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A THREE-PHASE EQUATION OF STATE FOR SHOCK-INDUCED
PHASE TRANSITIONS IN TIN
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Abstract. This paper addresses the construction of an equation of state considering
three phases of tin for shock-induced phase transitions. First we present general results
on such an equation of state which ensure the existence and uniqueness of the problem of
maximization on the mixture entropy. Next, a multiphase equation of state under strict
thermodynamic equilibrium is obtained using a combination of tabulation and Newton-
Raphson iterations. Using this equation of state calibrated with standard static and
dynamic experimental data, negative values of the fundamental derivative appear in the
(β/γ) mixture zone. A major consequence is the occurrence of composite waves for
shock-induced (β → γ) phase transition. We construct the five self-similar reference so-
lutions, using Hugoniot relations and Riemann invariants. Finally, numerical simulations
are provided, illustrating these self-similar regimes of the (β → γ) phase transition at
thermodynamic equilibrium for increasing piston velocities.

Résumé. Cet article aborde la construction d’une équation d’état prenant en compte
trois phases de l’étain pour les transitions de phase induites par choc. Tout d’abord, nous
présentons des résultats généraux sur une telle équation d’état, qui garantissent l’existence
et l’unicité du problème de maximisation de l’entropie de mélange. Ensuite, une équation
d’état multiphase à l’équilibre thermodynamique strict est obtenue en utilisant une méth-
ode combinant tabulation et itérations de Newton-Raphson. En utilisant cette équation
d’état calibrée sur des données expérimentales statiques et dynamiques de la littérature,
des valeurs négatives de la dérivée fondamentale apparaissent dans la zone de mélange
(β/γ). Une conséquence importante est l’apparition d’ondes composites pour des tran-
sitions de phase (β → γ) sous choc. Nous construisons les cinq solutions auto-similaires
de référence, en utilisant les relations de Rankine-Hugoniot et les invariants de Riemann.
Enfin, des simulations numériques sont présentées, illustrant ces régimes auto-similaires
de la transition de phase (β → γ) à l’équilibre thermodynamique pour des vitesses de
piston croissantes.
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Introduction

Phase transitions appear in many applications and models can vary considerably depending on
the material and experimental conditions. In the case of high dynamic loads, solids have to be
considered as compressible materials, so that different solid phases of the material may appear.
This question has been investigated for a long time, for instance in [8, 13, 36]. In this paper, we
concentrate on solid β, solid γ, and liquid phases of tin. In particular, the phase diagram includes
one triple point, which will be our reference to construct the equation of state describing the
thermodynamic behavior of the material, including all the phase transitions.

Here, the dynamics of the material is governed by the Euler equations, written in time-mass
Lagrangian coordinates (t,m): 

∂tτ − ∂mu = 0,

∂tu+ ∂mP = 0,

∂te+ ∂m(uP ) = 0,

(1)

where τ , u and e respectively are the specific volume, the velocity and the specific total energy,
while the pressure P is linked to the other variables by{

ε = e− 1
2 |u|

2,

P = P (τ, ε),
(2)

where ε is the specific internal energy. Such a model, based on mass, momentum and energy
conservation is able to reproduce shock waves, but also dynamic phase transition fronts, when the
pressure law is sufficiently realistic.

Equations of state which include phase transition do not fulfill classical convexity assumptions,
leading to composite waves, so that the analysis and the approximation go beyond the standard
framework, see for instance [18,26].

When using classical Euler equations (1), all the thermodynamic information is encoded by
function P (τ, ε) which has to provide appropriate values for separated phases but also good ap-
proximations of the transitions between phases. The construction of such pressure law is far from
been obvious, direct interpolation of experimental measurements leads in general to numerical in-
stabilities and possible crash of the simulation code. A common way of deriving a multiphase
equation of state is to construct first a mixture entropy which is the weighted sum of the entropies
of each phase, the weights being the mass fractions. To deduce the multiphase equation of state, it
suffices to maximize this mixture entropy over all possible mixtures, which is equivalent to impose
the thermodynamic equilibrium, see for instance [9,14,18] and reference therein. In this paper, we
first sum up this process of construction in the case of an arbitrary number of phases, and propose a
simple assumption which ensures the compatibility of the single phase entropies so that the thermo-
dynamic equilibrium can be explicitly described. This assumption also enables a full description of
triple points. Here, each phase is described by a complete Mie–Grüneisen equation of state [15,22].
In practice, all this derivation is very sensitive with respect to the coefficients of the single phase
equations of state, so that the whole process of construction of the three-phase equation of state has
to be carefully done with respect to experimental data, see [31] for more details on the calibration
and the data sets we used.

During numerical simulations with the Euler equations (1), the multiphase equation of state may
be called several times by cell and time step, so that the associated procedure has to be very efficient.
On the other hand, in order to obtain results of arbitrary precision, it seems unavoidable to solve
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the maximization process when phase transitions are present. In order to balance the accuracy and
the computational cost of the method, we propose a hybrid technique, using a tabulated partition
of the phase space which ensures the direct use of single phase Mie–Grüneisen equations of state
when only one phase is present, while the maximization problem is solved only in the vicinity of
phase transition regions by a Newton–Raphson method initialized with a coarse grid tabulated
data. (Note that this problem can be explicitly solved in the zone which corresponds to the triple
point.) As a result, the overall cost of calculation is more than acceptable, since only cells near
phase transition fronts require the use of the Newton–Raphson method.

The outline of this paper is the following. In the first section, we first recall the theory of general
mixture of immiscible phases, showing in particular how the phase space is partitioned according to
the maximum reached by the mixture entropy. We provide detailed description of the equilibrium
mixture zones, including the triple point, by the use of hypothesis 1.2 between the single phase
equations of state. In a second stage, we describe the hybrid method for the implementation
of the equation of state: how the lines which separate the different zones are constructed and
discretized, and how tabulation is used to call the maximization problem only on the mixture
zones. In Section 3, we provide the three Mie–Grüneisen equations of state, with explicit values
of all the coefficients for the β, γ and liquid phases of tin. This allows the construction of exact
self-similar solutions composed by constant states separated by shock waves, phase transition fronts,
and isentropic compression waves. In the last section, some numerical results are given, using first-
and second-order accurate Godunov-type schemes, showing expected profiles, with respect to exact
solutions.

1. Construction of a multiphase equation of state at thermodynamic
equilibrium

We consider a continuous material and want to describe the possible phase transitions according
to its specific volume τ and specific internal energy ε. Each possible phase is described by an asso-
ciated equation of state, and we invoke the thermodynamic equilibrium to construct the complete
equation of state, which includes phase transitions. We provide first a general framework for an
arbitrary number of phases, under a compatibility assumption on the single phase equations of
state. In the second part, we study the particular case of tin, with just three possible phases: solid
β and γ, and liquid.

1.1. The continuous material as a mixture of phases

The continuous compressible material is considered as a mixture of n immiscible phases, n ≥ 2,
see for instance [6]. Each phase is represented by a number α ∈ [[1, n]]. We define τα and εα the
specific volume and the specific internal energy of α phase, and the space of admissible states as

F = {(τ, ε) | τ > 0, T > 0}, (3)

where T is the temperature, given later thanks to the equation of state (5).
For the moment, we assume that all the phases are defined for all values of (τ, ε) in F , which is of

course not the case from the physical point of view. The question is to identify the phases which are
present from the knowledge of the specific volume of the mixture τ , and its specific internal energy
ε, leading to the so-called phase diagram. This is done by the computation of the thermodynamical
equilibrium.
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We assume that the thermodynamic behavior of each α phase of the material is described by a
complete equation of state so that we can define its specific entropy

(τ, ε) 7→ sα(τ, ε) (4)

satisfying the fundamental relation of thermodynamics

Tαdsα = dεα + Pαdτα, (5)

meaning that pressure Pα and temperature Tα write

Pα =
∂τsα
∂εsα

, Tα =
1

∂εsα
, (6)

while the Gibbs free energy Gα is defined by Gα = εα + Pατα − Tαsα. We also assume that the
specific entropy sα ∈ C2(F) is strictly concave for each α ∈ [[1, n]], in the sense that the Hessian
matrix D2sα is negative definite on F .

