg = [u1 @81 OS] D [ug ©t1] = u1 O [(51 © s5Y) D t1)]

( ) S§1 = S2 = 1
. . . (2) si=ta=1
Since A is totally ordered and s; @ t; = 1 there are only four cases to consider: 3) t 1
(4)

t1=1t=1
(1) U vy =u10(1®t)=u;01
Us P vy =up Dt
Take u; = 1.
o [wen-wousesy
us B ve = ug @ (5 dtq)
Take u; = ss.
3) UGV = Ol (s10k))=u10l=1u
Uz v = Uz
Take u; = 1.
{ul v =u O[16 (s 0 s3]

inv)

U Bvg =u1 P (510 sh

If 57 0 85V < 1take uy =1 and if 1 < 81 © s take uy = (52 ® sil‘“’)inv. a
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Proposition 3.0.4 and Corollary 3.0.5 below follow from the previous propositions of this section and propo-
sitions 2.2.4 and 2.2.7

Proposition 3.0.4. If M is a tropical semimodule over a totally ordered tropical semifield A then tropical
convezity on M has the Kakutani Property and the Generalized Pash-Peano Property.

Corollary 3.0.5. An arbitrary convex subset of a tropical semimodule over a totally ordered tropical semifield
1s the intersection of all the half spaces containing it.

The structure of halfspaces and separation theorems, algebraic and analytic, in maxplus convexity are studied
in [8], [9], [12], [12] and [26].

As is well known, maxplus convexity in (R U {—oo})n and B-convexity (that is maxtimes convexity in R} )

are isomorphic: In(xy,---,x,) = (In(z1), -+ ,In(z,)), with In(0) = —oo, is a convexity preserving bijection
from R’} to (R U {—oo})n whose inverse is E(x1,--- ,x,) = (€%, -+ ,€"), with 0 = e~°, is also convexity
preserving.

Since R™ and R} | are, respectively, convex subsets of the maxplus semimodule (RU {—oo})n and the maxtimes
semimodule R”} and, from E(R") = R% ., one has that maxplus convexity on R™ and B-convexity on R”} | are
also isomorphic.

More tropical semimodules and tropical convex sets

Apart from the standard finite dimensional maxplus convexity on (R U {—oo})n or maxtimes convexity R’
there are natural (possibly) infinite dimensional tropical convexities, for example:
(1) The “Hom functor” yields tropical semimodule: given a two tropical semimodules M7 and Ms over a tropical
semiring A one can consider the set Hom 4 (M7, M) of all maps ¢ : My — M> such that

(D)V(a,z) € Ax M, Y(ao®z)=aO(r)

(2)V(z1,22) € M1 x M1 (21 ® 22) = Y(21) © Y (22)
There is on Hom 4 (M7, M3) an obvious tropical A-semimodule structure :
(a@y)(x) =a0® (¥(z)) and (Y1 ®92)(z) = Y1 (z) © P2 (x).
For all » € Hom 4(M7, Ms), ¥(0) = 0; let ker ¢ = {x € M; : ¢(x) = 0}, it is a sub-semimodule of M;.
Elements of Hom 4 (M7, Ms) are convexity preserving maps (as previously defined) but also, the image (C) of
an element C' € Cy,p(M1) by a map 9 € Hom 4 (M1, Mz) belongs to Ciop(Ma).
A map 6 : C; — My from Cy € Cirop(M1), Cy # 0, to My is A-affine if, for all 21,25 € C; and for all a;,as € A
such that a1 D as =1

0((a1 © x1) @ (a2 © 22)) = a10(21) & az0(x2)

The set Aff 4(C1, Ms) of A-affine maps from C; to M, is, with respect to the pointwise ® and @ operations, an
A-semimodule (recall that the ® operation on A is assumed to be commutative). The image of a convex subset
of Cy by 6 € Aff 4(C1, Ms) is convex and the inverse images of convex subset of My is a convex subset of Cf.
(2) Let us say that a subset K of an A-semimodule M is a cone in M if:

(1)V($1,$2)€KXK T, Do € K

2)V(a,z) e A, x K aGrekK
A cone in M is a convex subset of M (if a; @ az = 1 then either a; # 0 or as # 0). If K is a cone in M then
K U {0} is a subsemimodule of M and if A is a semifield and L is a sub-semimodule of M then L, = L\{0} is a
cone in M. For example, given a nonempty set X, let, for all @ € A, ¢, € AX be the constant map c,(z) = a;
AX | with the pointwise operations is an A-semimodule and if A is a semifield {c, : a € A,} is a cone in AX
(which we identify with A,) and Af is also a cone in AX which contains A,.
Given two cones Ky C M; and Ko C M let Hom 4(K71, K3) be the set of maps ¢ : K1 — Ks such that
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(DV(z1,22) € K1 X K1 (21 © 72) = ¥(71) ® ¢ (72)
(2)V(a,z) € A, x K3 Y(aox)=a0Oy(x)

If A is a semifield then the set Hom 4 (K7, K2) is itself a cone in the A-semimodule A™X.

