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RECENT PROGRESS ON LIMIT THEOREMS FOR LARGE STOCHASTIC
PARTICLE SYSTEMS*

MAX Fatai!, PIERRE LE BRis?, ANGELIKI MENEGAKI®?, PIERRE MONMARCHE?, JULIEN
REYGNER® AND MILICA TOMASEVICS

Abstract. This article presents a selection of recent results in the mathematical study of physical
systems described by a large number of particles, with various types of interactions (mean-field, moder-
ate, nearest-neighbor). Limit theorems are obtained concerning either the large-scale or the long-time
behavior of these systems. These results rely on the use of a large range of mathematical tools, arising
from both probability theory and the analysis of partial differential equations, and thereby illustrate
fruitful interactions between these two disciplines.

Résumé. Cet article présente une sélection de résultats récents dans I’étude mathématique de systemes
physiques décrits par un grand nombre de particules, soumis a des interactions de diverses natures
(champ moyen, interaction modérée, plus proches voisins). On y obtient des théorémes limites con-
cernant le comportement a grande échelle ou en temps long de ces systéemes. Ces résultats reposent
sur ’emploi d’une large gamme d’outils mathématiques, provenant de la théorie des probabilités et
de l’analyse des équations aux dérivées partielles, et illustrent ainsi les interactions fécondes entre ces
deux disciplines.

1. INTRODUCTION

The derivation of macroscopic laws for particle systems defined by microscopic evolution rules is the primary
purpose of statistical physics. Beyond natural applications to the kinetic theory of gases or the atomistic
description of condensed matter, this approach has also been successfully employed in various other fields, such
as neuroscience, social or ecological collective behavior modeling, machine learning, game theory, to name but
a few. However, establishing rigorous limit theorems, for instance known as hydrodynamic or thermodynamic
limits, depending on the scalings which are considered, is often a challenge to mathematicians. This may be due
to various phenomena;: the lack of satisfactory ergodic properties of the microscopic dynamics, the nonlinearity of
macroscopic equations, a nontrivial interplay between relevant space and time scales... The present article aims
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at presenting recent results which illustrate a selection of topics of current interest, both for the communities
of partial differential equations and probability theory, in the study of large stochastic particle systems.

1.1. Overview of the models considered

A first class of systems which is considered concerns particles in mean-field interaction, which interact through
their empirical measure. For such systems, the macroscopic behavior is expected to be induced by the propaga-
tion of chaos phenomenon [15,16,63]: when the size of the system grows to infinity, particles decorrelate and
behave independently, following a nonlinear evolution equation which encodes the interaction at the macroscopic
level. Mathematical proofs of such a behavior can be traced back to the works of Kac [45] and McKean [50,51].

In many cases of interest, in particular for systems involving electrostatic interactions or arising from random
matrix theory or chemotaxis models, particles interact through a pairwise potential which becomes singular
when two particles approach each other. This prevents standard techniques from being employed, and even
sometimes makes the particle system ill-defined. In such cases, a possible approach due to Oelschliager [55]
consists in smoothing out the interaction kernel in the definition of the particle system, which leads to so-called
moderate interactions. While seminal propagation of chaos results for such systems are purely qualitative,
Section 2 presents a quantitative rate of convergence. This is made possible by the use of a recently developed
technique, dubbed the semigroup approach [29], which is especially designed to approximate nonlinear partial
differential equations by smoothed empirical measures.

Section 3 also presents a quantitative propagation of chaos result, for a system of interacting Langevin
diffusions. There, the interaction kernel is smooth and the mean-field particle system is well-defined. However,
the emphasis is laid on the uniformity in time of the propagation of chaos estimate. This result is obtained by a
probabilistic construction, which combines in a nontrivial fashion synchronous and reflection couplings, following
recent works by Eberle and coauthors [21,24-26]. Remarkably, the argument allows to address situations where
particles evolve in a non-convex confining potential. Furthermore, it may also be applied directly at the level
of the macroscopic dynamics of the system, for which it yields quantitative rates of convergence to equilibrium.
Overall, this provides a typical example of a situation where a purely deterministic result, the description of the
long time behavior of a nonlinear partial differential equation (the Vlasov—Fokker—Planck equation), is obtained
through a genuinely probabilistic construction. Such a probabilistic approach has long been employed for the
study of nonlinear partial differential equations in various settings, see for instance [5,6,12,69].

When propagation of chaos does not hold uniformly in time, local equilibria can arise for large but finite
particle systems. In such cases, the particle system is typically observed to remain in a seemingly stable subset
of the configurational space over a long time period, and then escapes this subset in an ‘unpredictable’ way
— which means, in more probabilistic terms, that the escape time is close to exponentially distributed. This
phenomenon is referred to as a metastable behavior [58]. Metastability induced by finite-size effects in mean-
field particle systems was for instance studied, for a continuous version of the Curie-~Weiss model, by Dawson
and Gértuner [18]. Section 4 presents another instance of such a phenomenon, for a system of neurons described
by mean-field interacting piecewise deterministic Markov processes. There again, the proof relies on a coupling
argument, which thus illustrates the versatility of this technique.

Another powerful method to study the long time behavior of large particle systems is the use of functional
inequalities, such as Poincaré or logarithmic Sobolev inequalities [1]. Section 5 specifically addresses the de-
pendency of constants involved in such inequalities upon the number of particles. The framework is different
from that of the three other sections. Indeed, the interaction is no longer of mean-field (or moderate) type,
but particles are rather chained together and only interact with their nearest neighbors. Such models of chains
of oscillators, when in contact with thermostats, are ubiquitous in the study of heat transfer, with the overall
purpose to derive the Fourier law from microscopic dynamics [8,19,32,46]. In this highly difficult research
program, the quantification of the ergodicity of the microscopic dynamics in terms of the size of the system is
an important step. The results from Section 5, which rely on a generalization of Bakry and Emery’s 'y calculus
and on a spectral study of Schrodinger operators, provide explicit and, in certain cases, optimal estimates.
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As a conclusion, the present article provides a selection of modern techniques employed to describe the large
scale and long time behavior of stochastic particle systems with various types of interaction. All of them build
on both analytic and probabilistic tools, and thus they exemplify how fruitful interactions between these two
fields may be.

1.2. Notation and common features

While the four sections of this article present four different works, regarding four different particle systems,
they share some common features, some of which have already been emphasized in the previous section: the
interest in large scale and long time behaviors, as well as the interplay between these asymptotics; the emergence
of nonlinearity at the macroscopic scale as the trace of interaction at the microscopic level; the use of probabilistic
constructions to get information on solutions to deterministic evolution equations.

Throughout the article, we use standard notation of differential calculus to write our partial differential equa-
tions, and call on the usual theory of stochastic processes, in particular It6 diffusion processes and continuous-
time Markov processes. In all sections, some assumptions and results turn out to be formulated in terms of L'
and L? Wasserstein distances. We recall here their definition.

Definition 1.1 (LP Wasserstein distance). Let p € [1,+00). The LP Wasserstein distance between two proba-
bility measures 1 and v on R¥ is defined by

1/p

wpm,u):[ i [l —slrntaray)|

7weC(p,v

where C(u,v) is the set of probability measures on R* x R¥ with respective marginals y and v.

There are several reasons why Wasserstein distances come handy in the context of this article. Perhaps the
most important one is the fact that, by its very definition, in order to bound W, (u, v)? from above it suffices to
construct a coupling (X,Y) of p and v, namely a random pair whose law belongs to C(u,v), and to estimate
E[|X — Y|P]. Other useful properties of these distances include a nice dual formulation, particularly in the
case p = 1, which is called the Kantorovitch-Rubinstein duality, as well as transport inequalities which allow to
compare these distances with other divergences whose use is natural in the study of Markov processes, such as
the relative entropy. We refer to [69] for an in-depth exposition of these properties.