We now consider a mixture of different phases of the material. We note τ the global specific
volume, and ε the global specific internal energy of the material, assuming (τ, ε) ∈ F . Since we
consider immiscible phases, we have(

τ
ε

)
=

n∑
α=1

λα

(
τα
εα

)
with

n∑
α=1

λα = 1, (7)

where λα ∈ [0, 1] is the mass fraction of α phase. In the case when all phase states (τα, εα)1≤α≤n

are different, the mass fractions can be seen as barycentric coordinates:

λα =
τ −

∑
θ ̸=α λθτθ

τα
=
ε−

∑
θ ̸=α λθεθ

εα
. (8)

One can also define two other fractions of a α phase, namely the volume fraction zα and the energy
fraction ψα, by (

zα
ψα

)
= λα

(
τα/τ
εα/ε

)
. (9)

Here again, these fractions belong to [0, 1] and their sum is equal to 1. It is worth to note that the
following equivalences hold: for any (τα, εα) and (τ, ε) in F ,

λα = 0 ⇐⇒ zα = 0 ⇐⇒ ψα = 0. (10)

We now consider a given global state (τ, ε) ∈ F of the mixture, and define the set of admissible
mixtures by

D(τ, ε) = {(λα, τα, εα)1≤α≤n ∈ ([0, 1]×F)n | equalities (7) hold} . (11)

From now on, we assume that (τ, ε) ∈ F and (λα, τα, εα)1≤α≤n ∈ D(τ, ε), and introduce the notation
of the triplet Wα = (λα, τα, εα) ∈ [0, 1]×F . By additivity, the specific entropy of mixture is defined
as

s : (τ, ε, (Wα)1≤α≤n) 7→
n∑

α=1

λαsα(τα, εα). (12)
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Following for instance [9], one can show that the specific mixture entropy at a fixed value of (τ, ε):
(Wα)1≤α≤n 7→ s(τ, ε, (Wα)1≤α≤n) is concave but not strictly concave in D(τ, ε).

1.2. The mixture at thermodynamic equilibrium

We can now study the thermodynamic equilibrium in order to deduce the phases which remain
present and their repartition in terms of mass fraction. To do so, it is sufficient to maximize the
mixture entropy s on the set of all physical mixtures described by equations (7) and the set D(τ, ε).

At this stage, it is important to note that the thermodynamic equilibrium and the associated
phase diagram will be described in terms of variables τ and ε, while it may be simpler to use the
variables P and T , see [10]. The reason is that we intend to include the resulting equilibrium
equation of state in Euler equations, where τ and ε are primitive variables, see (1)-(2).

Definition 1.1 (Thermodynamic equilibrium). For all (τ, ε) ∈ F , the equilibrium entropy seq is
defined by

seq : (τ, ε) 7→ max
(Wα)1≤α≤n∈D(τ,ε)

s(τ, ε, (Wα)1≤α≤n). (13)

The equilibrium entropy seq describes the thermodynamic behavior of the continuous material.
As a consequence, the thermodynamic equilibrium associated with a global state (τ, ε) is defined
by any admissible mixture (W∗

α)α that maximizes the mixture entropy s.
Here are some properties of the equilibrium entropy seq, see for instance the Faccanoni’s thesis [9]:

• seq ∈ C1(F),
• seq is concave but not strictly,
• the graph of seq is the concave hull of (τ, ε) 7→ maxα∈[[1,n]] sα(τ, ε).

Let us now describe the mixture at equilibrium, and in particular identify the phases which
are present. To do so, additional assumptions are needed since many degenerate cases can occur.
In [9], the case of two phases is studied and compatibility conditions are introduced between the
phase entropies. In the case of a general number of phases n ≥ 3, it seems difficult to extend these
compatibility conditions, and we prefer to introduce a condition using the tangent plane to the
graph of seq, which implicitly constrains phase entropies sα between each other.

For any given state w = (τ, ε) ∈ F , we consider the tangent plane to the graph of seq at point
w, defined by the affine function

∀w̃ ∈ F , ϕeqw (w̃) = seq(w) +∇seq(w)(w̃ − w).

Let A(w) ⊂ [[1, n]] be the set of phases whose graph of entropy sα intersects this tangent plane, that
is to say

A(w) := {α ∈ [[1, n]] s.t. ∃w∗
α ∈ F , sα(w∗

α) = ϕeqw (w∗
α)}. (14)

For each α ∈ A(w) phase, the (strict) concavity of sα implies the uniqueness of the intersection
point w∗

α. For the rest, we explicit the dependence w.r.t. w, i.e. we use the notation w∗
α(w) for these

intersection points. In order to eliminate the pathological cases and focus on realistic situations,
we make the following assumption:

Hypothesis 1.2. For all w ∈ F , #A(w) = dim C(w) + 1, where C(w) the set of states w̃ ∈ F such
that seq(w̃) = ϕeqw (w̃).
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Since C(w) ⊂ F , dim C(w) ≤ 2. Moreover, C(w) is a closed convex set, which includes the states
(w∗

α(w))α∈A(w). Thanks to the assumption, C(w) is uniquely defined by the states (w∗
α(w))α∈A(w)

which are its vertices, and is a simplex: C(w) is a point if #A(w) = 1, a segment if #A(w) = 2 and
a triangle if #A(w) = 3.

We are now in position to describe the mixture of phases at thermodynamic equilibrium.

Theorem 1.3. Consider a state w = (τ, ε) ∈ F , the associated set A(w) and states (w∗
α(w))α∈A(w)

defined by (14).
(1) Let (λ∗α(w))α∈A be the (unique) barycenter coordinates of w in C(w). The partial mixture

described by (λ∗α(w), w
∗
α(w))α∈A provides a maximizer of problem (13), i.e.

seq(w) =
∑
α∈A

λ∗α(w)sα(w
∗
α(w)), (15)

so that any maximizer of (13) can be written as{
(λ∗α(w), w

∗
α(w)) if α ∈ A(w),

(0, w̃α) else ,

where w̃α can be any state of F .
(2) The phases in A(w) are in thermodynamic equilibrium, i.e. if we define

(P eq, T eq, Geq)(w) = (
∂τs

eq(w)

∂εseq(w)
,

1

∂εseq(w)
, ε+ P eqτ − T eq(w)seq(w))

then
(P, T,G)α(w

∗
α(w)) = (P eq, T eq, Geq)(w) ∀α ∈ A(w). (16)

Proof. (1) By definition of the set C(w), w ∈ C(w). As a result, since C(w) is a simplex, the
barycenter coordinates of w with respect to the vertices of C(w) exist and are unique, i.e.
the decomposition

w =
∑
α∈A

λ∗α(w)w
∗
α(w),

holds and is unique. Then, the properties of ϕeqw and the definition of the w∗
α directly lead

to (15). The general form of the maximizers is a straightforward consequence of (15), and
the fact that there is no maximizer with another form is deduced from the uniqueness of
the (w∗

α)α∈A(w) and (λ∗α)α∈A(w).
(2) The equality of pressures and temperatures are deduced from the equalities

∇sα(w∗
α(w)) = ∇seq(w) ∀α ∈ A(w).

On the other hand, since seq is affine in C(w),

seq(w)− seq(w∗
α(w)) = ∇seq(w) (w − w∗

α(w)) .

Rearranging the terms and using the previous equalities lead to

Gα(τ
∗
α, ε

∗
α) = ε∗α + Pα(τ

∗
α, ε

∗
α)τ

∗
α − Tα(τ

∗
α, ε

∗
α)sα(τ

∗
α, ε

∗
α) = Geq(w) ∀α ∈ A(w),
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with the definition of Geq(w) provided in the theorem.
□

Remark 1.4. In this presentation, w ∈ F is fixed, and then we deduce the phases which are
present. One can also reverse the point of view. Let us consider a ⊂ [[1, n]] and define Fa =
{w ∈ F , A(w) = a}. This set can be described by the use of its bounds: they can be bounds
of F , but also common bounds with sets Fa′ , with a ∩ a′ ̸= ∅. Doing so with all possible a,
one can retrieve the phase diagram in the (τ, ε) plane. In the (P, T ) plane, the thermodynamical
equilibrium and assumption 1.2 lead to two-dimensional sets for single phases, separated by curves.
By assumption 1.2, curves correspond to the coexistence of two phases and intersection points
to local triple points. Note that, still using assumption 1.2, a triple point in the (P, T ) plane
corresponds to a triangle in the (τ, ε) plane.

Remark 1.5. In our description of the thermodynamical equilibrium, some of barycenter coordi-
nates in (15) can vanish: λ∗α(w) belongs to [0, 1] and the bounds of this interval can be reached. As
a result, any phase may belong to A(w) but with a mass fraction equal to zero, so that A(w) is not
exactly the set of phases which are really present, i.e. with a positive mass fraction. This is due to
the geometric description we choose and the fact that C(w) is a closed set.

1.3. Construction of a three-phase diagram

We apply the previous results to the case of three possible phases (n = 3). In reference to the
application investigated later, the set of the three phases is P = {β, γ, ℓ}.

Hypothesis 1.6. There exists a unique triple point, which is described in the (τ, ε) plane by a
triplet of states (wt

α)α∈P ∈ F3, which are not aligned in F , such that

A(w) = {β, γ, ℓ} (17)

for all w in the closed triangle T whose vertices are wt
β, wt

γ and wt
ℓ.

The phase diagram includes three lines of phase-change (noted here β/γ, β/ℓ and γ/ℓ) with
shapes as in Figure 1.