If K is a subcone of AX such that c; € K let

My(K) = {z/) € Homu (K, A,) t ¥(cy) = 1}

Clearly, if 1 € M4 (K) then, for all a € Ay, ¥(c,) = a.

To each € X one can associate the map “evaluation at x”, ¥ — 6,(¢) = ¥(x); clearly, 6, € Homu (K, A,)
and, 0;(c1) =1 ; this shows that M 4(K) is not empty.

If ¢ and 1y are in M4 (K) then 91 @ 9y is in M4 (K) and, if A is a semifield then, for all a € A, and all
Y € MA(K), a® 4 is in My(K).

In other words, if A is a semifield then M 4(K) is a cone in the A-semimodule AX | as a matter of facts a
subcone of AKX,

If one takes A = RU{—o00} and if X is a compact topological space then C(X), the space on real valued contin-

. . . X .
uous functions on X, is a maxplus-cone in (RU{—o00})” then M4 (C(X)) is the cone of Maslov’s measures
on X or idempotent measures on X | for its topological structure when X is a compact metric space see [3].
(4) Let us denote by C?. (M) the set of nonempty convex sets of a tropical semimodule M over a tropical (com-

trop
a®C={aGx:xeC}
CioCy={udv: (u,v) € Cy x Ca}.

trop

mutative) semiring A; define on C?., (M) the operations ©® and & as follows: {

CioCyelr, (M) and

trop

a®(C1®C)=a0CL®adCy
a®CecCr, (M)

trop

and, for a,be Aand C € C? (M), (a®b)®C=a® (bOC)

trop

1o0C=Cand 06 C = {0}
That (C; ® Cy) ® C3 = C; @ (Co & C3) is also clear as well as the inclusion (a ®b) ©C C (a® C)® (b C).
If A is a semifield then (a© C) @ (bOC) C (a®b) © C.
Indeed if z =a©z®bOy with z,y € C either a®b =0o0r a®b # 0. In the first case a = b = 0 and
(a®b)®C =00C = {0} while (a®C)® (boC) = {0} @ {0} ={0}. fad®b+#0let c = (a®b)™; then
(cOa)oz®(cOb)oyeCandz=(a®b)((cOa)0r®(cOb) Oy) € (adb)oC.
In conclusion: if A is a semifield then C3,, (M), endowed with elementwise multiplication by elements of A and
elementwise addition is a tropical semimodule over A.
(5) Let Polyy,,,(M) be the set of nonempty tropical polytopes of the A-semimodule M; it is a subset of
Coop(M) to which {0} belongs. If P = [S] where S is finite nonempty subset of M then, for all a € A,
a®P=[{a®x:x e S}]an therefore a ® P is a polytope. What might not be at first so clear is that P; @ P,
is a polytope if P; and P, are polytopes. We will show that this is the case if A is a totally ordered semifield
and therefore, if A is a totally ordered semifield then Poly;,, (M) is a tropical semimodule over A as a matter
of fact, a tropical subsemimodule of C3,,(M).
The set 7' C M being finite and nonempty let us write 7" for @, ., =. Given two nonempty finite subsets Sy
and Sy of M let

trop

For a € A and C1,Cy € C?. (M), {

[S1|52]=[®T1@@T2:T1XT2C51><SQ T1><T27é@}] .
We have [ Sy | S2] € Polyg,,, (M) and [S1 | So] € [S1]@[S2]. Let us show by induction on the cardinality of
Sl that [51] D [52] C [Sl | SQ] Let Sl = {$1,"‘ 7l’k} and SQ = {y17"' ,ym}, u = @leaizi, v = @;n:lbjyj
and ®F_ a; = @®r b = 1.
Ifk=1thenu®v =1z ®(B7L1b; Oy;) = DJL,b; © (v1 B y;) € [S1 | S2]
Let Kk = n+ 1. By hypothesis A is totally ordered and @?jllai = 1, one of the a; is therefore equal to 1;
without loss of generality one can assume that a; = 1. Let uy = @] ;a;x;; from @} ;a, = 1 and the induction
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hypothesis we have u; @ v € [S1\{zn+1} | S2] C [S1 ] S2]

Let us write u; ®v = @ézldj(@le &) EBng) where EBé-:ldj = 1 and, for all j, T, is a nonempty subset of
Si\{Zn41} and Ty, is a nonempty subset of Sy .

