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REMARK ON THE WELL-POSEDNESS OF WEAKLY DISPERSIVE EQUATIONS

JiA0 HE!' AND YOUCEF MAMMERI? 3

Abstract. We improve the results about the well-posedness of the regularized fractional dispersive
equation (1 + Dg)us + Uz + uugy = 0 when 0 < o < 1. When a < 1, the existence and uniqueness of
vanishing viscosity solution is proved.

INTRODUCTION

Fractional Benjamin-Bona-Mahony (fBBM) equation
Up + Uy + uty + Douy =0

was introduced by Linares, Pilod and Saut [16] to investigate the role of weak dispersion (0 < o < 1) on the
solution of the Burgers equation

U + Ugp + vty = 0.
They showed the local in time well-posedness in Sobolev spaces using energy estimates. Nevertheless, this

method does not provide the uniqueness. Indeed, the difference w = u — v between two solutions satisfies (see
inequality (4.31) of [16])

oy < [1(Ea12 0+ 0) waca)Pulds + 5 [ I+ o (-a) ol
+ [ R8> Pulda+ [ (a1t o)) w(=8)ulds,

where [, |[R(=A)*?w|dx < [|u+v|| o+ 5 ||w]|? ., 4. But the last term can not be uniformly controlled by the

H*E
Hst5 —norm if 0 < ar < 1.

When 0 < a < 1, it seems difficult to obtain the global well-posedness. It has been shown by Bona and
Saut [3] that the linearization around 0 has blow-up solution and Klein, Saut numerically observe blow-up when
0 < a < 3 [15]. While a = 1, global well-posedness can be obtained thanks to Brezis-Gallouét estimates [5,18].

The paper is organized as follows. In Section 2, we improve the regularity of the global well-posedness when
a = 1. In Section 3, we deal with the uniqueness of vanishing viscosity solution for 0 < o < 1.
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1. THE REGULARIZED BENJAMIN-ONO EQUATION

When a = 1, the equation can be rewritten as the Benjamin-Ono equation under the form

us + H(ug)t + uz + uu, =0,

—

where H is the Hilbert defined by its Fourier symbol H (u)(§) = —isgn(§)a(£).

Theorem 1.1. Let oo = 1 and ug € Hz (R). There exists a unique solution u € C(R; Hz (R)) of the initial value
problem
Up + Uy + g + Dyug =0, )
u(z,0) = up(x). (1)
Moreover, for allt € R
a3 = ol 3.
and the map ug € H2(R) — u € C(R; Hz(R)) is continuous.
The proof is done in two steps: first, a compactness argument is used to obtain a weak solution, then the
uniqueness of the weak solution provides the strong continuity of the weak solution.
Let (un,0),cy be a sequence of H'(R) such that u,o — uo in Hz(R). We denote by u,(t) € C(R; H'(R))
the solution of the initial value problem associated with the initial datum wu,. Then it is proved that the
energy [18]

B0) = [ 3+ 1Duf P
R

is preserved with respect to time, i.e.

lunl2 5 = lumol? 4 < C,

and the sequence (uy), oy is bounded in C(R; Hz(R)).
On the other hand, multiplying (1) by dyu,, and integrating over space gives

2
/ Oy |2dz = — / Oytinds(1+ D)~ (up + 7Y da,
R R 2

and Young’s inequality provides, for € > 0.
u2
|0stin |22 = / |0yt |2d < |/3tun3x(1 + D) tunde + / Opun, 0z (1 —|—Dx)71?"dx|
R R R

1 1 2
ga/ |6tun|2dx+—/ |aw(1+Dw)—1un|2dx+—/|aI(1+Dw)—1UJ|2dx
R 2e R 2e R 2

2

u2
8x(1+Dx)*17"

1 - 1
< ellOvunlz2 + - [102 (1 + Do) "MunllZ2 + 5 ‘

L2
2 1 2 2
<e|Owunllzz + @( unll72 + |ul;2)
2 1 2 4
< e |Opunllz: + E( unllZs + llunllza)
1

2 2 4
<e Hatun”L? + g( ”un”L2 + ||unHH% )

Taking e = %, it gets

el 22 < wnll2 3 < Nlunoll2,y < C.
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t
/ Opu (r)dr

and the sequence (uy,),, ¢y is uniformly bounded and equicontinuous.

We deduce according to the Rellich theorem for all T' > 0, there exists u € Cy ([0, T]; H2 (R)) N C([0,T]; L2(R))
and a subsequence (up, ),y such that V¢ € [0, 7]

Thus,

t
|un(t) — un(s)||L2 = ‘ < / [Opun (r)|| g2 dr < C|t — 5],
L2 s

U, (t) = u(t) in H?(R) and uy, (t) — u(t) in L3(R).