Figure 1. Illustration of a three-phase diagram in the (P, T ) plane and (τ, ε)
plane.
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1.3.1. The triple point
The triple point is a point in the (P, T ) diagram such that the three phases coexist in thermody-

namical equilibrium. Consequently, hypothesis 1.6 implies the existence of the triplet (T t, P t, Gt)
such as 

Pβ((τ, ε)
t
β) = Pγ

(
(τ, ε)tγ

)
= Pℓ ((τ, ε)

t
ℓ) = P t

Tβ((τ, ε)
t
β) = Tγ

(
(τ, ε)tγ

)
= Tℓ ((τ, ε)

t
ℓ) = T t

Gβ((τ, ε)
t
β) = Gγ

(
(τ, ε)tγ

)
= Gℓ ((τ, ε)

t
ℓ) = Gt.

(18)

Indeed all the points (τ, ε) living in T have for unique maximizer the triplet (τ tα, ε
t
α)α∈P and their

barycentric coordinates in this system.

1.3.2. Definition of the phase-change lines
The phase-change lines separate two regions of pure phases a, b ∈ P, a ̸= b, in the (P, T ) plane.

They are bounded on one side by the triple point (P t, T t). In order to properly define these lines,
we make the following assumption (which is satisfied in the case of tin, see Figure 1):

Hypothesis 1.7. The phase-change lines are monotone functions w.r.t. P in the (P, T ) plane.

We are then able to consider the function

Fa/b : P
∗ 7→

 T
(τa, εa)
(τb, εb)

 (19)

defined by the thermodynamic equilibrium between phases a and b, i.e.
Pa(τa, εa) = Pb(τb, εb) = P ∗

Ta(τa, εa) = Tb(τb, εa) = T

Ga(τa, εa) = Gb(τb, εb) = G

(20)

where (τa, εa)(P
∗), (τb, εb)(P

∗) ∈ F .
We are now in position to define the different phase-change sets according to the phase plane we

consider:

• In the (P, T ) plane, the phase-change line is the graph of the first component of Fa/b: La/b

is the set of points (P, (Fa/b)
(1)(P )) where P < P t if a = ℓ and b = β (or the contrary),

and P > P t otherwise, see Figure 1-left.
• In the (τ, ε) plane, the zone of coexistence of the two phases a and b is bounded by the edge

[(τa, εa), (τb, εb)] of T and two curves, defined by

La
a/b = {(τa, εa) = (Fa/b)

(2)(P ), P} (21)

Lb
a/b = {(τb, εb) = (Fa/b)

(3)(P ), P} (22)

where P < P t if a = ℓ and b = β (or the contrary), and P > P t otherwise, see Figure
1-right.
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2. Numerical implementation of the equation of state

Using the theoretical framework of the previous section and some additional monotonicity as-
sumptions, we construct and describe the phase diagrams in the (P, T ) and (τ, ε) planes. Considering
a tabulation of this latter plane, an hybrid approach is proposed, enabling the computation of the
thermodynamic equilibrium only in the multiphase regions.

2.1. Computation of the phase diagram

2.1.1. The triple point and associated triangle
Let us introduce the function

F t : ((τβ , εβ), (τγ , εγ), (τℓ, εℓ)) 7→


Pβ − Pγ

Pβ − Pℓ

Tβ − Tγ
Tβ − Tℓ
Gβ −Gγ

Gβ −Gℓ

 . (23)

Then the unique solution ((τ, ε)tβ , (τ, ε)
t
γ , (τ, ε)

t
ℓ) of equalities (18) verifies

F t
(
(τ, ε)tβ , (τ, ε)

t
γ , (τ, ε)

t
ℓ

)
= 0. (24)

The solution provides the triangle T and the triple point (P t, T t). We can solve this system with
a classical Newton–Raphson algorithm.

2.1.2. Discretization of the phase-change lines in the (P, T ) plane
Once the triple point is obtained, we discretize the phase-change lines given by the equations

(19) and (20). The two phases in presence are noted a, b ∈ P. As we can see on the diagram in the
(P, T ) plane (Figure 1), the phase-change lines are monotone functions of P then the curves can
be parametrized by the pressure. The pressure varies in an interval whose triple point must be one
of the end points, the other endpoint has to be chosen according to the minimal/maximal possible
values in the applications.

From a practical point of view, we consider a monotone discretization of this pressure segment
by N points: (P k)1≤k≤N , with P1 = P t. This sequence is decreasing if a = ℓ and b = β (or the
contrary), increasing otherwise. For each of these pressures, we introduce a function FPk such that

FPk : ((τa, εa), (τb, εb)) 7→


Pa(τa, εa)− P k

Pb(τb, εb)− P k

Ta(τa, εa)− Tb(τb, εb)
Ga(τa, εa)−Gb(τb, εb)

 . (25)

Therefore, for each P k, one obtains two points, (τ, ε)ka and (τ, ε)kb , which belong to the phase-change
lines and verify

FPk

(
(τ, ε)ka, (τ, ε)

k
b

)
= 0 1 ≤ k ≤ N. (26)
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System (26) can be solved with a Newton–Raphson algorithm. For k = 1, the solution is known
and is the associated vertex of the triangle T , i.e.

((τ, ε)1a, (τ, ε)
1
b) = ((τa, εa)

t, (τb, εb)
t).

For k ≥ 2, the initial data of the Newton–Raphson algorithm is set to ((τ, ε)k−1
a , (τ, ε)k−1

b ), since
we know that these curves are smooth. At the end, we obtain sets of points belonging to the
phase-change lines in the (τ, ε) plane

{(τ, ε)ka , 1 ≤ k ≤ N} ⊂ La
a/b, (27)

{(τ, ε)kb , 1 ≤ k ≤ N} ⊂ Lb
a/b, (28)

and sets of points belonging to phase-change lines in (P, T ) plane

{(P k, Ta((τ, ε)
k
a)) , 1 ≤ k ≤ N} ⊂ La/b. (29)

From the numerical point of view, these sets of points will be used to construct piecewise linear
approximations of the different phase-change lines.

Remark 2.1. We describe the phase diagram and saturation curves in the (τ, ε) plane, since
these variables are those which are provided when the equation of state is used in compressible
hydrodynamics codes. It is then very different from classical literature on equations of state for
liquid–vapor phase transition where the (P, T ) plane is preferred, see for instance [28] and [10]. In
the latter reference, only the saturation curves in the (P, T ) plane are approximated and phase-
change lines in the (τ, ε) are deduced directly using pure phase equations of state. As it will be
presented in the next section, our hybrid method is constructed such that the dependence on the
discretization of the presure segment is minimized, if not independent. In particular, thorough
consistency tests have been performed and are described in [31].

2.1.3. Related phase diagram in the (τ, ε) plane
In the (P, T ) plane, multiphase regions are only curves and points. As a consequence, if Dα

P,T

denotes the domain of α phase, α ∈ P, the whole domain writes

DP,T =
⋃
α∈P

Dα
P,T . (30)

As mentioned above, the phase-change lines are approximated by piecewise linear curves so that
the domain actually are polygonal sets. For simplicity, we will use the same notations for the exact
domains and their polygonal approximations.

Let us now describe the phase diagram in the (τ, ε) plane, according to the number of coexisting
phases:

• Three-phase zone: this is by definition the set which corresponds to the triple point, and is
the triangle T whose vertices are (τ, ε)tβ , (τ, ε)tγ , and (τ, ε)tℓ.

• Two-phase zones: let a and b the two different phases, then the associated set of coexistence
is fully defined by its bounds, which are the segment between (τ, ε)ta and (τ, ε)tb, the curve
La
a/b and the curve Lb

a/b. It is noted Da,b
τ,ε and there are three two-phase zones.
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• Single-phase zones: let α ∈ P. The associated set, denoted Dα
τ,ε, is fully defined by its

bounds which are the curves La
a/b and Lb

a/b, with a, b ∈ P such that α, a and b are distinct
from each other.

To sum up, the (τ, ε) plane is partitioned into seven zones, whose indices are in the set

B = {β, γ, ℓ, β/γ, β/ℓ, γ/ℓ, t}.

In practice we do not consider all possible positive values of specific volume and temperature, since
pressures and temperatures have to stay in the domain of validity of the Mie-Grüneisen EOS to be
considered later. In order to identify in a unique manner the index in B for each (τ, ε), we assume
that T is closed and that the single-phase zones are open sets. We represent in Figure 2 the phase
diagram in the (P, T ) plane and in the (τ, ε) plane.

Figure 2. The seven zones of phase diagrams in planes (P, T ) and (τ, ε).

2.2. A hybrid implementation of the equation of state

Let us present now the way the equation of state is implemented, that is to say how to compute
the equilibrium variables for any state (τ, ε) ∈ F .