2. RATE OF CONVERGENCE OF MODERATELY INTERACTING PARTICLE SYSTEMS TOWARDS
NON-LINEAR FOKKER-PLANCK EQUATIONS WITH SINGULAR KERNELS

In this section we are interested in the stochastic approximation of nonlinear Fokker-Planck Partial Differ-
ential Equations (PDEs) of the form
opu(t,r) = Au(t,x) — V- (u(t,z) K *, u(t,z)), t>0, v € R (1)
u(0, ) = ug(x),

by means of moderately interacting particle systems. The main interest here is for the kernels K with a
singularity at the origin. The results we will present concern the work [57] to which we refer for more details
and proofs.

The motivation comes from the cases in which K is an attractive kernel whose singular nature may cause an
explosion in finite time in (1) as it is the case in the parabolic-elliptic Keller-Segel model (K (x) = —pd = 2).
On the microscopic level, the kernels we are interested in lead to particle systems for which well posedness
and/or propagation of chaos are not known to hold. A typical family of singular kernels that we consider
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derives from Riesz potentials, defined in any dimension d as

s "
Vi(a) = 4 17! ifs€(0.d), g 2)
—loglz| if s=0,

The associated kernel is then K := £VVj, the sign deciding whether the interaction is attractive or repulsive.
Even when it is possible to define the particles, the propagation of chaos may not always hold. For example,
in the tricky case of the 2d parabolic-elliptic Keller-Segel model, the mean-field particle system was shown to
be well-defined [14, 33], but the convergence (on the level of measures on the space of trajectories) was known
only to hold for small values of the critical parameter of the equation (see [33]). This was recently improved
for subcritical and critical values in the paper [65]. In addition, Bresch-Jabin-Wang [9] showed quantitative
convergence of the joint law of IV particles towards the chaotic law u®" (built from the solution u to the Keller-
Segel model) in the subcritical case when R? is replaced by the torus. For the d-dimensional parabolic-elliptic
Keller-Segel model with d > 3 or for the attractive Riesz kernel with s € (d — 2,d), so far the existence result
for the associated particle system in mean field interaction has not been proved.

That is why, we will consider moderately interacting particle systems in the sense of Oélschlager [55] which
rely on a smoothing of the interaction kernel at the scale N~ o € [0,1] (here N is the total number of
particles). The main difficulty is then to prove that such particle systems behave, as N — oo, in the same
way as the classical mean-field non-smoothed systems would (if they would be well-defined). That is, we show
for a class of singular kernels K that, as N — oo, our particles behave like independent copies of a non-linear
stochastic process in the sense of McKean-Vlasov. As a consequence, we show that the empirical measure of
our system converges to the mild solution of (1) on its maximal existence time. Moreover, we will quantify the
latter convergence in terms of N and a. For the Riesz kernels, we are able to treat the kernels that derive from
(2) for s € (0,d — 1) in both attractive and repulsive case.

The present work is inspired by the new semigroup approach developed in [29], which allows one to approx-
imate nonlinear PDEs by smoothed empirical measures in strong functional topologies. More precisely, the
convergence of the mollified empirical measure of the moderately interacting particle system is obtained, and
the approach was initially proposed for the FKPP equations. It has already found many applications: see [30]
for a PDE-ODE system related to aggregation phenomena; [62] for non-local conservation laws; [31] for the 2d
Navier-Stokes equation; and [56] for the parabolic-elliptic Keller-Segel systems. However, in these recent works
this convergence was not quantified and the propagation of chaos was not considered.

2.1. The particle system and main hypothesis

Let A > 0 and consider Fy : R? — R a sufficiently smooth version of the cut-off function
2= Ljaj<ay® + Lyjoj> 43 A1,

where the notation 1 refers to the vector (1,...,1) in R% Let V : R? — R, be a smooth probability density
function, and assume further that V is compactly supported. For any x € R?, define

VN(z) := N®V(Nx), for some « € [0, 1]. (3)
Below, o will be restricted to some interval (0, ag), see Assumption (A,).

Let T'> 0. For each N € N, the particle system we consider is:

N
dX Fa(% > (K« VN)(XPN = XPN)) dt+V2dW], ¢t<T, 1<i<N, @
1

k=
ngN, 1<i<N, areindependent of {W?, 1<i< N},
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where {(W{);c(0,7], ¢ € N} is a family of independent standard R%-valued Brownian motions defined on a filtered
probability space (Q, F, (F¢)i>0, P). Observe that the interaction kernel K * VN (z) is very close to K (z) when
|z| is sufficiently large compared to N~%. The cut-off may seem unnecessary as the kernel is smoothed with
VN, but it will be well chosen so it is lifted at the limit as N — oo and it facilitates the analysis for a fixed N.

Our main goal is to prove that under suitable conditions on K (see Hypothesis (AX)) and for a well chosen
A, one has:

(a) {u) =+ Zfil 6Xti,N, t € [0,T]}, the marginals of the empirical measure of (4), converge to the solution

of the PDE (1) for values of the smoothing parameter o which can be up to (3)~ for some of the models
we consider, which is the typical distance between the particles in problems coming from statistical
physics with repulsive kernels.
We get a rate of convergence of order N2, with ¢ which can be up to (
take Fy(x) = x in (4), at the price of a weaker form of convergence.
(b) The system (4) propagates chaos towards the following nonlinear equation (without the cut-off and the
mollifier):

1 —
773) - Moreover, one can

dX; = K *ug(Xy) dt +2dW;, t<T, .
Law(X;) = ut, Law(Xp) = uo. (5)
Notice that it is not a priori clear that (5) is well-posed, due to the singularity of K. Hence, we also obtain
a well-posedness result for (5). As an application, one can use the rate in (a) and a time discretization of (4)
to propose a numerical approximation of the PDE (1). We leave this line of investigation for a future work.
Let us denote the empirical measure on C([0,T],R?) of N particles by u" = vazl dxi.~ and the mollified
empirical measure by u := VN xuN t € [0, T]. The general hypothesis (A¥) on the kernel K is the following:
(AK) K € LP(B,), for some p € [1, +o0];
(AE) K € LI(BY), for some q € [1,+o0];
(AX) There exists » > max(p’,q’), ¢ € (0,1] and C > 0 such that for any f € L' N L"(R%), one has

Ne(K # f) < Cllfllprapr gay,

where N¢ is the Holder seminorm of parameter ¢.

Assumption (A¥) is rather mild, and we provide in Section 2.3 a sufficient condition which is easier to check
in concrete examples. One can check that the Riesz potentials (see (2)) up to s < d — 2, whether repulsive
or attractive, satisfy (AX). The case of more singular kernels, e.g. Riesz kernels with s € (d —2,d — 1) is
treated separately, but in a very similar fashion adapting the hypothesis (A¥) and the corresponding proofs to
accommodate for broader functional spaces (see Section 4 in [57]).