Since the subsequence (uy, ),y satisfies for all v € C2°(R)

ke

T u2
/ / VO, + VO Dytiy, + V0, <unk + ;’“) dxdt =0,
0o Jr

/ /u@thru@t xv+<u+ )8vdxdt0

The function u € Cy,([0,T]; H2 (R)) (N C([0,T]; L2(R)) is a weak solution of the equation (1) and

the limit verifies

[u®)ll 3 < Uminf flup, @)]] ;3 < lluoll 3 (2)

Suppose now that the weak solution of the Cauchy problem u € C, ([0, T]; H= (R)) (N C([0, T]; L2(R)) is unique.
By reversing time in the regularized Benjamin-Ono equation (1), we have

lu(=0)ll ;1 < [lw(O)] ;1 or [u(0)]l 1 < [lu(®)l, -
From inequality (2) and from the uniqueness of the weak solution, we obtain
lu®) ;3 = lluoll ;3

and the solution u belongs to C([0,T]; Hz (R)). Note that we also obtain the continuity with respect to the
initial data since we proved that for u, o — uo in H 3 (R), then the respective solution (u,) verifies u, — u in
c([0, T); 3 (R)).

It remains to prove the uniqueness of the weak solution. We are inspired by the method introduced by
Yudovich [21]. We need a Trudinger-type estimates proved by Gérard and Grellier [9] in the torus T.

Lemma 1.2. There exists a constant C > 0 such that for all 2 < p < co, we have
lellzo) < CyBllull ;g )

Proof. The proof is similar to [9] except that u is split as

1 -~ 1 xS
U= Us) T Uc) = % s ey (£)d£—|—2ﬂ_/||>/\e5 u(g)df
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Let u and v € Cy([0,T]; H2(R)) N C([0, T]; L2(R)) be two weak solutions of (1) starting from the same initial
datum. Consider the function g defined as

g(t) = llu(t) — v(t)|[7-.

Then, for w := u — v and P(D,) := 8,(1 + D,)~ !, we have

Q/DQ(Uiv)(Ut )i = fQ/R(u—U)P(DI) (u+ “; - ”22)

= —2/RwP(D$)(w) +wP(D,) (w(u+v))de = —Q/RwP(Dw) (w(u+v))dx

g'(t)

—/RwQP(DQ(u—i—v)dx—/Rw(P(Dw)w)(u—i—v)dac—/RwRdx
= I+II+1II

where
R=P(D,)(w(u+v)) — (u+v)P(Dy)w — wP(Dy)(u + v).

Since w? = w2(17%)w%, the Holder inequality provides

IN

1= [ w?POIto)ds < 00D e fwF PO+ o)

A

20-3) (1 4 ol
ol (e + 1012 ) 12D+ o) o

We note that the operator P(D,) is bounded in LP, for 1 < p < +o0o according to the Mikhlin-Hérmander
theorem [17,19]. The Sobolev and the Trudinger inequalities imply

2(1-4 2 2 1 2 2
1< el ”(||u|z4+||v||z4)<||u||L2p+||vL2p>sf2pg<t>1 p(||u||L4+||v|L4) (el 3 + 1ol 3)

and from inequality (2)

< vpg) v,

Similarly, we have

|II|:/w(P(Dm)w)(u+v)d:c <t EP(DLwl e 0 (ut o)
R
1—2 2 2
S 10z 1P olles (e + ) B+ ol
1—2
< wllsa? el (lallzes + ol z20)
_1 _1 _1
S g0 H(lullas + ollzar) S VB ul, 3 S VBa(®)'+.

We can write thanks to the fractional Leibniz rule [14].

Lemma 1.3. We have for % = é + %

[1P(D)(uv) = vP(D)(u) = uP(D)(v)l[rr S l[u]lzal[v] -
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We deduce
1—2 2
1| = /RwRdr S lwllzeflu + ol pallwllr < wllzz(lull Lo + ol p)llwll g2 w7,
where
1 1 1 1 ( 2)
- =———-o0or—-—==———-(1--
r q r 2 p p
Thus

2_2 2 1 2 2 1 11
L < Vallwl e " [l llul 3 < Vag®)' =7 (lull o + lIvll7:) < p7v/ag)' 7 [lul

1 P _1 _1
I} S pr [ =977 S Vpg®)'
p

l9'(®)] < Cvpg(t)' 7, V2 <p < oo,
with C = C(||uo||H% ,T) independent of p. Then

Taking p > 2 large enough so that

implies

or

Finally, g(t) =0, and u = v.
2. THE WEAK DISPERSIVE EQUATION
Let us come back to the initial value problem, for 0 < o < 1,

Up + Uy + Uty + D2Oyu = 0,
u(z,0) = up(x).

The existence is proved in [16] using energy estimates.