Then u; G v & Ty = @é—zldj(@[le D Tpt1] ® @sz) and therefore u; & v @® 41 € [S1 | S2]-

>From 1® ap41 = 1 we have (u1 ®v) ® [am+1 © (u1 ®v)] = w1 ® v and from the convexity of [ S | S2] we have
(U1 B V) B amy1(u; BB Tpi1) €[S1]52] But (w1 Bv) @ ami1(u1 v xpy1) = (ug B0) B amyr(ug Bo) B
m1Tmt1 = (U1 B V) D Ay 1Tme1 = u B 0.

For the topological structure of the space of nonempty compact maxplus convex subsets of a power of the
real line see [4] and the references cited therein.

4. CONVEXITY AND TOPOLOGY

Given a set X a convexity C and a topology 7 what kind of meaningful relationship can one impose between
C and 7 7 Connectedness of polytopes seems natural but, in itself, might not be sufficient to yield the fixed
point property or other properties related to convexity in normed or locally convex topological vector spaces.
Nonetheless, we will recall at the end of this section that connectedness is still good enough to capture some of
the fundamental results of classical nonlinear analysis.

The standard n dimensional simplex, that is {(to, - ,¢,) € [0,1]""1 : 3" t; = 1} will be denoted, as

usual, by A, : the boundary dA, of A, is {(to, - ,tn) € Ay : [ gt; = 0}. The family of nonempty
subsets of {0,---,n} is denoted by (n) and, for J € (n), A,y = {(to, - ,tn) € Ay : Vi & Jt; = 0} and
AT ={(to, + ,tn) € Ay i t; =0},
Let us recall that a topological space Z is homothopically trivial if, for all n € N and all continuous map
g : 0A,, — Z there exists a continuous map G : A,, — Z whose restriction to 0A,, is g. A topological space Z
is contractible if there exists a continuous map h : [0,1] x Z — Z such that h(0,—) : Z — Z is constant and
h(1,—) : Z — Z is the identity map; contractible spaces are homothopically trivial.

A convex topological space is a triple (X, 7,C) where 7 is a topology on X and C is a convexity on X.
Two convex topological spaces (X1,71,C1) and (Xa,72,Cs) are homeomorphic convex topological spaces
if there exists an homeomorphism ¢ : (X1,71) — (X2, 72) which is also an isomorphism of the convex spaces
(X1,C1) and (X2,Cz). For example, x — In(z) is an homeomorphism from the B-convex space R’ to the
maxplus convex space R™ ; one could extend this homeomorphism from R’ to (R U {—oo})n by taking as a
neighbourhood base for —co in RU {—o0} the family of complements of closed half rays [r, +oo[, r € R; which
makes (R U {—o00})"” homeomorphic to R..

It is not hard to see that B-polytopes in R’} are compact and contractible, see [10], and obviously metrizable
; the same is therefore true of maxplus-polytopes in R™.

A family of topological results has played a fundamental role in nonlinear analysis and mathematical eco-
nomics; these results pertain mainly to the existence of a fixed point (for a single valued or a multivalued
map), to the existence of a continuous selection (or an approximate continuous selection) for a multivalued map
or to the nonvacuity of the intersection of a given family of sets. Most of these results can be extended to
topological convex spaces whose polytopes are homothopically trivial. One of these results is as easily stated
as it is fundamental, in its classical version it can be seen as an avatar of Brouwer’s fixed point theorem: it is
the Knaster-Kuratowski-Mazurkiewicz theorem, also known as the KKM Lemma, whose standard form can
be found in [15], [1], [2], [7] or [28] along with its various forms and applications. The classical “KKM Lemma”
reads as follows:

( KKM) If {Fy,---,F,} is a family of closed sets of A, such that, for all J € (n), An; C UjcsF; then
Ar_ F; 2 0.
3=0"1J
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Lassonde noticed that the KKM Lemma holds if, instead of being closed, all the F; are open [25]; but see
also [16] and [27]. We will still refer to the KKM Lemma for either a closed or an open covering as the “classical
KKM”.