Throughout this section, it will be supposed that the parameter 7 is such that » > max(p’, q’), where (p, q)
are given in (AX). The restriction with respect to the key parameters is given by the following assumption:

(A,) The parameters a and r (which appear respectively in (3) and (A%,

)) satisfy

1

I<a< 1)\/0.

d +2d(

1
2

Notice that if the integrability of the kernel is such that = in (AX) could be chosen in the interval [1,2],

then a could be arbitrarily close to, but smaller than, % (although this will not yield the best possible rate

of convergence, see the discussion after Theorem 2.1). This scaling of order N —(@)" is close to the typical
interparticle distance in physical models with repulsive interactions. This is what we get for instance in the
case of 2d Navier-Stokes equation and 2d Coulomb potential. However, in the case of an attractive interaction,
we may wonder what typical inter-particle distance represents and if it is necessarily of the order N ~4 as the
particles may often collide or even agglomerate. Indeed, in the super-critical case of the parabolic-elliptic Keller-
Segel equation, the non-smoothed particles collide with positive probability (see [33]) and there are, for example,



ESAIM: PROCEEDINGS AND SURVEYS 7

infinitely many binary collisions [34], whilst in the fully parabolic case they seem to agglomerate (numerically),
see [66, Fig. 7.1, p. 120].

Finally, let us state the assumptions on the initial conditions of the system:

(A) Fix r from (AX). Forany m >1, sup E|X7V|™ < 0o and supycy E [Huév * VNHTT(W)} < 00.
1<i<N,NeN

A sufficient condition for (A) to hold is that particles are initially i.i.d. with a law which is in L™ and ad < 1.

Solutions to (1) are understood in the mild sense. That is, given K satisfying (AX)-(AK), ug € L' N L™ (RY)
with » > max(p’, q’), and T > 0, a function u on [0, 7] x R? such that u € C([0,T]; L* N L™ (R%)) and

t
up = ePug — / V- (eB2(ug K s ug))ds, 0<t<T, (6)
0

is a mild solution to (1) on [0, T]. In [57] the existence and uniqueness of mild solutions for a general K satisfying
(AK)-(AL) is shown locally in time. One may also check case by case, depending on the kernel, if this solution
is global. Denote by Tihax the maximal time of existence of a solution to (1) in the above mild sense.

Before we pass to the main result, we show how to choose the cut-off parameter A (for the function F4) in
the definition of the particle system. Indeed, notice that there exists Cx q > 0 (which depends on a given K
and d only) such that for any f € L' N L™ (R?),

K * fllpoeray < Cra I fllLrnzr ey
Hence, for a local mild solution u on [0, 7], we will use the cut-off Ar := C 4 sup,<7 [|ut]| 1AL @)

2.2. Main results
The first main result is the following claim:

Theorem 2.1. Assume that the initial conditions {ud) } yen satisfy (A) and that the kernel K satisfies (AF).
Moreover, let (Ay) hold true. Let Tyax be the mazimal existence time for (1) and fix T € (0, Tynax)- In addition,
let the dynamics of the particle system be given by (4) with A greater than suitably chosen Ar.

Then, for any € > 0 and any m > 1, there exists a constant C' > 0 such that for all N € N*,

™ — UHT,LlﬁL"(Rd)HLm(Q) < C|llug = uollpinr-aa| Loy TONTE,

where
0 = min (ac,;(l—a(d—&—d(l—i)\/O))). (7)

It is clear from the definition (7) of ¢ that there is a trade-off between choosing « close to % (as imposed by
(A,), provided r < 2) so as to have more physical particles; and choosing « smaller (such that o = % (1 - ad),
for a given ¢ and assuming again that » < 2) so as to maximize the rate of convergence. The latter case could
be of importance in numerical applications.

As a corollary, we obtain the same rate for the genuine empirical measure of the system (4):

| sup Wl(va,Ut)HLm(Q) SCHHUéV_UOHleLT(Rd)‘
t€[0,T]

—ote
L’"L(Q) + C N )
where W; denotes the L' Wasserstein distance defined in Section 1.2.
We can also remove the cutoff Fiy from the drift of the particle system (i.e. we choose F4(x) =z in (4), or
equivalently A = 00), but the convergence will then be in probability.
Now we look at the behavior of the trajectories of our particles when N — oco. We have the following result:
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Theorem 2.2. Let the hypotheses of Theorem 2.1 hold. In particular, recall that u € C([0,T], L* N L™ (R%)).
Assume further that the family of random variables {X3, i € N} is identically distributed and that (ul’, ) —
{ug, p) in probability, for any ¢ € Cy(R?). Then, the empirical measure u¥ (defined as a probability measure
on C([0,T);RY)) converges in probability towards Q, which is the law of the unique weak solution of (5).

We emphasize here that without the convergence of uV in the convenient functional framework, it would
not be possible to obtain the propagation of chaos in this singular setting. Hence, the result of Theorem 2.1 is
very much related to the propagation of chaos and should be considered as the most important ingredient when
proving Theorem 2.2.

2.3. Important examples

First, we comment here how to check Assumption (AX). The first two points of Assumption (A¥) are simple
technical conditions and may not require specific comments, except that it would be interesting to lift the first
integrability condition in order to be able to consider more singular kernels. The third assumption is much

more interesting. A sufficient easier-to-check condition that in practice replaces (AX,) is the following:

(Af5;

) There exists r > max(p’,q’) and z € [p V q,+00] N (d,4+00] such that the matrix-valued kernel VK
defines a convolution operator which is bounded component-wise from L' N L"(R?) to L*(R?).

Then, K satisfies (AL,

) with the same parameter r and with { =1 — g.

Let us now consider the application of Theorem 2.1 to several classes of models:

e For Coulomb-type kernels, which includes the Biot-Savart kernel in dimension 2, the Riesz kernel with

s = d—2 and the Keller-Segel kernel, the convergence happens for any o < 2(+71) (note that in dimension

2, this accounts for choosing o = (%)_)7 the best possible rate of convergence is p = (m)7 for the

I
choice o = (m) :

e The 2d Keller-Segel model (K (z) = —X5:{71z). We recall that the PDE has a global solution whenever
the critical parameter x satisfies x < 87 (see [54]), and explodes in finite time otherwise (see [42,59]).
In Theorem 2.1, we get a rate for any value of x which is almost ﬁ. This result holds even if the
PDE explodes in finite time (y > 8). In that case, one works on [0,7] for any T' < Tiax-

e The Riesz kernels with s > d — 2 do not satisfy Assumption (AZL,). However, by imposing more
regularity on the initial conditions and smaller values of a (a < 2—1d), we obtain a rate of convergence
for singular Riesz kernels with s € (d —2,d — 1), see [57, Thm. 4.2]. In this framework (A¥) is replaced
by another set of hypothesis (A%) where the first one is (AX) with p = 1, the second one is identical
to (AX) and (AL)) is replaced by:

(AK,) There exists r € (d,00) and 8 € (£,1) and & € (0,1] such that for any f € L' N HZ(R?), one has for
some C' > 0

NC(K * f) < C||fHleHf(Rd)~

2.4. Main Ideas

We give here the main ideas for proving Theorem 2.1. To quantify the convergence of uV towards u one
derives the following mild formulation of the mollified empirical measure:

t 1 N t ) .
(@) = 2u 0)= [ VeI VY e P () ds=p 3 [TV X Y)-aw (8)
i=1
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A crucial property of the mollified empirical measure that one can prove using the above mild form is the
following: for ¢ > 1, one has

. E| s N4 . 9
Sup. Lg[gg i HLW)] <00 (9)

T7leLr(Rd)’ Lm(Q) in several
terms and using the assumptions on the kernel K and (9) the terms coming from the drift part are controlled in
such a way that the Gronwall lemma can be applied at the end. This is where the a€ term comes from in (7).