2.2.1. Partition of the phase diagram
A naïve method would be to solve the full thermodynamical equilibrium system. However,

it would be very expensive and the fact that all the phases are not always present may lead to
numerical difficulties. Therefore, in order to avoid unnecessary calculations, we do not use the
same calculation method for all zones, but rather perform off-line computations to partition the
phase diagram into the seven regions described above. First, we precompute the vertices of the
triangle T by solving (24) and the phase-change lines by the procedure described in section 2.1.2.
Let us recall that the phase-change lines are discretized by piecewise linear curves, the seven zones
to investigate actually are polygons, so that it is easy to determine the zone to which a point (τ, ε)
belongs. Moreover, in the triangle T , the pressure is constant and known, while in the single-phase
zones, we can directly use the associated single-phase equation of state.

It remains to detail the computation of the pressure for (τ, ε) in some two-phase region, say
Da,b

τ,ε. We search (λa, τa, εa) and (λb, τb, εb) in D(τ, ε) which satisfy the equalities (P, T,G)(τa, εa) =
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(P, T,G)(τb, εb). Since λ = λb = 1− λa, we introduce the function Hτ,ε
a,b defined by

Hτ,ε
a,b : (λ, (τa, εa), (τb, εb)) 7→


Pa(τa, εa)− Pb(τb, εb)
Ta(τa, εa)− Tb(τb, εb)
Ga(τa, εa)−Gb(τb, εb)
(1− λ)τa + λτb − τ
(1− λ)εa + λεb − ε

.

 (31)

As a consequence, the thermodynamic equilibrium satisfies the system

Hτ,ε
a,b (λ, (τ, ε)a, (τ, ε)b) = 0 (32)

which is solved in practice with a classical Newton–Raphson method.

2.2.2. Optimization of the equation of state computation
In order to go further in the optimization of the code, we use a tabulation of the phase diagram

in variable (τ, ε). The goal is to accelerate the method which enables to identify the zone to which
a state (τ, ε) belongs. To do so, the full domain F is discretized by a uniform Cartesian grid, with
indices i for the τ direction, and j for the ε direction, and denote Rij the cells of this grid. For
each cell Rij , we save the zones that intersect it, and their number, i.e.

Qij := {α ∈ B | Dα
τ,ε ∩Rij ̸= ∅}, nij := cardinal Qij . (33)

This way, we only have to find the cell that contains the state (τ, ε), which can be done by simple
integer divisions (since the grid is a uniform Cartesian grid), and after the thermodynamic variables
can be obtained using the calculations described previously.

2.2.3. The full hybrid algorithm
Let us now describe the full algorithm to compute the equilibrium pressure and temperature

from a given state (τ, ε), separating the preprocessing and the remaining part of the method.

Preprocessing
Compute the vertices (τ, ε)tβ , (τ, ε)tγ , and (τ, ε)tℓ of the triangle T , using (23)-(24)
Compute the phase-change lines La

a/b and Lb
a/b, a, b ∈ P, a ̸= b, following section 2.1.2

Construct the grid (Rij)i,j and compute Qij and nij for all (i, j), using (33)

The purpose of the following algorithm is to compute the equilibrium pressure and temperature
from any state (τ, ε) ∈ F .

Algorithm for the equation of state
Let (τ, ε) ∈ F be given
Find (i, j) such that (τ, ε) ∈ Rij

if nij = 1 then ▷ The cell contains one zone
Let α ∈ B such that Qij = {α}
if α = {β, γ, ℓ} then ▷ (τ, ε) is in a single-phase zone

(P, T )(τ, ε) = (P, T )α(τ, ε)
else

if α ∈ {β/γ, β/ℓ, γ/ℓ} then ▷ (τ, ε) is in a two-phase zone
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Solve the two-phase equilibrium (31)-(32)
else ▷ (τ, ε) is in the three-phase zone T

(P, T ) = (P t, T t)
end if

end if
else

if nij = 2 then ▷ The cell contains two zones
if {β/γ, β/ℓ, γ/ℓ} ∩ Qij ̸= ∅ then

Solve the two-phase equilibrium (31)-(32) ▷ (⋆)
else

Determine the zone which contains (τ, ε) ▷ (♯)
Compute (P, T ) as in the case nij = 1

end if
else ▷ The cell contains more than two zones

Determine the zone which contains (τ, ε) ▷ (♯)
Compute (P, T ) as in the case nij = 1

end if
end if

In the case (⋆), the resolution of the two-phase equilibrium (31)-(32) may lead to wrong mass
fractions if the state (τ, ε) belongs either to a single-phase case or to the triangle T . In both cases,
the solution of two-phase equilibrium (31)-(32) is replaced by the appropriate computation of (P, T ).
One may also remark that the triple point is computed only once, during the preprocessing step,
since the resolution of system (23)-(24) can be expensive.

In the cases (♯), the zone is obtained by the use of a classical detection method, since the zones
are polygonal sets.

Most of the cells of the grid contain only one zone so that, on the majority of the domain, the
step of detection of the zones is avoided. Moreover a fine tabulation (for instance a 900× 900 grid)
will increase the proportion of tabulation elements with only one zone.

Remark 2.2. Using 64-bit IEEE, the adimensional convergence criteria is set to 10−11 on the
variation of the mass fractions in the Newton–Raphson algorithm considering exact analytical
expression of the Jacobian matrix.

Remark 2.3. As mentioned above, the tabulation is used to detect the number of phases present
in each cell Rij , but is also used to store local estimations of the equilibrium values of the variables,
which serve as intializations of the Newton–Raphson method.

Remark 2.4. We assume here that the tabulation of the phase diagram is fine enough, so that the
computation of the cardinals nij is accurate, despite the fact that the phase-change lines are approx-
imated by piecewise linear curves. As already mentioned in remark 2.1, since the thermodynamic
equilibrium is computed as soon as the point (τ, ε) is close to a two-phase zone, the approximation
of the phase-change lines does not lead to numerical difficulties. More details are given in [31].

2.2.4. Thermodynamic consistency
The following formula resulting from the Maxwell’s rule (Schwarz theorem)

T eq ∂P
eq

∂T eq
|τ = P eq +

∂εeq

∂τ
|T (34)
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is verified up to machine precision (see [31] for more details).

2.2.5. Computation of the sound speed and fundamental derivative
In addition to pressure and temperature, other quantities are needed when implementing numer-

ical schemes.
The speed of sound depends on the derivative of the pressure with respect to τ at constant

entropy s.

c2 = −τ2
(
∂P

∂τ

)
s

. (35)

In contrast to a pure phase zone, the speed of sound cannot be calculated with an explicit
formula in two-phase mixtures. We use finite differences to approximate the derivative of pressure.
In the triangle T corresponding to three-phase mixtures, the pressure is constant. Therefore, the
derivative of pressure, as well as the speed of sound, is zero.
Pure phase zone. The sound speed and the fundamental derivative can be expressed thanks to
partial derivatives with respect to τ and ε. We thus obtain analytical expressions for the pure
phases:

c2(τ, ε) = −τ2 (∂τP − P∂εP ) , (36)

G(τ, ε) = −τ
2

(
∂2P
∂2τ

)
s(

∂P
∂τ

)
s

= −τ
2

∂2τP − ∂τP.∂εP + P
[
(∂εP )

2 − 2∂2τεP
]
+ P 2∂2εP

∂τP − P∂εP
. (37)

When we consider a single phase with the invertible Heuzé potential [15], we have ∂2εεP = ∂2τεP = 0,
and G simplifies:

G(τ, ε) = −τ
2

∂2τP − ∂τP.∂εP + P (∂εP )
2

∂τP − P∂εP
. (38)

Two-phase zone. The derivative in (35) is approximated by a second order approximation as

c2(τ, ε) = −τ2
(
P (τ + δτ, ε+ δε)− P (τ − δτ, ε− δε)

2δτ

)
+O

(
(δτ)2

)
where δε = −Pδτ , and δτ/τ = 10−3.

In the same way, the calculation of the fundamental derivative G uses the following formula for
the second-order derivative:(

∂2P

∂τ2

)
s

=
P (τ + δτ, ε+ δε) + P (τ − δτ, ε− δε)− 2P (τ, ε)

δτ2
+O

(
(δτ)2

)
.

3. Definition and assembly of the three single-phase EOS

3.1. Choice of a Mie-Grüneisen formulation for each phase

We have chosen to model each phase of our three-phase EOS with a same Mie-Grüneisen formu-
lation, which writes in incomplete EOS form as

P (τ, ε) = Pref(τ) +
Γ(τ)

τ
(ε− εref(τ)), (39)

where
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• εref(τ) and Pref(τ) are reference curves,
• Γ(τ) = −τ(∂εP )τ is the Grüneisen coefficient which is a function only of τ .

We consider the case where the two following assumptions are satisfied:
• the fraction Γ(τ)/τ = Γ0

τ0
is constant,

• the reference curve is an isentrope i.e. ε′ref = −Pref.
The processes of expansion of the incomplete Mie-Grüneisen EOS allow to access to temperature

and entropy [15,25]. Using Heuzé’s formalism, let us introduce the Debye temperature

Θ(τ) = Θ0e
Γ0
τ0

(τ0−τ)

where Θ0 is a constant of the material. The complete EOS then writes

s(τ, ε) = sr + Cv0 ln

(
ur +

ε− εref(τ)

Cv0Θ(τ)

)
(40)

T (τ, ε) = urΘ(τ) +
1

Cv0
(ε− εref(τ)) (41)

where
• (τ0, ε0) is the reference state, and P0 = P (τ0, ε0), T0 = T (τ0, ε0), s0 = s(τ0, ε0). The

reference curve passes through the reference state εref(τ0) = ε0 and Pref(τ0) = P0.
• The constants of integration are defined as ur = T0/Θ0 and sr = s0 − Cv0 ln(ur).