115

3)

Theorem 2.1. Let 0 < o < 1,7 > max (1,3 — a) and ug € H"(R). Then the Cauchy problem has at least one

solution in H"(R).
We briefly remind the proof in order to highlight the loss of uniqueness (see [16] for details).
Proof. For r = s+ §, we define J* = (I — A)? by its Fourier transform

—

Jeul€) = (I = A)Fu(€) = (1 +&)Fu(9).
Applying the operator J* to (3), multiplying by J*u and integrating by part over space, we obtain

1d

f—/|Jsu|2—|—|JSD§u|2d$ = /—JquS(uqua:

1
= /|Jsu|2u£+quuJ58xu+RJSudx=f/ \Jsu\zux—F/RJsudm,
R 2 Jr R
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where, thanks to Leibniz’s rule,
I (uug) = uJ’uy + ug JJ°u + R,
with, for all 0 < € < s,
IR 2 S 17 ull o [l sl o

LTHa LT+a LT¥a
The Holder inequality provides

I+a T—a

s,\2 s, 112
L1 0Pl < gl o 1750

and

I+a

/ |RJ*uldz < ||R|| = |J%u| = .
- L LT-=
Using Sobolev’s embedding

we finally find
d o
= lullgers S ull?, 5
and we conclude with the Gronwall lemma. O

Let us try to prove the uniqueness. Let u and v be two solutions of (3) and denote w = u — v. We have
ay—1 1
wy + 0, (1 + DY) w+§w(u+v) =0.
Using the fractional Leibniz rule and integrating by parts, it gets
1 s, .12 s+ 2 s s 1 s, .12
— | |JPw|* + | 2w|de < |J%(u + v)wy S wl|de + = [ |(u+v)g||J*w|dx
2 Jr R 2 Jr
+ / |RJw|dx —|—/ [J°(u + v),wJ wldz.
R R
1,1_1
Here,fora110<e<sand5+gf >

[1RllL2 < [IJ°7(u+v)[| e [|Jw] La-

Even if the three first terms are bounded by |[u+v|| .+ [|w] |§{ +g» the last one can not be uniformly controlled

by the H*t% —norm when 0 < o < 1.
To avoid this difficulty, we propose the following regularization [11]

uj + ul, + uful + Douf —eul, =0,
u®(0,2) = ug(x).

Lemma 2.2. Let 0 < a <1 andr > 0. We have
|02(1 + D)~ Se(wv) || . < Clest) Null g 0]l g »

where ., .
Syu = F~1 (e_ T t) su(z), and C(e,t) = C(et) *= .
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Proof. The idea of the proof is introduced in [4,13]. By duality, it is enough to show that for all function
w e S(R),
/Raw(lﬂLDi‘)_lSt(U(x) (z))@(z)dz < C(t) lull g [0l g lwl g -

The Plancherel identity provides

(/ea<1+zxwflsxum»vu»ﬁﬂ@0dx - /“ B B @ue)m(e)de
R

r 1 +. I3
- [ e T aaem©
= | [ e T e - i an e
Let us denote (€) = (1+¢2)2, U = (&)"a, V = <f>r77, = (£)7"w, it is necessary to prove
. ﬁf&“tmﬁ(s - n)V(n)W(E)dé“dn‘ < Ce,t) [ull g 0] g )] g -

The triangle inequality (&) < (£ — n)"(n)" implies

-

@ TF[EN™
mr{m)"

(//’ o~ T (€ — )T ()W) dedn

@—)()W@%wl

S IV

@wﬂff%f/ 0 —n)V (n)dn

2
LE

l/ﬁ@—meMn
R

t

11—« —Lzat
S Wl |5

g
< ||W||L§ HU||L§ ||V||Lg ()t e” THE"

2
L&

< -« *lsiat
S llwll g llell g 0]l g || (€)% e 16

2
LE

Since for x € R, 0 € R, we have e™* < 9, we deduce

1 1 1 1
E) - THEE I < S )
e PR i BN E (5t Py e

2
LS

if(2—a)f—(1-a) O

Lemma 2.3. Let 0 < a < 1, r > 0 and u§ € H"(R), then there exist a time T. = T'(¢) > 0 and a unique
solution u® € C([0,T.]; H"(R)).