4.1. Some basic intersection theorems in topological convex spaces

Given a topological convex space (X STy C) let us say that a subset A of X is finitely closed (resp. open) if,
for all polytope P € C, AN P is closed (resp. open) in P with respect to the induced topology.

Proposition 4.1.1 (KKM). In a topological convex space (X, T, C) with homothopically trivial polytopes let
{Fo, -+, F,} be a family of subsets of X all of which are finitely closed or all of which are finitely open. Then
N oF; # O if and only if there exists a family of points {xo, -+ ,zn} of X, not necessarily distincts, such that,
for all nonempty subset J C {0,--- ,n}, [{z; :5 € J}] C UjesF}.

Proof. Let P =[{zo, - ,2x,}] and, for all J € (n), let P; =[{x; :i € J}].
As in [18], Theorem 1, one shows that there exists a continuous map 6 : A,, — P such that,
VJ € (n), 0(Ans) C[{zi:ie J}].
Let M; = 6~ (PN F}) ; from P C U}_yF; we have A,, = U7_M; and also A, ; C Uje;M; and finally, from
the classical KKM Lemma, N7_qM; # 0. O

Proposition 4.1.2 (Alexandrov-Pasynkov). In a topological convex space (X )T, C) with homothopically trivial
polytopes let {Fy,--- , F,} be a family of subsets of X all of which are finitely closed or all of which are finitely
open. If there exists a family of points {xg, -+ ,x,} of X, not necessarily distincts, such that, [{xo, -+ ,2n}] C
Ul_oF; and, for all j € {0,--- ,n}, [{zi:i#j}] C F; then N_oF; # 0 .

Proof. Let P=7 =[{x; : i # j}]; all the other symbols retain the meaning they had in the previous proposition.
Since P C UJ_,F; we have A,, = Uj_yM; and we also have, for all j € {0,--- ,n}, A7 C Mj and finally, from
the classical Alexandrov-Pasynkov Theorem, N}_oM; # p. O

Proposition 4.1.3 (Klee’s Theorem). In a topological convex space (X, T, C) with homothopically trivial poly-
topes let {Co, -+ ,Cpn} be a family of convex sets of X of which are finitely closed or all of which are finitely
open. If, U C; is convex and, for all j € {0,--- ,n}, Niz;C; # 0, then NI, C; # 0.

Proof. For each i € {0,--- ,n} pick a point z; € N;x;C;; we then have
[{zo, -+ ,2n}] C U_(Cj and, for all j € {0,---,n}, {z; : i # j} C C;j. From the Alexandrov-Pasynkov
Theorem, N, M; # () and consequently, N?_,C; # 0. O

Klee’s Theorem [24] for the usual linear convexity was proved independently by Berge in 1959, [5] or [6],
using the Hahn-Banach Theorem.

Let us say that a subset S of a convex topological space (X , C) is starshaped if there exists a point zg € S
such that, for all z € S, [xo, 2] C S; in which case we say that S is starshaped at zg. A convex set is starshaped.
The next result is a topological version of Breen’s Theorem [11].

Proposition 4.1.4 (Breen’s Theorem). Let (X7 T, C) be a convex topological space in which starshaped subsets
of polytopes are homothopically trivial. Let {Uy,--- ,U,} be a family of subsets of X all of which are finitely
closed or all of which are finitely open. If, for all nonempty subsets J C {0,--- ,n} the set Uje ;U; is starshaped
then Nj_oU; # 0.

Proof. For each J € (n) let F; = U;c;Uj; choose x5 € Fy such that Fj is starshaped at x;. Let P = [{xJ :
J e <n>}] and S; = P N Fy; notice that Sy is starshaped at z;. Given Jy,---,J; € (n) let J = J;U---UJ;
and notice that Sy, U---US; = S5;. The family {S] :J e <n)} is made of starshaped subsets of the polytopes
P and either all of its members are closed in P or all of its members are open in P; furthermore, by hypothesis,
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all of the sets S are homothopically trivial subsets of P. Enumerate (n) arbitrarily, (n) = {Jo,-- -, Jm}; since,
for all {J;,, -, Ji. }, U;?ZIS’Jij =5y, with J; = U5_, J;, we see that UleSJij is a starshaped subset of P.

For all A € {0,---,m}, let T = Sy, = Ujcs,5;; Th is an homothopically trivial subset of P and the family
{Tn: X e{0,---,m}} is union closed.