It remains to control in terms of N the moments of |M{ |11 (gay and || M} ||prga) where M} denotes the
last term in (8) (this control is also required in order to obtain (9)). This is the trickiest part of the proof. Note
that (|[M2]| Ll(Rd))S> , is not a martingale, but a stochastic convolution integral. To achieve the above controls,

In view of the mild formulations for u and u’V one can then develop H||uN — ul

we use a generalization of the Burkholder-Davis-Gundy (BDG) inequality in UMD Banach spaces (see [67]).
There is a classical trick to apply BDG-type inequalities to stochastic convolution integrals, however it only
leads to a bound on ||| M || 11 gayllLm (o) for a fixed t > 0, instead of a bound on || supye(o 4 MY || 11wyl m )
In order to keep the supremum in time inside the expectation, we will also use the lemma of Garsia, Rodemich
and Rumsey [36]. Besides, there is an additional difficulty here which is that L' is not a UMD Banach space,
hence the infinite-dimensional version of the BDG inequality cannot be applied directly. Once this is overcome,
we obtain a control in N that leads to the second term in the minimum appearing in (7) and this is where our
restriction on « comes from.

3. CONVERGENCE RATES FOR THE VLASOV-FOKKER-PLANCK EQUATION AND UNIFORM IN
TIME PROPAGATION OF CHAOS IN NON CONVEX CASES

This section is based on [37], in which the authors proved the existence of a contraction rate for Vlasov-
Fokker-Planck equation in Wasserstein distance, provided the interaction force is Lipschitz continuous and
the confining force is both (locally) Lipschitz continuous and provides a sufficiently restoring effect, without
necessarily being the gradient of a convex potential. Their strategy relies on coupling methods suggested by
Eberle [24] adapted to the kinetic setting enabling also to obtain uniform in time propagation of chaos in a non
convex setting.

3.1. Framework and results

Let U and W be two functions in C* (R?) and let us consider the N-particle system in R? in mean field
interaction

dX! = Vidt,

Vi e [1,N], (10)

N
, . , 1 ; :
dVi = v2dB] — Vidt — VU (X}) dt — ¥ E‘ 1 vw (XZ - Xi) dt,
=

where X} and V}! are respectively the position and the velocity of the i-th particle, and (B,f, 1<i<N ) are
independent Brownian motions in dimension d.

In statistical physics, (10) is a Langevin equation that describes the motion of N particles subject to damping,
random collisions, a confining potential U and interacting with one another through an interaction potential W,
which can be polynomial (granular media), Newtonian (interacting stellar) or Coulombian (charged matter).

Our goal is to understand what happens as N, the number of particles, goes to infinity. Intuitively, in a
system of N exchangeable particles in mean-field interaction, as N increases, two particles become more and
more statistically independent. This phenomenon has been stated under the name propagation of chaos, an idea
motivated by Kac [45], and greatly developed by Sznitman [63]. The notion of chaos refers to the independence
of particles, and the notion of propagation to the fact that it will often be sufficient to prove such limit as N
tends to infinity at time O for it to also hold at later time ¢.
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To prove such result, let us first determine a good candidate for the limiting process. The dynamics of the
first particle can be rewritten

dx} =V'at,
AV} = V2dBY — Viidt — VU (X}) dt — VW « p¥ (X}1) dt,

where we denote pY = % vazl 1) Xi the empirical measure. The symbol * refers to the operation of convolution.

As N goes to infinity, if there is indeed independence, we expect u to converge towards the law of X}. We
thus define the non linear stochastic differential equation of McKean-Viasov type

dX; = Vidt
AV, = \/2dB, — Vidt — VU (X3) dt — VW % g (X4) dt (11)
e = Law (X4) .

Here, (X, V;) € RY x RY, (By),s, is a Brownian motion in dimension d, and g, is the law of the position X;.
The Liouville equation associated to the process (11) is refered to as the Viasov-Fokker-Planck equation:

Oy (x,0) = =V, - (v (x,0)) + Vo - (v + VU (2) + VW * g (1)) vy (2, 0) + Vo (x,0)) (12)

where v(,v) is a probability density in the space of positions 2 € R? and velocities v € R¢, and

peta) = [ o)

is the space marginal of v;. In order to prove independence at the limit, we thus compare the law of the N
particle system to the law of N independent copies of process (11).
Let us detail the assumptions on the potentials U and W.

Assumption 3.1. The potential U is non-negative and there exist X > 0 and A > 0 such that

:C2
Ve € RY, ;VU(x)~x>)\<U(m)+|4>—A. (13)

The condition (13) implies that the force —VU has a confining effect, bringing back particles toward some
compact set. Since only the gradient of U is involved in the dynamics, the condition U > 0 is thus not restrictive
as it can be enforced without loss of generality by adding a sufficient large constant to U. This condition is
added in order to simplify some calculations.

Assumption 3.2. There is a constant Ly > 0 such that
Y(z,y) € R x R?, |VU (z) — VU (y) | < Ly|z — y).

In particular, non convex potentials U may satisfy the two assumptions.

Example 3.3. Assume d = 1. The double-well potential given by

25 2 .
U (x) = (x 1)2 if |z| g.l,
(Jzg| = 1) otherwise,

satisfies Assumptions 3.1 and 3.2.
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Assumption 3.4. The potential W is even, i.e. W () = W (=z) for all x € R?, in particular VW (0) = 0.
Moreover, there exists Lyy < A/8 (where X is given in Assumption 3.1) such that

Va,y € RY x RY, VW (z) — VW (y)| < Lw|z — y|. (14)

In particular VYW (z) | < Ly |z| for all x € R%.

Here we consider an interaction force that is the gradient of a potential W, as we stick to the formalism of
other related works (for instance [21]). Nevertheless, all the results and proofs still hold if VIV is replaced by
some F : R? — R? satisfying the same conditions. The confinement force may also be non gradient, however
considering VU simplifies the construction of a Lyapunov function.

The condition Ly, < A/8 is related to the fact the interaction is considered as a perturbation of the non-
interacting process studied in [25]. Therefore, VIW has to be controlled by VU in some sense.

Before proving a result of propagation of chaos, we are first interested in the long-time convergence of the
solution of (11) toward an equilibrium. The reason is that the coupling method used to prove the long-time
convergence will apply, up to some technical modifications, to the proof of propagation of chaos, while being
less cumbersome.

Our main results are stated in terms of an L' and L? Wasserstein distances on R?? as introduced in Section 1.2.
Please note below that the L' Wasserstein distance is slightly different, as we consider the distance between two
elements in (R2?)*, denoted ((X!,V1),...,(X* V¥)) and (X', V'), ..., (X'®,V'F)), to be | X! — X"1| + |V —
VA 4+ | XE— X*| [ VE— V7R

Theorem 3.5. Let U € C! (Rd) satisfy Assumption 3.1 and Assumption 3.2. There is an explicit ¢V > 0 such

that, for all W € C! (Rd) satisfying Assumption 3.4 with Ly < ¢V, there is an explicit T > 0 such that for all

probability measures vt and v3 on R4 with a finite second moment, there are explicit constants Cy,Cy > 0 such
that for allt > 0,
Wi (z/tl, uf) <e TCy, Wo (l/tl, th) <e TCy,
where v} and v? are solutions of (12) with respective initial distributions v} and V3.
In particular, we have existence and uniqueness of, as well as convergence towards, a stationary solution.

The second of our main results is then a uniform in time convergence as N — +oo of (10) toward (11).