Proof. Thanks to the Duhamel formula, u® is solution of (4) if and only if u® is the fixed point of ®¢ defined as

t
U (t) 1= Spus — % / Si—r (1 + D)~ 10pu(1)?) dr
0



118 ESAIM: PROCEEDINGS AND SURVEYS
_qf —iEtee2, —
where Siu = F (e Tl ) « u(x). Let Bp be the closed ball

By :={ueC([0,T]; H"(R)), |ull Lo (jo,7], 5 ®)) < 2l|uollar} -

We prove that ®¢(Br) C Br and ®¢ is a contraction mapping on Br. Let u® € Br, we have

1 t
Siug — 5/ S (14 D)7 10,us (1)%dr
0

10w Ol = ‘

HT

A

t
< gl + [ e (14 D)0 (0,

Lemma 2.2 gives

~

[Se—r (1 + D)~ 0pu (r)?[| 1 < C(e(t = 7)) = [ (7)1 -

(0%
— <1, and

T_
4
92—

Note that 0 <

125w ()l < Mufllzr + Cen Tllu® | Foe (0,17, 107 -

Thus, choosing T' < implies

1
Cerllugl v
190 (£)]| o (f0, 71,17y < 2wl e

Let u5,u$ € Br, one gets from Lemma 2.2

t
0% (1) — S5 (0) e < / 51— (1 + D)0, ((u5)? — (45)?)|,. dr
t _ -
< / Clelt =) 5 |ug + uSlpn 145 — S pr
< CorTwgllge lui — u;”LOO([O,T];H"‘) )

. Finally, there exists a unique fixed point

and ®° is a contraction mapping on By as soon as T < W
e |[Uo || gr
1
Cs,s

u® := ®°(uf) in By for T < .
uUHH’"

To obtain the continuity with respect to the initial data, for u§ and v§ in H"(R) with ||ug]l - < M,
[v§ ]l 7~ < M, we consider uf,v° the respective solution. Let 0 <t < T = &4, we find similarly

N

[u (@) == Ol < 156(ug = 05) 1 e +/O 18—+ (1 + D) 7102 ((u%)* = (v)) ||, d7

|ug — 5l g + Cey TM [Ju® — UaHLOC([O,T];HT) )

IN

or in other words, since 1 — C, , TM > 0,

1
I (®) = Ol < g7 166~ W6l
e,r

Lemma 2.4. Let0 <a<1,7>2—§ and uy € H"(R), then T, can be chosen independent of c.
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Proof. Let r = s+ §. Applying J* to (4), multiplying by J*u® and integrating by parts over space, it comes

a4 (/ (J*u®)? + (JSD§u5)2dx> + 25/(Jsu§)2dx = / —J*ufJ% (v u ) d.
dt \Jr R R

We obtain from Kato-Ponce commutator estimates [12]

1
/ Jouf J® (uFul)de = §/ui(]sug)gdac + / RJ?ufdx < C ||u5||§{+% .
R R R

It follows that p
dt
or in other words ||u® ||il+% < y(t) where y(t) satisfies the ordinary differential equation

2 3
||U’EHHS+% <C ||UE||H5+%

y'(t) = Cy(t)?

y(0) = 05245

which solution is given by
2
y(t) _ y(o) _ Hu6||H§+%
(1—=Cy(0)1/2t)2 (1= Clufllperg 1)*

and u® can be extended until 7' = ——t——. d
el g

Theorem 2.5. Let 0 < o < 1, r > 2 —§ and ug € H"(R). Then there exist a time T > 0 and a unique
vanishing viscosity solution u € C([0,T); H"(R)) of the initial value problem (8). In other words, the solution
u® of the initial value problem (4) converges, when € — 0, uniformly to u solution of (3) in C([0,T]; H"(R)).

Proof. We prove that (uf).>¢ is a Cauchy sequence in the Sobolev space H"(R). Let u¢ and v° be two solutions
of (4). The difference w = u — v° satisfies

2

Wy + wy + DSOw — Swyy + (uew — w?)w = (e —0)u,. (5)

One multiplies (5) by w and integrates over space to obtain

+oo

d +o00 o +oo
pn w? 4+ (D2 w)de = / —20w? — uSw? + 2(e — O)us wdx < / —uSw? + 2(e — 0)us wdx
—o0

— 00 —00

and Sobolev’s inequality provide
d [T

Z 2
= | W Diwde < Cllullyes el +C = 0)llull g s -
— 00

Finally p
2 2
o Illgs < Cllwligs +Cle = 0) llwll; 5

and the Gronwall Lemma offers a limit of (uf).>o in H % (R).
From the preceding lemma, the map ¢t € [0, 7] — u®(t) is continuous and uniformly bounded. In particular, the
sequence (u°(t))e>0 is weakly convergent in H*(R),s > § to u(t) a weakly continuous and uniformly bounded
function. We deduce

t€[0,T] = (14 D)~ (Opu + udyu) € HT1*(R)
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is weakly continuous and

t
u(t) = ug — / (1+ D) (9pu + udpu) in HT17Y(R)
0

is unique. Indeed, let v € H*T1=%(R) defined by

t
o(t) = vo —/ (1+ D)1 (8,0 + vOy0) |
0

we obtain with similar computations

d 2 2
g e = vllgs < Cllu—vllys

and the Gronwall lemma allows to conclude. O

(1]
2]
(3]

(4]
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