For all A € (m) let Gy = UyxeaTn. If A C A’ then Gj C G and these sets are homothopically trivial subsets of
P. There exists a continuous map 6 : A, — P such that, for all A € (m), Q(Am/\) C Gp. Let My = 071(T));
notice that Ay, A C UxeaMy and that, either all the sets M) are closed in A,, or all of them are open in A,,.
By the standard KKM Theorem, N3 M # () and therefore N Ty # () that is Njec(n)Ss # 0 and a fortiori,
NsemyFr # 0 from which N}_oU; # 0. O

Breen’s original result is on the one hand more precise than Proposition 4.1.4 and on the other hand less
general. She considered a family F of nonempty compact starshaped sets in R? and proved that NF # () if
the union of every subfamily of F of d + 1 or fewer members of F has starshaped union. On the other hand,
Proposition 4.1.4 holds in arbitrary topological vector spaces. For a topological proof of Breen’s original theorem
see [22].

One can show that tropical starshaped sets in R?, that is mazplus starshaped sets, are homothopically trivial,
as well as B-conver (maxtimes) starshaped sets in ]Ri. We leave aside for now the question of a completely
analoguous “tropical Breen’s Theorem” in R? or in R%.

There is another Proposition whose proof is somewhat similar to that of Proposition 4.1.4; to keep this section
at a reasonable length the proof will not be given here.

Proposition 4.1.5. Let (X, T, C) be a convex topological space in which starshaped subsets of polytopes are
homothopically trivial. Let {Uy,---,Uy} be a family of subsets of X all of which are finitely closed or all of
which are finitely open. If, for all nonempty subsets J C {0,--- ,n} of cardinality at most n the set Njc;U; is
starshaped and if U7_oU; is starshaped then N7_,U; £ 0.

4.2. Fixed points theorems

The results of this section, given without proofs, rely on the fact that maxplus polytopes in R™ and B-
polytopes in R’} are contractible, and therefore homothopically trivial.

The first result is a tropical version of the Fan-Browder Theorem, page 143 in [15].

Proposition 4.2.1. Let C be either a compact mazplus convex set in R™ or a compact B-convex set in R’ and
let T : C — C be a multivalued map with closed nonempty mazplus (respectively, B) convexr values. If, for all
y € C, the set Ty ={x € C:y € Tx} is open in C then there exists T € C such that T € TZ.

Proof. Tt is a consequence of Proposition 4.1.1; see [19] Theorem 3 for the details. O

An arbitrary product [T, [a;, b;] of real intervals is a B-convex set in R? consequently, an arbitrary nonempty
B-convex set in R} has a neighbourhood base consisting of B-convex sets ; B-convex set are obviously metrizable.
By the corollary on page 259 of [19], arbitrary nonempty B-convex set in R"} are absolute retracts. The same
is true of arbitrary nonempty maxplus convex sets in R™. Since we are here in finite dimention we could also
reach the same conclusion from the fact that B-convex sets are contractible and locally contractible.

Proposition 4.2.2. Let C be either a mazplus convex set in R™ or a B-conver set in R} and f : C — C a
continuous map whose image is contained in a compact subset of C. Then f has a fized point.

Proof. From the Generalized Schauder Theorem, page 165 in [15]. O

We close this section with Kakutani’s Fixed Theorem in maxplus or B-convexity. First, in R” open balls
with respect to the || - ||oc norm are B-convex sets and, for all B-convex subset C' of R’} and all r > 0 the
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r-neighbourhood of C with respect to || - ||oc are B-convex; in the language of [19], B-convex sets are l.c. spaces.
The same is true of maxplus convex sets in R"™.

Proposition 4.2.3. Let C be either a compact mazplus convex set in R™ or a compact B-convex set in R’ and
T :C — C an an upper semicontinuous multivalued map with nonempty closed mazplus (respectively, B) convex
values. Then, there exists x € C' such that x € Tx.

Proof. Page 262 of [19]. O

4.3. Back to the begining

The two previous sections lead naturally to the following question: when does a convex topological space have
homothopically trivial polytopes ¢ As we have already observed, maxplus polytopes in R™, or B-polytopes in
R’ are homothopically trivial, as well as usual linear polytopes, and all of this can easily be shown by hand
without appealing to any general theory. Let us nonetheless reformulate our question as follows: what kind of
“compatibility ” properties should link the convexity and the topology of a given convex topological space (X ST, C)
in order to have homothopically trivial polytopes ¢ Of course, we would like the standard tropical convexities,
maxplus in R™ or maxtimes in R”}, to have those properties. Two answers will be given, one geometric, in terms
of the existence of a compatible geodesic structure, and one topological. For simplicity, we will restrict our
attention to metric spaces eventhough it is not necessary, and even not recommanded, think of convex sets in
locally convex topological vector spaces. In everything that follows (X, d) is a metric space and C is a convexity
on X.