3.1.1. Use of Heuzé’s invertible potential
We choose to use the Heuzé’s invertible potential [17], defined by

Pref(τ) =
K0

N0 + 1

(
e

N0+1
τ0

(τ0−τ) − 1
)

(42)

εref(τ) = ε0 −
∫ τ

τ0

Pref(τ̃)dτ̃ =
K0τ0

(N0 + 1)

(
e

N0+1
τ0

(τ0−τ) − 1

N0 + 1
− τ0 − τ

τ0

)
(43)

where
• K0 is the isothermal bulk modulus i.e. K0 = −τ(∂τP )T at (τ0, ε0).
• N0 is the derivative of the bulk modulus K0 versus pressure.

Remark 3.1. Let us list some properties of the Heuzé’s invertible potential:
• The pressure of the reference state is always zero i.e. P0 = Pref(τ0) = 0.
• The strict decrease of Pref implies the bijectivity of the function (τ, ε) 7→ (P (τ, ε), T (τ, ε)).

This property is necessary for the construction of the phase diagram.
• The positivity of Γ0

τ0
and the convexity of the potential Pref implies the convexity of the

EOS i.e. for all isentrope curve τ 7→ εs, the pressure along the isentrope curve P (τ, εs) is
convex.

The definition of the complete EOS of each phase needs a reference state (τ0, ε0, sr, ur) and five
material constants (Γ0, Cv0,K0, N0,Θ0).
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3.2. A set of EOS coefficients for three-phase tin

The five material constants by phase have been calibrated against static and dynamic experi-
mental data [1–4,23,24,30,33–35] also considered in [7, 29].

The EOS of each phase depends also on a reference state defined by four parameters (τ0, ε0, sr, ur).
The phase β is our reference phase which means that the reference states of the other phases

depend on the β phase. The choice of the reference state of the γ and ℓ phase will determine the
value of the triple point as well as the phase-change lines, so they are of paramount importance in
creating the equation of state and are based on experimental values.

For γ and ℓ phases, we make the assumption that the coefficient ur is equal to that of β phase
i.e.

ur,β = ur,γ = ur,ℓ. (44)

3.2.1. Reference state of the reference β phase
The reference state is the standard state of the material at P0,β = Pβ(τ0,β , ε0,β) = 0 GPa and

T0,β = Tβ(τ0,β , ε0,β) = 300 K the ambient temperature. We can deduce sr and ur from the others
parameters. Now we have completely characterized the β phase, let us determine the reference
states of the γ and ℓ phases.

3.2.2. Assembly of phases and reference states of the γ and ℓ phases
In order to ensure a restitution of the phase-change lines between the three phases, the reference

state of the α phase, α ∈ {γ, ℓ}, is deduced from a point of the phase-change line (Pm, Tm) on which
the slope

(
dP
dT

)
Pm,Tm

and the jump of specific volume (∆τ)Pm,Tm
are known.

We show here how to deduce the values of (τ0, ε0, sr)α, α ∈ {γ, ℓ}, thanks to the equation of
state of β phase and the values of parameters

(Pm, Tm, (dP/dT )Pm,Tm
, (∆τ)Pm,Tm

), (K0, N0,Γ0, Cv0,Θ0)α, α ∈ {γ, ℓ}.

Note that ur,α = ur,β is known.
Let us introduce the predecessors of the reference point (Pm, Tm) for the β and α ∈ {γ, ℓ} phases,

i.e.

(Pm, Tm) = (Pβ , Tβ)(τ̃β , ε̃β) = (Pα, Tα)(τ̃α, ε̃α).

At this point, the equality of the Gibbs free energies and the Clausius-Clapeyron relation write

Gβ(τ̃β , ε̃β) = Gα(τ̃α, ε̃α),

(
dP

dT

)
Pm,Tm

=
sα(τ̃α, ε̃α)− sβ(τ̃β , ε̃β)

(∆τ)Pm,Tm

. (45)

The state (τ̃β , ε̃β) is determined since we have access to the equation of state of the β phase.
Therefore the values of (τ̃α, sα(τ̃α, ε̃α), ε̃α) are determined thanks to equalities (45) as follows

τ̃α = τ̃β + (∆τ)Pm,Tm
,

sm,α = sα(τ̃α, ε̃α) = sβ(τ̃β , ε̃β) + (∆τ)Pm,Tm

(
dP

dT

)
Pm,Tm

,

ε̃α = ε̃β − Pm (∆τ)Pm,Tm
+ Tm (∆τ)Pm,Tm

(
dP

dT

)
Pm,Tm

.
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Finally (τ0, ε0, sr)α, α ∈ {γ, ℓ}, are determined by the resolution of the following system with a
Newton–Raphson method:

(P, T, s)α(τ̃α, ε̃α) = (P, T, s)(τ̃α, ε̃α; τ0,α, ε0,α, sr,α) = (Pm, Tm, sm,α). (46)

3.2.3. Resulting values of the parameters
We now provide a full set of parameters for the three-phase equation of state of tin, see Table 1.

The calibration procedure, which relies on nested optimization algorithms, is detailed in [31].
The parameters of the nine first lines of Table 1 are independent of the four last lines, with values

extracted from [22] for phase β. The value of the triple point

(P, T )t = (3 GPa, 580 K)

has been imposed at machine precision. Note that the values of phase-change points (Pm, Tm)γ =
(9.4 GPa, 300 K) and (Pm, Tm)ℓ = (0 GPa, 505 K) directly appear in the set of coefficients.

Phase β γ liquid
Phase ref - β β

K0 GPa 53.5971 34.2332 45.5888
N0 5.53799 6.26166 5.22616
Γ0 2.27 1.9182 2.32028
Cv0 J/kg/K 225 228.166 224.912
Θ0 K 250. 300. 350.
Tm K - 300. 505.
Pm GPa - 9.4 0.
∆τ m3/kg - −2.23× 10−6 3.86988× 10−6

dP/dT Pa/K - −1.46437× 107 3.39364× 107

ρ0 = 1/τ0 kg/m3 7287. 7114.45 7033.36

re
f
st

at
es

ε0 J/kg 0. 32491.3 94742.7
sr J/kg/K -38.2875 42.6973 172.852
ur 1.2 1.2 1.2

Table 1. Parameters of the three-phase EOS using Heuzé’s invertible potential
for each phase.

In complement we provide in Figure 3 some illustrations of the calibration with respect to
experimental data. Comparisons can be done with recent publications [29] and [7]. We also present
in Figure 4 the diagrams with isovalues for speed of sound and fundamental derivative. One can
check in particular the very good behavior near phase-change lines of both quantities.

More numerical results are provided in [31], such as thermodynamic consistency tests and num-
bers of iterations of the Newton–Raphson algorithm with respect to the size of the tabulation.

4. Analytical and numerical resolution of Riemann problems

As usual with phase transition [9, 18, 26], this equation of state has special features so that the
characteristic fields are neither genuinely nonlinear nor linearly degenerate. This leads to composite
waves, that we describe here in some particular, but representative, cases.



ESAIM: PROCEEDINGS AND SURVEYS 19

(a) Phase diagram and principal Hugoniot (b) One bar isobaric expansion

(c) Isotherm 300K (zoom) (d) Isotherm 300K

(e) Hugoniot (Us, Up) (zoom) (f) Hugoniot (Us, Up)

(g) Hugoniot (ρ, P ) (zoom) (h) Hugoniot (ρ, P )

Figure 3. EOS calibration to experimental data: (a) Phase diagram with exper-
imental triple point and β/γ and β/ℓ transitions, and two other calibration points
used on the Hugoniot, (b) Isobaric expansion, (c),(d) Isotherm 300 K, (e),(f)
(g),(h) Principal Hugoniot.
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(a) Speed of sound (m/s).

(b) Fundamental derivative

Figure 4. Isovalues in the plane (τ, ε) obtained by the hybrid method.
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4.1. Reference solutions of Riemann problems

4.1.1. Euler equations
We are interested in solutions of the one-dimensional Euler equations, written in time-mass

Lagrangian coordinates (t,m): 
∂tτ − ∂mu = 0,

∂tu+ ∂mP = 0,

∂te+ ∂m(uP ) = 0,

(47)

where τ , u and e respectively are the specific volume, the velocity and the specific total energy,
while the pressure P is linked to the other variables by{

e = ε+ 1
2 |u|

2,

P = P (τ, ε),
(48)

where ε is the specific internal energy. Let introduce the notation U = (τ, u, e)t and f(U) =
(−u, P, Pu)t such as (47) rewrites

∂tU+ ∂mf(U) = 0.