Theorem 3.6. Let C° > 0 and @ > 0. Let U € C! (Rd) satisfy Assumptions 3.1 and 3.2. There is an explicit
W' > 0 such that, for allW € C! (Rd) satisfying Assumption 3.4 with Ly < ¢V, there exist explicit By, By > 0,
such that for all probability measures vy on R?? satisfying E,, (ea(‘XH"VD) <o,

_ kB, EN _®k kBs
w (Vk’N,V@’k)S—, Ws (1/’ 7 )S—,
1\ t \/N 2 t t \/N
k.N . . . . . . . 1 1 k k
for allk € N, where v;”"" is the marginal distribution at time t of the first k particles ((Xt SV )y ey (XE, VY )) of
an N particle system (10) with initial distribution (v9)®"N , while v, is a solution of (12) with initial distribution
o.
The speed of convergence in \/Lﬁ for the L' Wasserstein distance in the theorem above is consistent with the

usual speed given in [63] and following works. Notice however that the speed in L? Wasserstein distance is not
as good as usual results. This is to be expected as we will consider a purely L' coupling method, from which
the convergence in L? Wasserstein distance is merely a byproduct.

3.2. Description of the method

The idea behind the coupling method comes from [25]. To prove Theorem 3.5, we construct simultaneously
two solutions of (11) that have a trend to get closer with time, since an upper bound on the Wasserstein distance
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between two probability distributions is given by the construction of any pair of random variables distributed
respectively according to those. Have (X;,V}) be a solution of (11) driven by some Brownian motion (B;)i>0
and let (X}, V}) solve

dX|{=V/dt

dV} = V2dB; — V/dt — VU (X}) dt — VW = p, (X]) dt

py = Law (X{),
with (Bj),~, a d-dimensional Brownian motion. A coupling of (X, V) and (X', V’) then follows from a coupling
of the Brownian motions B and B’.

We identify three main behaviors. First, when one of the particles ventures at infinity, i.e when either
| X¢], [Vil, | X{], or |[V/| becomes too big, the friction and the confinement potential will tend to bring the particle
back into a compact set of R??. To translate this effect, we construct a Lyapunov function H.

We then observe that, by choosing B = B’, the Brownian noise cancels out in the infinitesimal evolution of
the difference (Z;, W;) = (X — X[, V; — V). This choice of coupling is named synchronous coupling. In that
case, the difference (Z;, W;) goes to 0 only thanks to the deterministic drift, as in [7] in the kinetic setting for
example (and earlier in the space homogeneous setting, see for instance [11,48,49] and references therein). Such
a deterministic contraction a prior: holds under very restrictive conditions, in particular U should be strongly
convex. In our case, and this is the second identified behavior, the calculation of the evolution of Z; and W;
shows that there is still some deterministic contraction when Z; + W; = 0. We can therefore use a synchronous
coupling in the vicinity of this subspace.

The last behavior, when the particles are outside of the contracting space {(z,w) € R??, z 4w = 0} and in
the compact set where the Lyapunov function is not sufficient, we use noise to get the processes closer together.
In order to maximize the variance of this noise, we use a so-called reflection coupling, which consists in B
and B’ being antithetic (i.e B, = —Bi) in the direction of space given by the difference of the processes, and
synchronous in the orthogonal direction. In other words, writing

Zi+W, :
oo { i s

otherwise,

we consider dBj = (Id - QetetT) dBy, where I; denotes the d-dimensional identity matrix and etT is the transpose
of e;. Levy’s characterization then ensures that it is indeed a Brownian motion.
We are thus led to the study of a suitable distance between the two processes of the form

pri= F(ro)(1L+ eH (X, Vi) + eH(XL, V),

with r; = a|Z| + |Z; + W], where «, € > 0 and the function f need to be carefully chosen in order for Ep; to
decay exponentially fast. This leads to several constraints, and we have to prove that it is possible to meet all
these conditions simultaneously.

Let us highlight the main points of the construction of the semimetrics. First, in order to deal with the kinetic
process (11), the standard Euclidean norm |x|? + |v|? is not suitable and one should instead consider a linear
change of variables, like (z,v) — (z,2 + Sv) for some S € R. This is the case when using coupling methods as
in [7,25] but also when using hypocoercive modified entropies involving mixed derivatives as in [3,13,41,64,68]
or modified Lyapunov functionals in [70] for instance, the link being made in [53]. This motivates the definition
of r above. Then, when using a reflection coupling, because of the symmetry of the noise, there is a priori no
reason why the noise should decrease r rather than increase it. To deal with this issue we modify this distance r
by some concave function f. The concavity is well adapted to It6’s formula, enabling the diffusion to provide a
contraction effect (in a compact set), as a random decrease in 7 has more effect on f(r) than a random increase
of the same amount. This method has been applied to elliptic diffusions in [24], see also [26]. Finally, we
multiply the distance by a Lyapunov function G, which has first been used for Wasserstein distances in [39].
That way, on average, f(r)G tends to decay because, when r is small, f(r) tends to decay and, when r is large,
G tends to decay.
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We now write this coupling. Let & > 0, and let r¢, sc : R?? — [0,1] be two Lipschitz continuous functions
such that :

ré® 4 sc? =1,
re(z,w) =01if [z 4+ w| < g or a|z| + |z +w| > Ry + &,
re(z,w) =1if |z +w| > € and afz| + |z + w| < R;.

These two functions translate into mathematical terms the regions in which we use a reflection coupling (rep-
resented by r¢ = 1) and the ones where we use a synchronous coupling (represented by sc = 1). Finally, £ is a
parameter that will vanish to zero in the end. We therefore consider the following coupling:

dX;, = Vidt

dVy = =Vidt — VU (X¢) dt — VW % py (X) dt 4+ /2re (Z, Wy) dBE¢ +\/2sc (Zy, W) dBg¢

e = Law (X;)

dX; = Vidt

AV, = —Vidt — VU (Xy)dt — VW  ji,(Xy)dt + /2rc (Zy, Wy) (Ig — 2ecel’) dBJ€ + V/2sc (Z;, Wy) d B¢
fir = Law(X,),

where B™ and B*¢ are independent Brownian motions, and

v ~ Qt if
Zt:Xt_Xt7 Wt:‘/;f_‘/h Qt:Zt“FWt’ er = |Q:| ! Qt #07
0 otherwise.

Calculations of the time evolution of the coupling semimetric yield
t
V0, elp<m | eKds 4
0

where M; is a continuous local martingale and, by regrouping the terms according to how we will use them

K= (et tr0+ (a4t + w12l ) £/ (00 ) (19
+4 <f” (ry) G + 24 max (1, 21(1) rof! (n)) re(Z, W)’ (16)
+ e (2B —7H (X0, Vo) = H(X0, ) £ (1) (a7)
¥ L () E(1Z0)) G + el (6-+ 83) (E(X00)* + EQKD)?) £ () (15)

Briefly,

e lines (15) and (16) will be non positive thanks to the construction of a ‘sufficiently concave’ function f
when using the reflection coupling,

e when only using the synchronous coupling, i.e when the deterministic drift is contracting, line (15) alone
will be sufficiently small,

e line (17) translates the effect the Lyapunov function H has in bringing back processes that would have
ventured at infinity,

e finally, line (18) contains the non linearity and will be tackled by taking Ly, sufficiently small.

Then, Gronwall’s lemma allows us to conclude on the long time behavior of the non linear process, i.e Theo-
rem 3.5, as the quantity p; controls the L' and L? Wasserstein distances.
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Obviously, for conciseness purposes, the reader is spared from the full calculations. We however wish to draw
their attention to what may constitute one of the most interesting aspect of a coupling method. Notice how,
in (15)-(18), the various expected behaviors of the stochastic particle can be observed. This shows that there
is a back-and-forth between the probabilistic understanding of the dynamics and the calculations. The choice
of the semimetrics was for instance motivated by the expected behavior of the processes, and conversely the
difficulties appearing in the calculations may highlight some physical phenomena concerning the particles, that
then motivate modifications in the studied quantities.