4.3.1. Uniform geodesic convexities

Let us say that (X, d,C) is a uniform geodesic space if C is an interval convexity and if there exists a continu-
(1) M=o, 21,0) = 29 and A(zg, z1,1) = 21

ous function A : X x X x [0,1] — X such that ¥(zg,z1,t,5) < (2) d(A(xowl,t)’)\(iEo,iEl,S)) = |t — sld(wo, 1)
(3) )\(%071'1,[0,1]) = [iC(),(El:I

If (X,d,C) is a uniform geodesic space then all nonempty convex subsets of X are, with respect to the in-

duced convexity and the induced metric, uniform geodesic spaces. These are indeed very strong conditions, and

stronger than they need to be, but as they stand they hold for maxplus convexity in R™ and B-convexity in

R% . In the first case, the metric is given d(z,y) = || — 2 V ¥/l + |y — 2 V Y|, one can check that it is

the so called Hilbert affine distance (Stephane Gaubert showed to the author that maxplus segments in R™ are

geodesics for the Hilbert affine distance) that is, for z,y € R™, d(z,y) = max;{0, z; — y;} + max;{0,y; — x;}.

Conditions (1) and (3) imply together that starshaped sets are homothopically trivial, as a matter of fact they

are contractible.

In a uniform geodesic space one can naturally define the midpoint function

X xX — X by pu(zo,z1) = AMaxo,z1,1/2). From (2) we have d(zg, u(xo,x1)) = d(x1, p(zo,z1)) =

1/2d(zg, x1).

Proposition 4.3.1. In a uniform geodesic space (X,d,C) a closed set C C X is convex if and only if it contains
the midpoint of any two of its points, that is ,u(C x C) cC.

Proof. The nontrivial part of the proof is done by induction on the set of dyadic numbers in the real interval
[0,1]. O

One can see without too much difficulty that, for all maxplus convex segments [z,y] C R™, [z,y] = [z, z®y]U
(1) Vz,ye CaxzdyeC (Cisasubsemilattice of R™)

@y, y | and therefore, a subset C of R™ is maxplus convex if and only if
Lr&.v] P Y {(2) Ve,ye Cz<y=[z,y]CC.
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From this remark and Proposition 4.3.1 one gets the following caracterization of closed maxplus convex subsets

of R™.

(1) C is a subsemilattice of R™

(2) Va,y e Cx<y= tma(z,y) €C.
where (2,Y) & tmaz(2,y) is the midpoint function on R™ associated to the Hilbert affine metric.

Proposition 4.3.2. A closed subset C of R™ is maxplus convez if and only if

max;<;j<n{¥j — 2} }
: .

One can show that, if x < y then pimq. (2, y); = max {xi, yi —
4.3.2. Uniform convezities

We restrict the discussion to metric spaces, but uniform topological spaces would do as well. Let C be a convexity
on a metric space (X, d) such that polytopes are compact. The convexity is completely specified by the convex
hull operator restricted to the set of nonempty finite subsets of X; let (X) be that space and let K(X) be the
space of nonempty compact subsets of X. Both (X) and K(X) are metric spaces with respect to the Hausdorff
metric associated to the metric d on X. Let us say that (X ,d,C) is a uniform convex space if the convex
hull operator {zg, - ,x,} — [0, - ,2n] is uniformly continuous from (X) to K(X). One can show that
B-convexity on R} is a uniform convexity; the same is true of maxplus convexity on R".

Proposition 4.3.3. Let (X, d,C) be a convex space with compact polytopes. If (X7 d,C) is a uniform convex
space, if polytopes are connected and if the Kakutani Separation Property holds then convex sets are homothopi-
cally trivial.

The proof is somewhat too involved to be presented here; it can be found in [20], for uniform topological
spaces, or in [30] for metric spaces. All of the classical selection, extension and fixed point theorems for locally
convex and normed spaces, as well as some topological properties, like being an absolute retract, hold in the
context of uniform convexities. It has been said at the begining of this discussion that a convexity has the
Kakutani Separation Property if and only if arbitrary polytopes have it; therefore, all the results alluded to
follow from properties of polytopes (“finite dimensional properties”) and one global property: uniform continuity
of the convex hull operator.
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