We note the domain of states Ω = {(τ, u, e) ∈ R3|τ > 0, u ∈ R, T > 0}. We recall the notation
w = (τ, ε) defined in section 1.2. We allow ourselves to use U and (w, u) for the vector of unknowns.

4.1.2. Wave curve
The purpose of this paragraph is to determine the set of states U that can be connected to U0

by discontinuities and isentropic compression waves, allowing phase transitions.

Definition 4.1 (Admissible discontinuities). A single discontinuity that belongs to the same char-
acteristic family between two different states Ua,Ub ∈ Ω is admissible if the two states verify

• The Rankine-Hugoniot jump relation, i.e.

∃σ(Ua,Ub) ∈ R such as σ(Ua,Ub)(Ua −Ub) = f(Ua)− f(Ub), (49)

where σ(Ua,Ub) is the Lagrangian speed of the discontinuity.
• The Oleinik–Liu entropy condition [21], i.e. for all state Ũ ∈ Ω verifying the jump relation

(49) with Ub such as τ̃ ∈ (min(τa, τb),max(τa, τb)), inequality

σ(Ũ,Ub) ≤ σ(Ua,Ub) (50)

holds.

The rest of the discussion is independent of the velocity u. Indeed for all states U(w, u) and
U0(w0, u0) that are connected through a discontinuity, the speed u is uniquely determined by
w, w0 and u0 thanks to the jump relation (49) (see [11]). Moreover, we will focus on symmetric
initial data of Riemann problems, in compressive situations, with fixed initial thermodynamic states
w0 = (τ0, ε0) such that the tin is in the β phase. Using the Galilean invariance of the model, it is
equivalent to describe the wave curve associated with wave −c/τ starting from the left state and
moving rightwards or the wave curve associated with wave +c/τ starting from the right state and
moving leftwards. Due to the compressive configuration we investigate, we end up in both cases
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with decreasing specific volumes τ through discontinuities, and the Hugoniot curve H(w0) crosses
two phase-change zones (β/γ) and (γ/ℓ).

From the Rankine-Hugoniot jump relation (49) we define
• the Rayleigh line between Ua and Ub as

R(wa, wb) =

{
w̃ ∈ F | rwb,wa(w̃) :=

P (w̃)− P (wb)

τ̃ − τb
− P (wa)− P (wb)

τa − τb
= 0

}
, (51)

• and the Hugoniot curve centered at Ub as

H(wb) =

{
w̃ ∈ F | τ̃ < τb and hwb

(w̃) := ε̃− εb +
1

2
(P (τ̃ , ε̃) + P (wb))(τ̃ − τb) = 0

}
. (52)

Remark 4.2. The Oleinik–Liu entropy condition can be interpreted graphically in the (τ, P ) plane
thanks to the Rayleigh line: restricted to [τa, τb], the Rayleigh line R(w̃, wb) is below the Rayleigh
line R(wa, wb).

When the fundamental derivative is positive, classical compressive shock waves are admissible.
In the case of negative values, rarefaction shocks occur and it is impossible to construct compressive
shock waves which satisfy the Oleinik–Liu criteria. The description of this specific behavior goes
back to the note [19] published by Jouguet in 1904, see also [20, 32]. As a result, since negative
values of fundamental derivative appear, isentropic compression waves have to be considered. For
a precise definition of smooth isentropic waves, we refer to [11] and use the following properties:

Proposition 4.3 (Isentropic compression wave). Let Ua,Ub ∈ Ω two states. If there exists a k-
isentropic compression (k=1 or 3) wave between the states Ua and Ub then the Riemann invariants
at Ua and Ub are equal i.e.

ub =

{
ua − ψa(τb) 1-isentropic compression
ua + ψa(τb) 3-isentropic compression with ψa(τ) = −

∫ τ

τa

c

τ̃
dτ̃ |s(wa)

s(wb) = s(wa).

Then in the (τ, ε)-plane, the isentropic compression curve corresponds to the isentrope passing
through wa and will be noted I(wa).

We defined the wave curve S(w0) such as the set of thermodynamic states which can be connected
to w0 through admissible discontinuities and isentropic compression waves with τ < τ0.

We now describe a whole continuum of solutions, parameterized by the difference between the
specific volume of the initial state and that of the end state. We do not provide the construction
details of these solutions here. Indeed, it would be necessary to develop a really tedious argumen-
tation, far too long for this publication, see for instance [26,27].

Single shock in β phase: we note w1(w0) the point at the boundary between the β phase
and the two-phase zone (β/γ), defined as w1 = (τ1, ε1) := H(w0)∩Lβ

β,γ . The interval on τ
is [τ1, τ0]. On this interval for all w ∈ H(w0), (w,w0) verifies the discontinuity admissibility
condition. Then, the curve S(w0) is exactly H(w0) on the interval [τ0, τ1].

Composite wave (shock + isentropic compression) in the mixture zone (β/γ): we note
w2(w0) the point at the boundary between the γ phase and the two-phase zone (β/γ), de-
fined as w2 = (τ2, ε2) := I(w1)∩Lγ

β,γ . The interval on τ is [τ2, τ1]. On this interval, one can
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R(w1, w0)

w0

w1w2

w3

w4

γ phase mixture β/γ β phase

H(w0)

H(w0)

I(w1)

J(w1)

tangent to I(w1) at w1

H(w1)

τ

P

S(w0)

Figure 5. Representation of the wave curve S(w0) in the (τ, P ) plane. It is
composed of 5 parts: H(w0), I(w1), J(w1), H(w1), and again H(w0).

check that admissible discontinuities from w0 and any state of H(w0) cannot appear. It is
the same if two shock waves are considered, a first one between w0 and w1 and a second
one from w1 and any state of H(w1). As a result, the admissible solution is composed by
a shock wave between w0 and w1 and an isentropic compression wave between w1 and any
state of I(w1). Note that these two waves are separated by a constant state, namely w1.

Composite wave (shock + isentropic compression + shock) in the γ phase: We note
w3(w0) the point of intersection between the tangent of the isentrope I(w1) at point w1 and
H(w1). As a consequence, the derivative of I(w1) at w1 in the (τ, p)-plane (∂τp|s = −( cτ )

2)
is equal to the shock velocity between states w1 and w3.

The solution for a given τ ∈ [τ3, τ2] is composed by a shock wave between w0 and w1,
followed by an isentropic compression wave from w1 to some point w∗ ∈ I(w1), and a
shock wave from w∗ and w, so that w ∈ H(w∗). The state w∗ is the unique point such
that ∂τp|s(w∗) = σ(w∗, w), which means that the end of the isentropic compression wave
between w1 and w∗ is sticked to the shock wave between w∗ and w.

Composite wave (shock+shock) in γ phase: We note w4(w0) the unique point of inter-
section between the Rayleigh curve R(w1, w0) and the Hugoniot curve H(w0) such as
τ4 < τ3. The interval on τ is [τ4, τ3]. On this interval the Hugoniot curve H(w0) is
below the Rayleigh line R(w1, w0) so for all w ∈ H(w0), the pair (w,w0) does not satisfy
the Oleinik–Liu criteria. The admissible solution between w and w0 is composed of the two
admissible shocks (w,w1) and (w1, w0). The curves S(w0) and H(w1) coincide.

Single shock in γ phase, the mixture zone (γ/ℓ) and ℓ phase: The interval on τ is ]0, τ4].
As in the first interval, for all w ∈ H(w0), (w,w0) verifies the admissible condition. Then
the curves S(w0) and H(w0) coincide.

Let us define w5(w0) ∈ S(w0) the point of entry into the two-phase zone (γ/ℓ) i.e.
w5 = (τ5, ε5) := H(w0) ∩ Lγ

γ,ℓ, and w6(w0) ∈ S(w0) the point of exit from the biphasic
zone (γ/ℓ) i.e. w6 = (τ6, ε6) := H(w0) ∩Lℓ

γ,ℓ. Then on the interval [τ5, τ4], w ∈ S(w0) is in
γ phase, on the interval [τ6, τ5], w ∈ S(w0) is in mixture (γ/ℓ) and on the interval ]0, τ6],
w ∈ S(w0) is in ℓ phase.
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Figure 6. Graph of the wave curve S(w0) (w0 such as P (w0) = 0 GPa and
T (w0) = 300 K) and the 6 characteristic points (wk)1≤k≤6 in the phase diagram
(P, T ).

4.2. Symmetric compressive Riemann problems

We focus on initial configurations which write as

U(m, 0) =

{
Ũ0 = (τ0, u, ε0 +

1
2u

2) if m < 0,
U0 = (τ0,−u, ε0 +

1
2u

2) if m > 0.
(53)

where u ∈ R+. We will keep w0 constant and investigate the possible solutions letting u vary.
Let us defined the state Ui = (τi, ui, εi) which is located at the interface m = 0. It is connected

to U0 by waves associated with the eigenvalue c/τ and to Ũ0 by waves associated with the eigenvalue
−c/τ . The solution is symmetric, so that ui = 0 and wi ∈ S(w0).