In order to prove Theorem 3.6 on propagation of chaos, the same method is applied, considering a coupling of
the N particle system (10) with N independent copies of the non linear SDE (11). Some technical difficulties (for
instance the expectations appearing in (18), coming from the non linear aspect of the processes, are replaced by
empirical means) coming from the interactions between particles must be dealt with by modifying the function
p, thus considering a new semimetrics.

We thus assemble various elements scattered in previous works such as [21] (which proves uniform in time
propagation of chaos in the space homogeneous case), [25] (which focuses on the long-time of convergence of
(11) without interactions, i.e in a linear case) and [26] (which proves the long-time of convergence of (11) in
the space homogeneous case) and doing so requires to perform several careful estimates to improve upon these
works and obtain both Theorems 3.5 and 3.6. We refer to [37] for more details.

4. METASTABILITY FOR A SYSTEM OF INTERACTING NEURONS

This section is based on [47], to which we refer for details and proofs.

4.1. The model and questions

Let us consider a very elementary model for a network of N interacting neurons, introduced in [35]. A neuron
is only described by its membrane potential u; > 0, i € [1, N], and it emits spikes at a rate A\(u;). When a
neuron spikes, its potential is reset to 0 and the potential of all the other neurons is increased by a fixed value

h/N for some h > 0. Between these jumps, the potential depletes at constant rate, namely dyu; = —au; for
some a > 0. As a summary, the network is described by the Markov process UYN = (UN,...,UY) on Rf with
generator

N

Ap(u) =Y Mus) [p(u+ Ai(w) = p(w)] — au- V(u),

i=1
where
h . .
Aw);={ N 7D
@), ={ ¥, 470
We assume that the jump rate is bounded, increasing (which means the interaction has an excitatory effect),
Lipschitz, and that A(0) = 0.
An interesting feature about this model is the following. Denote by (T, )nen the random jump times of the
process. Duarte and Ost have proven in [20] that almost surely there is only a finite number of spikes, i.e.

Ly :=sup{T,,n e N,T,, < o0} < 00.

This is similar to results on models for population dynamics which exhibit an almost sure extinction. However,
an important difference is that Ly is not a stopping time. Indeed, the event {Ly < t} is measurable with
respect to the future trajectory {U% (s),s > t}, not the past. After time Ly, the process goes at rate a toward
zero, and in particular the Dirac mass at zero is the only invariant measure of the process.

Besides, when N is large, the number of spikes in a given time interval is of order N, approximately deter-
ministic due to the law of large numbers, each of them inducing an increase of order 1/N on the potentials of
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the neurons. It is clear that this mean field interaction will produce, as N — oo, a deterministic drift. In other
words as N — oo, the trajectory of a neuron is expected to converge to a process U solving

dU(t) = —aU (t)dt + hE(\(U(t)))dt — U(t—)/]R L <xn@—yyym(dt, dz), (19)

where 7(dt, dz) is a Poisson random measure on R, x R, having intensity dtdz. In other words, U is reset to
0 at rate A(U(t)) and, otherwise, follows the deterministic flow dyu = —au + hE (A(U(t))).

Now, assume that there exists a non-zero stationary distribution of the non-linear equation satisfied by the
law of U. If we consider a system of N interacting neurons with independent initial conditions distributed
according to this positive stationary distribution then, on any finite time interval, for N large enough, the
system will behave similarly to N independent copies of the non-linear process (19), and in particular the
empirical measure of the system should stay approximately constant. This implies that Ly should go to infinity
in law as N — 4o00. Again, we recover a situation which is classical for population models, where a stochastic
birth-and-death chain with almost sure extinction converges to an ODE with a positive attractive stable point.
Then, the process remains for very long time close to the deterministic equilibrium, before a large random
deviation from this limit behavior leads to extinction. Moreover, in this case, due to some renewal mechanism,
the extinction time, normalized by its expectation, converges in law toward an exponential variable, which
means the extinction is unpredictable. This behavior (fast convergence toward a local equilibrium, long time
spent there, unpredictable random exit toward another equilibrium) is called a metastable behavior.

The topic of [47] is the study of the metastable behavior of the system of interacting neurons UY. More
precisely, this means addressing the following questions: can we prove that Ly goes to +00 as N — 400, with a
quantitative speed? Are there non-zero stationary distributions for the non-linear limit process, and in that case
are they stable and is the Dirac mass at zero unstable? Does Ly /E(Ly) converge to an exponential variable?

Some difficulties with respect to the study of birth-and-death processes are the following: the limit process is
a PDE instead of a one-dimensional ODE. The state space of the process UV depends on N. The last spike time
Ly is not a stopping time. Also, by comparison with other classical works (for instance in the other sections
of this proceeding) the non-linear limit process is not a diffusion, it corresponds to a non-local PDE with no
regularization properties.

4.2. The results

Similarly to the population dynamics cases, the metastable phenomenon is not expected for all values of
the parameters but only when the excitatory part is stronger than the inhibitory part. For simplicity, assume
that A(u) = min(ku, \,) for some parameters k, A\, > 0 (the framework of [47] is slightly more general, but this
particular form is needed for some results). When a neuron’s potential is close to 0, its jump rate is increased
by kh/N when another neuron spikes. On the other hand, when a neuron spikes, at most, its jump rate goes
from A, to zero. Hence, setting a = a/(kh) and b = A, /(kh), the excitatory regime corresponds to small values
of a and b. The results of [47], which partially answer the previous questions, are represented in Figure 1 and
listed here:

e First, if @ > 1 (blue part of Figure 1), the only stationary distribution for the non-linear system is
the Dirac mass at zero, and it is asymptotically stable: all other solutions converge exponentially fast
toward this equilibrium (with the Wasserstein distance).

e On the contrary, if a < 1 (yellow, orange and red regions of Figure 1), there exists at least one non-zero
stationary solution for the limit equation, and the solution zero is unstable: for all non-zero initial
condition, lim inf E(A(U(¢))) > 0 as t — +oo.

e If a +b < 1 (orange and red parts of Figure 1), there exists an explicit £ > 0 such that
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extinction
for the limit process

survival
for the limit process

exponentially long survival
for a finite size system

global attraction
for the limit process

exponential exit times
for a finite size system

FIGURE 1. Summary of the results of [47], dependending on the parameters a = a/(kh) and b = A, /(kh).

under mild conditions on the initial distribution (which hold for instance if initially the particles are
independent and identically distributed according to a non-zero distribution).

e If @ and b are small enough (with an explicit condition represented as the red parts in Figure 1), the
non-zero stationary distribution for the limit process is unique and globally attractive: all solutions
converge exponentially fast to it (with the Wasserstein distance).

e If a and b are small enough (with an explicit condition, stronger than the previous one, which is
represented in deep red in Figure 1), considering the stopping time 7y = inf{t > 0, Zfil AUN (@) <
N~} for some sufficiently small threshold v > 0, then 7 /E(7x) converges in distribution to a standard
exponential variable.

As we see, the asymptotic exponentiality of Ly /E(Ly) is not established. However, 7y is related to Ly, since
the probability that Ly <t given that 7y > t is exponentially small with N and, conversely, if Ly < t, then
the process will deterministically decay after time ¢ and thus will fastly reach the time 7y (see [47, Remark 3.3]
for details on the comparison between 7 and Ly).