We parameterize the solutions by the initial speed u. For the states which are connected by a
single shock wave, i.e. states wk with k ∈ {1, 4, 5, 6},we use the jump relation (49), so that

u2k = 2(εk − ε0)− 2P0(τk − τ0). (54)

On the other hand, the initial speed u2 needed to reach the thermodynamic state w2,

u2 = u1 +

∫ τ2

τ1

c

τ
dτ (55)

Using the previous description of S(w0), one can check that four types of solutions can appear.
Let us describe them with respect to the initial velocity u.

0 < u < u1: There is no phase-change and w ∈ H(w0). The solution consists of three constant
states separated by two single shocks.

The solution writes

U(m, t) =

{
(τ0,−sign(m)u, ε0 +

1
2u

2)t if σ < |m|/t,
(τi, 0, εi)

t if 0 ≤ |m|/t < σ.
(56)
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m

t

Ũ0 U0

−σ(U0,Ui) σ(U0,Ui)

Ui = (τi, 0, εi)
t

cont. disc.

Figure 7. Reference solution in the (m, t) diagram of a simple shock configuration.

where σ is the speed shock between Ui and U0. See Figure 7.

u1 < u < u2: The symmetric solution reveals two composite waves (shock+isentropic compres-
sion) for the 1-wave and the 3-wave as shown in Figure 8.

m

t

U0Ũ0

σ(U0,U1)σ(Ũ0, Ũ1) U1Ũ1

c
τ (U1)

c
τ (Ui)

− c
τ (U1)

− c
τ (Ui)

Ui = (τi, 0, εi)
t

cont. disc.

Figure 8. Reference solution in the (m, t) diagram of a composite wave
(shock+isentropic compression) configuration.

The solution writes

U(m, t) =


(τ0,−sign(m)u, ε0 +

1
2u

2)t if σ(U0,Ui) < |m|/t,
(τ1,−sign(m)(u− u1), ε1 +

1
2 (u− u1)

2)t if c
τ (w1) < |m|/t < σ(U0,Ui),

(τR,−sign(m)(u− u1 − uR), εR + 1
2 (u− u1 − uR)

2)t(mt ) if c
τ (wi) < |m|/t < c

τ (w1),
(τi, 0, εi)

t if 0 < |m|/t < c
τ (wi).

(57)
where (τR, uR, εR + 1

2u
2
R)

t(mt ) is the isentropic compression wave between U1 and Ui.

u2 < u < u3: The symmetric solution reveals two composite waves (shock+isentropic compres-
sion+shock) as shown in Figure 9.
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m

t

U0Ũ0

σ(U0,U1)σ(Ũ0, Ũ1) U1Ũ1

c
τ (U1)− c

τ (U1)

c
τ (U∗) = σ(U∗,Ui)− c

τ (U∗)

Ui = (τi, 0, εi)
t

cont. disc.

Figure 9. Reference solution in the (m, t) diagram of a composite wave
(shock+isentropic compression+shock) configuration.

The solution writes

U(m, t) =


(τ0,−sign(m)u, ε0 +

1
2u

2)t if σ1 < |m|/t,
(τ1,−sign(m)(u− u1), ε1 +

1
2 (u− u1)

2)t if c
τ (w1) < |m|/t < σ1,

(τR,−sign(m)(u− u1 − uR), εR + 1
2 (u− u1 − uR)

2)t(mt ) if c
τ (w∗) < |m|/t < c

τ (w1),
(τi, 0, εi)

t if 0 ≤ |m|/t < c
τ (w∗).
(58)

where σ1 = σ(U0,U1), and (τR, uR, εR + 1
2u

2
R)(

m
t )

t is the isentropic compression wave be-
tween U1 and U∗, such as w∗ ∈ I(w1) as described in the description above.

u3 < u < u4: The thermodynamic state w belongs to H(w1) and does not lie in the β phase.
The solution is a double shock for the left-facing wave and the right-facing wave as shown
in Figure 10.

m

t

U0Ũ0

σ1−σ1
U1Ũ1

σ(U,U1) = σ−σ
Ui = (τi, 0, εi)

t

cont. disc.

Figure 10. Reference solution in the (m, t) diagram of a double shock configura-
tion.

The solution writes

U(m, t) =

 (τ0,−sign(m)u, ε0 +
1
2u

2)t if σ1 < |m|/t,
(τ1,−sign(m)(u− u1), ε1 +

1
2 (u− u1)

2)t if σ < |m|/t < σ1,
(τi, 0, εi)

t if 0 ≤ |m|/t < σ.
(59)



ESAIM: PROCEEDINGS AND SURVEYS 27

u4 < u: The thermodynamic state w belongs to H(w0). The solution is similar to the case
0 < u < u1 however the (β/γ) phase transition occur in the front wave. If u > u6, the (β/γ)
and (γ/ℓ) phase transitions occur in the front wave.

4.3. Reference values for the compressive wave curve

The values of the seven notable states of the wave curve that appear in the solution of the specific
Riemann problems (53), see Figures 5 and 6, are given in Table 2.

U0 U1 U2 U3 U4 U5 U6

Phase β β γ γ γ γ ℓ
τ (m3/kg)(×10−5) 13.723 12.341 12.005 11.991 11.546 9.2667 9.0397
ε (J/kg)(×104) 7.1673×10−14 5.3566 8.0904 8.2219 13.29 129.2 168.29
P (GPa) 0 7.7492 8.5197 8.6216 12.206 57.986 71.866
T (K) 300 405.97 358.28 359.34 402.79 2853.6 3289.4
u ( m/s) - 327.31 378.15 382.57 515.55 1607.5 1834.6
s (J/kg/K) 2.7349 19.345 19.345 19.57 31.753 407.53 486.71

Table 2. Reference values of the compressive wave curve.

The values of speed of sound and fundamental derivative are provided in Table 3. Since these
two quantities are discontinuous through phase-change lines, two values must be given: one for the
pure phase and one for the mixture. Moreover, the fundamental derivative G is negative in the
mixture zone (β/γ), see Table 4, but remains positive in the mixture zone (γ/ℓ), see Table 5.

U0 U1 U2 U3 U4 U5 U6

Phase β β γ γ γ γ ℓ
c (m/s) (pure phase) 2712 3394 3170 3179 3437.6 5061.5 5141.2
c (m/s) (mixture of phases) - 1948 1747 - - 4797 5059
G (pure phase) 2.134 1.914 3.117 3.114 2.993 2.339 1.926
G (mixture of phases) - -1.019 -0.417 - - 1.125 1.041

Table 3. Speed of sound and fundamental derivative.

For the set of numerical values in Tables 2, 3, 4 and 5, the points linked by one or several
discontinuities to w0, i.e. w1, w3, w4, w5 and w6 are computed up to machine precision by the
Newton–Raphson method thanks to the Rankine-Hugoniot relations. The isentrope which starts
from the point I(w1) necessary to compute the point w2 and all points in the mixture zone (β/γ)
is discretized with a step of specific volume given by ∆τ/τ = 10−6.

4.4. Basic 1D Lagrangian Godunov-type scheme

We consider a space domain discretized initially by the interfaces (x0i+1/2)i∈Z defined as x0i+1/2 =

i∆x. The interfaces of the mass domain (mi+1/2)i∈Z are defined by mi+1/2 = i∆x/τ0(mi+1/2)
which are constant over time. We note the cell mass ∆mi = mi+1/2 −mi−1/2. (In the case we are
interested in, τ0 is constant over the mass domain.)
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λγ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
τ (m3/kg)(×10−5) 12.31 12.27 12.24 12.21 12.17 12.14 12.11 12.07 12.04
ε (J/kg)(×104) 5.618 5.883 6.150 6.420 6.693 6.967 7.245 7.525 7.806
P (GPa) 7.832 7.914 7.994 8.073 8.150 8.227 8.302 8.376 8.448
T (K) 401.0 396.1 391.2 386.4 381.6 376.8 372.1 367.5 362.8
u (m/s) 332.6 337.8 343.0 348.2 353.3 358.3 363.4 368.3 373.3
s (J/kg/K) 19.34 19.34 19.34 19.34 19.34 19.34 19.34 19.34 19.34
c (m/s) 1926 1904 1883 1862 1842 1822 1803 1784 1766
G −0.93 −0.85 −0.77 −0.71 −0.65 −0.59 −0.54 −0.49 −0.45

Table 4. Mixture zone (β/γ) on the isentropic compression wave.