We refer to [47] for the formal statements and the complete proofs of the results mentioned above. However,
in the next section, let us discuss a key ingredient in these arguments.

4.3. Synchronous couplings

In our context, a synchronous coupling is a simultaneous definition of two different jump processes in such
a way that, as much as possible, they jump at the same times. This can be done by using the same Poisson
measure to define the jump times (see also [23] for a detailed construction). If A; and Ao are the respective
jump times of the processes (X;);>0 and (Y;)¢>0, then synchronous jumps for the pair (X;,Y;) occur at rate
min(A; (X%), A2(X¢)) and asynchronous jumps (at which only the process with the highest jump rate jumps)
occur at rate [A1(X¢) — A2(Yz)]. This is somehow an analogous of the parallel coupling of two diffusion processes
solution to some SDEs, where the same Brownian motion is used to drive both equations, as in some part of
the space in the problem studied in Section 3. Notice that, by contrast to Section 3, in the present case, we will
not use the noise to get two processes closer. If we wanted to, it would not be clear how to define an analogous
of the reflection coupling of Section 3 for general jump processes, however we refer to [22] where this is done for
a velocity jump process.

Most of the proofs of [47] are based on the synchronous coupling of two suitable processes.

First example: in order to obtain quantitative propagation of chaos estimates, namely the convergence in
some sense of the interacting process UV toward the limit process U, an interacting system UY is synchronously
coupled with N independent copies of U, with U;(0) = U (0) (more precisely, for all i € [1, N], the pair of
particles (UY,U;) are synchronously coupled). We get that the distance between these two systems remains of
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order v/N (and not N as would be the case of independent processes), which means the distance between U}Y
and U; for a fixed i € [1, N] is of order 1/v/N.

Second example: in order to obtain the long-time convergence of the limit system toward a unique stationary
distribution, two non-linear processes U and U with different initial distributions are synchronously coupled.
We get, first, that ENT(t)) — AM(U(t))] < Ce "t for some C,r > 0, which in turns allows to prove that
E|U(t) — U(t)| < Ce", and thus a convergence in Wasserstein distance.

Last example: in order to bound Ly, one would like to understand the behavior of the average jump rate
An(t)=1/N Zfil A(UN(t)). Unfortunately, this is not a Markov process, namely its evolution does not depend
only on its value at time ¢ but on the whole system U™ (t). However, we can get some worst case bounds on
the evolution of Ay, namely O;An > —rAy for some r > 0 between jumps and Ay (T) > f(An(T—)) for some
explicit function f at a jump time 7. Moreover, the jump times occur at rate NAy. Thus, we can couple
synchronously Ay with a Markov process (Zn(t));>0 on R4 which jumps at rate NZy(t) to f(Zn(t—)) and
otherwise follows the deterministic flow 0;Zy = —rZy. That way, we ensure that, almost surely, Zy (t) < Ay (t)
and moreover all jump times of Zy are jump times for Ay (and in particular Ly is larger than the last jump
time of Zy). Now, Zy is a very simple one-dimensional Markov process which can be shown to converge to a
deterministic ODE as N — 400, to which standard Large Deviations results apply, yielding the desired bounds.

5. RATES OF CONVERGENCE TO STEADY STATES FOR OSCILLATOR CHAINS

The objective of this section is to present quantitative rates of convergence to a stationary state for a family
of heat conducting systems consisting of a chain of interacting oscillators. This is based on the results of the
articles [4,52] to which we refer for the proofs.

The motivation for this study is the rigorous mathematical understanding of Fourier’s law. Fourier’s law is a
physical macroscopic law that relates the local thermal flux J(t, ) to small variations of temperature VT'(¢, x)
through a proportionality constant «(T") known as thermal conductivity:

J(t,x) = —r(T)VT(t,x).

At the microscopic scale, matter is made out of particles assumed to evolve according to the classical laws
of mechanics, and one of the goals of statistical physics is to model heat conductivity through a system of
interacting atoms and to achieve a rigorous derivation of constitutive laws such as Fourier’s law [8,19, 32, 46].
Understanding macroscopic laws of matter when starting from a microscopic system of interacting atoms is a
challenge addressed to mathematicians by Hilbert in his 6th problem [43].

A paradigmatic set up where Fourier’s law is observed to hold with high precision is when one considers a
fluid in a cylindrical slab of height h and uniform cross sectional area A, coupled at the two boundaries, the top
and the bottom of the cylinder, to two heat reservoirs at different temperatures. This is known as the Benard
experiment [8]. The two heat reservoirs keep the system out of equilibrium and produce a stationary heat flow.
If there is a non-equilibrium steady state (NESS) that is described by a phase-space measure, one would like to
prove that the following limit exists:

- (I ()
0 N):=1 —_—
<w(N) = i BTN
where N is the microscopic length of the cylinder,

ST Th-T,
N N
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is the effective temperature gradient, (JV(¢,x)) is the expectation of the heat flux with respect to the non
equilibrium steady state and where we write J~ (t,x) to stress the dependence of J on N. The above limit
allows us to define the thermal conductivity and the very existence of the limit is a formulation of Fourier’s law.

Our purpose is therefore to investigate how certain quantities, such as the relaxation rates to the NESS of
such systems (the spectral gap of the associated dynamics), scale with the system size, since these are crucial
to making sure that the thermal conductivity has a thermodynamic limit.

5.1. The model and state of the art

The model we focus on is a prototypical example of out-of-equilibrium systems and is a generalized version
of the historical Fermi-Pasta-Ulam (FPU) chain. It consists of a chain of N interacting oscillators on the
phase space R??N where the variables are g;,p; for i = 1,..., N: the displacements of the particles from
their equilibrium positions and their momenta, respectively. Each particle has its own pinning potential and
it interacts with its nearest neighbours through an interaction potential. We call H the Hamiltonian energy,
whose precise expression as a function of the pairs (g;, p;) will be given below.

The dynamics of this model is such that the particles at the boundary are coupled to heat baths, modelled by
Langevin (Ornstein—-Uhlenbeck) processes at (possibly) different temperatures 8, 1 i € F and they are subject
to friction. F C {1,..., N} here is the subset of the particles on which we impose friction and noise and we
also denote by ~; > 0 the friction strength at the i-th particle.

The time evolution is then for particles i € {1,..., N} described by a coupled system of SDEs:

dqi (t) = V;Di Hdt,
27i (20)
dpi(t) = -V, Hdt + 0icr | —vip: dt + 3 dWi(t) .

The generator of the dynamics when F = {1, N} is:

N
L= Z[ijH] : vqj - [quH] ! vpj — 71P1 - vm — YNDPN * va + ’YlTLApl + 'YNTRApNv (21)

j=1

where T, Tk are the (possibly) different temperatures at the left and right boundary of the network of oscillators.

One of the main difficulties when studying out-of-equilibrium systems is the degeneracy of the systems. In
particular, apart from the fact that the kinetic operator £ is not self-adjoint, we notice that it is not elliptic,
neither coercive. Therefore the validity of functional inequalities such as Poincare or Log-Sobolev inequalities
is not straightforward.

5.1.1. State of the art

The non-equilibrium steady state for the purely harmonic chain, i.e. when both potentials are quadratic
(harmonic), was made precise in [61]. Anharmonic chains were studied in various works [10, 17,27, 28, 44,
60], where existence, uniqueness of a non-equilibrium steady state and exponential convergence towards it
were proven in certain cases. More specifically the existence, uniqueness of a steady state and exponential
convergence, hold under the assumptions that both the interaction and pinning potentials behave as polynomials
near infinity and that the interaction is stronger than the pinning potential. The last assumption is important
as there are some works which exhibit cases where the relaxation rate is not exponential, i.e. where there is
lack of spectral gap [38,40].

The proof of the above-mentioned results that provide convergence to the stationary measure relies on
compactness arguments and thus they do not give information on how the speed of the convergence behaves
as a function of N. Attempts have been made through hypocoercive techniques to get N-dependent estimates
under certain conditions on the potentials: see the discussion in [68, Section 9.2] where this question was first
raised. The techniques discussed in Villani’s monograph however only yield non-optimal estimates.
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5.2. Main results

5.2.1. On the long time behavior

Regarding the long time behavior of the system, we provide explicit rates of convergence to the non-
equilibrium steady state (with optimal lower bound) in a 1-dimensional weakly anharmonic scenario, i.e. when
both potentials are N-dependent perturbations of the harmonic ones.

The first statement concerns a contraction property in L? Wasserstein distance (see Section 1.2).

Theorem 5.1. We consider a 1-dimensional chain of coupled oscillators with rigidly fixed edges so that the
dynamics are described by the system (20) with

(P @ (g = @) o @ | 4k
Hp.q) = Z (21 + a?z + Upm(qi)) T Z <C2 + Uine(@it1 — %)) tog Fes
=1 i=1

fora>0,c> 0 and under the assumption that

sup [|[V2Upi (¢)l2,  sup VAU, (ri)]l2 < CY
qi Ti

where r; = qiy1 — q; and CN < N=92. 1 For a fired number of particles N, there is a unique stationary state,
in particular, for initial data f3, f& we have:

WP*]_P*2<C N%*%tw 1 2
2(PL fo, Py fg) < CacN7e 2(fo: )

for Cy c, Ao dimensionless constants.

The proof relies on

e an application of a generalized version of the T's-calculus of Bakry-Emery [2] for elliptic operators
recently generalized by Baudoin for hypoelliptic operators [3] and
e a careful analysis of a high-dimensional matrix equation.

The generalised I's-calculus allows us to prove the validity of a Log-Sobolev inequality for the invariant
measure, with constant Cy < N3. With this inequality in hand we also give a convergence to the stationary
measure in relative entropy as in [68, Section 6]. We first recall the definitions of the following functionals:

For two probability measures ;1 and v on R?YN with v < 1, we define the Boltzmann H functional (relative
entropy)

H,(v) = /RQN hlogh du, v = hu

and the relative Fisher information

2
IM(V):/ |V:| dp, v = hy.
R2N

Theorem 5.2. We consider a weakly anharmonic 1-dimensional chain of coupled oscillators with rigidly fixed
edges whose dynamics are described by the system (20) under the same assumptions as in the Theorem 5.1
above. For a fixed number of particles N, assuming that (i) u is the invariant measure for Py and (ii) p satisfies
a Log-Sobolev inequality with constant 0 < Cny < Cr, 4N3, for all 0 < f € L*(u) with

E(f) < oo, and /fduzl,

1This is what we call a weakly anharmonic chain of oscillators.
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we have a convergence to the non-equilibrium steady state in the following sense:

Hy(Pof) + Lu(Pifp) < AaeN3e 2N U(HL(fu) + L(f1)) (22)

for dimensionless constants Mg ¢, Ao.
5.2.2. On the spectral gap

Furthermore, we study the spectral gap for purely harmonic chains and d-dimensional grids of oscillators,
and prove the optimal lower and upper bounds. We also treat non-homogeneous scenarios where the coefficients
of the pinning potentials are not identical. In particular we look at chains of oscillators with an impurity (so
that the particle in the middle of the chain has pinning potential significantly weaker than the pinning potential
of all the other particles) as well as at disordered chains of oscillators. As regards the d-dimensional grids, the
spectral gap depends on which particles are exposed to friction. These are explained in the statement below.

Our setting is the following. From now on we use the notation [N]¢ := {1,..., N}¢. We look at the system
(20) with F C [N]¢ and

(p, m;\} aD)
H(q,p) = ——5 " + Vaelg) where Vaola) = Y aila® + Y eijlas — g,/ (23)
i€[N]d invg

Theorem 5.3. Let the positive masses m; and interaction strengths c; of all oscillators coincide, N be the
number of oscillators, placed in a square grid with N oscillators on each side, and d the dimension of the
network.

e (Homogeneous chain): Let the pinning strength a; be the same for all oscillators, then

(1) if two particles located at the corners (1,...,1),(N,...,N), are exposed to the same non-zero
friction and non-zero diffusion, the spectral gap of the generator decays at the optimal rate N—3%:

AN = O(N_Sd).

In particular for the one-dimensional chain of oscillators Ay = O(N~3).
(2) if the same non-zero friction and non-zero diffusion for particles located at the center of two opposite
edges of the network

(1, [N/2],...,[N/21), (N, [N/2],..., [N/2]),

the spectral gap of the generator decays at the optimal rate N=3~(d=1: N\ = O(N—3-(d=1),
(3) if d =2 and the particles exposed to the same non-zero friction are located at opposite edges of the
network, the spectral gap satisfies \y < O(N~°/2).
e (Chain with impurity): Let N be even. We assume that all masses and interaction parameters are
positive and coincide and the friction parameters y; of the boundary particles

OIN|*:= {i € [N]% 3iy, :in, € {1,N}} of [N]?

satisfy sup;conye Vi € (0,¢) where ¢ is independent of N and the friction is non-zero on at least one
boundary edge. Then, if the pinning strength a.,(n) at the center point cq(N) = (N/2,..,N/2) of the
network is sufficiently small compared to the pinning strength of all other oscillators, the spectral gap
AN of the generator decays at least exponentially fast in N, for all d > 1.
In dimension 1 this rate is the optimal one.
e (Disordered chain): We assume that all masses and interaction parameters are positive and coincide
and the friction parameters v; of the particles at the boundary

O[£N]? := {i € [£N]% ||iloc = N} of the network [£N]* := {-N, ..., N}¢
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satisfy SUPjea+N)d Vi € (0,¢) where ¢ is independent of N and the friction is non-zero on at least one
boundary edge. Then, if the pinning strengths are iid random variables distributed according to some
compactly supported density p € C.(0,00), the spectral gap Ay of the generator decays exponentially fast
i N, for all d > 1, for all but finitely many N.

The proof relies on an approach for studying non-symmetric spectral problems that reduces the problem to a
spectral analysis of discrete Schrodinger operators. Using a Wigner matriz representation we reduce the study
of this high dimensional spectral analysis to the study of resolvents involving only the heat bath sites.

The reason for the different behaviors of the spectral gap Ay as a function of the number of particles N in these
three different physical scenarios, is because the spectral gap of the generator (21) with the quadratic potentials
(23) is determined -under a constraint on the spacing between its eigenvalues- by the decay rate of eigenstates
of the discrete Schrodinger operator —Ayje + V. Here Apyja is the Neumann Laplacian weighted with the
interaction strengths and V is a potential fully defined through the pinning coefficients: V = Zie[N]d a;0;,
where (0;(u))(j) = d;u(i). Considering now that in the limit N — oo, the associated Schrédinger operator
in the homogeneous setting has absolutely continuous spectrum with extended eigenstates, while in the strong
impurity and the disordered setting it has -at least one- exponentially localized state, explains the polynomial
decaying of the Ax in the homogeneous case and the exponential decaying in the non-homogeneous settings.
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