λℓ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
τ (m3/kg)(×10−5) 9.244 9.221 9.198 9.175 9.153 9.13 9.108 9.085 9.062
ε (J/kg)(×104) 133.1 137 140.9 144.8 148.7 152.6 156.5 160.4 164.3
P (GPa) 59.42 60.85 62.26 63.66 65.05 66.43 67.80 69.16 70.52
T (K) 2903 2950 2997 3042 3086 3129 3171 3211 3251
u (m/s) 1592 1614 1636 1658 1679 1700 1721 1741 1762
s (J/kg/K) 416.3 424.9 433.3 441.5 449.5 457.2 464.9 472.3 479.6
c (m/s) 4834 4868 4899 4928 4956 4980 5003 5024 5043
G 1.125 1.125 1.121 1.116 1.108 1.098 1.087 1.073 1.058

Table 5. Mixture zone (γ/ℓ) on the principle Hugoniot.

The initial solution is U0
i = 1

mi

∫m0
i+1/2

m0
i−1/2

U0(m̃)dm̃ with U0 the initial condition (53). Then at

time tn+1 = tn +∆tn, the approximation ∆miU
n
i of the integral of U(m, tn) verifies

Un+1
i = Un

i − ∆tn

∆mi

(
Fn
i+1/2 − Fn

i−1/2

)
(60)

where Fn
i+1/2 = (u∗, P ∗, u∗P ∗)ti+1/2 is the numeral flux.

The scheme consists of the five steps.
1. EOS call: using the multiphase EOS, the pressure and Lagrangian speed of sound are

computed according to

Pn
i = P (τni , ε

n
i ),

(ρc)ni = (ρc)(τni , ε
n
i ).

2. Computation of the numerical flux at interfaces: the approximations of the pres-
sure P ∗

i+1/2 and material velocity u∗i+1/2 at interface mi+1/2 and time tn are computed
by linearizing the Riemann invariants. Along the characteristic curves C± defined by
dm = ±(ρc)dt, relations dp± (ρc)du = 0 lead to

(P ∗
i+1/2 − Pn

i ) + (ρc)ni (u
∗
i+1/2 − uni ) = 0,

(P ∗
i+1/2 − Pn

i+1) + (ρc)ni+1(u
∗
i+1/2 − uni+1) = 0.
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This linear system gives the flux formula, the so-called Godunov’s acoustic Lagrangian
Riemann solver [12]

u∗i+1/2 =
(ρc)ni u

n
i + (ρc)ni+1u

n
i+1

(ρc)ni + (ρc)ni+1

+
1

(ρc)ni + (ρc)ni+1

(Pn
i − Pn

i+1),

p∗i+1/2 =
(ρc)ni+1P

n
i + (ρc)ni P

n
i+1

(ρc)ni + (ρc)ni+1

+
(ρc)ni (ρc)

n
i+1

(ρc)ni + (ρc)ni+1

(uni − uni+1).

3. Computation of the time step: the time step is computed according to the CFL sta-
bility condition

∆tn = CFLmin
i

∆mi

((ρc)ni )
, with 0 < CFL ≤ 1/2. (61)

4. Computation of the solution at time tn+1:

τn+1
i = τni +

∆tn

∆mi
(u∗i+1/2 − u∗i−1/2),

un+1
i = uni − ∆tn

∆mi
(P ∗

i+1/2 − P ∗
i−1/2),

en+1
i = eni − ∆tn

∆mi

(
P ∗
i+1/2u

∗
i+1/2 − P ∗

i−1/2u
∗
i−1/2

)
.

5. Actualisation of the grid:

xn+1
i+1/2 = xni+1/2 +∆tnu∗i+1/2.

The CFL condition (61) in step 2 is rather rough. It could be much refined to guarantee the posi-
tivity of the density and the specific energy, and discrete entropy inequalities, following Bouchut’s
work [5]. It is not completely clear that satisfying discrete entropy inequalities is sufficient to re-
cover solutions selected with the Oleinik–Liu criteria, but in all the numerical tests we performed,
it turns out that the CFL condition (61) has been sufficient to recover the expected solutions, even
in presence of composite waves.

4.5. Examples of numerical simulations

These test cases are obtained using initial data (53) for specific values of the initial material
velocity u > 0. The domain is centered in zero and large of 10 mm. Initially, the material is in the
β phase, with P0 = P (w0) = 0 GPa and T0(w0) = 300 K and the initial configuration writes as

U(m, 0) =

{
(τ0, u, ε0 +

1
2u

2) if −5.10−3 ≤ x ≤ 0,
(τ0,−u, ε0 +

1
2u

2) if 0 < x ≤ 5.10−3.
(62)

The time step is computed with CFL = 0.45 in (61).
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4.5.1. Shock+shock configuration
The initial material velocity u = 400 m/s is such that u3 < u < u4. The two waves of the

symmetric solution are both composed of two shocks. We display the reference solution obtained
above along with the numerical results using meshes of 250, 1000 and 4000 cells at the final time
1.2 µs, see Figures 11 and 12. The dissipation of this first-order Godunov-type scheme is significant

Figure 11. Pressure profiles for a γ phase shock in a double shock configuration
using the Godunov-type scheme. Top: full domain. Bottom: zoom of the left-
facing composite wave.

so 250 cells is not enough to capture accurately the intermediate w1 level. With the increase in the
number of cells, the simulation approaches the reference solution. The phase transition between
the β phase and the γ phase is clearly visible through the shock front in Figure 12.

4.5.2. Shock+isentropic compression configuration
With the initial speed u = u2 = 378.15 m/s, the two waves of the symmetric solution are

composed of a shock followed by an isentropic compression up to full γ phase transition.
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Figure 12. Mass fractions profiles of the three phases for a γ phase shock in a
double shock configuration using the Godunov-type scheme.

We display in Figures 13 and 14 the reference solution at the final time 1.2 µs and the numerical
results using meshes of 250, 1000 and 4000 cells. With 250 cells, the mesh is not fine enough to
detect if the profile of the second wave is an isentropic compression or a shock. The profile of the
isentropic compression wave clearly appears only for 4000 cells. The (smooth) phase transition
between β and γ phases occurs only through the isentropic compression waves, see Figure 14.

4.5.3. Self-similar regimes of the β/γ phase transition
Using previous solutions and Galilean invariance we plot six different solutions corresponding to

increasing velocities u in relation to the notable speeds listed in Table 2. To display the different
types of solutions on a single figure, we shift the profiles such that the fluid is initially at rest.

Due to the non-convexity of the EOS and negative values of the fundamental derivative, the
various self-similar regimes of the (β → γ) transition appear for increasing velocity u:

(a) u = u1 = 327.3 m/s:
single shock wave in β phase.

(b) u1 = 327.3 m/s < u = 368.3 m/s < u2 = 378.1 m/s:
shock wave in β phase + β/γ isentropic compression.

(c) u2 = 378.3 m/s < u = (u2 + u3)/2 < u3 = 382.5 m/s:
shock wave in β phase + β/γ isentropic compression + shock wave from β/γ region to γ
phase.

(d) u = u3 = 515.5 m/s:
shock wave in β phase + shock wave from β phase to γ phase.
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Figure 13. Pressure profiles using the Godunov-type scheme in a
shock+isentropic compression case. Top: full domain. Bottom: zoom on
the left-facing composite wave.

(e) u3 = 382.5 m/s < u = (u3 + u4)/2 < u4 = 515.5 m/s:
shock wave in β phase + shock wave from β phase to γ phase.

(f) u4 = 515.5 m/s < u = 1.1× u4:
single shock wave from β phase to γ phase.

Even with a fine 2 µm space resolution, the first-order Godunov-type scheme does not provide
sufficiently accurate profiles and the successive configurations are difficult to distinguish. However,
using a second-order accurate GAD Godunov-type scheme with a minmod limiter, see [16] for more
details, the different wave configurations are well reproduced, see Figure 15.

Due to the negative values of fundamental derivative in the mixture β/γ at equilibrium, the
solution (shock wave+isentropic compression) appears on a large range of velocities of 50.8 m/s.
On the other hand, the solutions of type (b) (shock+isentropic compression+shock) appears on a
very small range of velocities of 4.4 m/s.
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Figure 14. Mass fractions profiles of the 3 phases of the numerical result using a
mesh of 4000 cells.

Note that quite significant numerical dissipation can be observed at the foot of the isentropic
compression. This is in part due to the large difference of wave speed between the first shock wave
and the isentropic compression wave (recall that sound speeds in mixtures are very low compared
to their pure phase values). This kind of solutions with composite waves represents a real numerical
challenge and provides valuable benchmarks for hydrodynamic schemes well-adapted to multiphase
EOS for metals with phase transition.

5. Conclusion

In this article, we have discussed the modeling of shock-induced phase transitions focusing on the
solid phase β, solid phase γ and liquid phase of tin: a three-phase equation of state in strict thermo-
dynamic equilibrium has been constructed, self-similar reference solutions established, illustrated
by numerical simulations of compressive configurations.

We have introduced hypothesis 1.2, which guarantees the existence of a triple point in the
(P, T ) phase diagram. Using a complete description of the phase diagram in the (τ, ε) plane, a
hybrid numerical method (tabulation+Newton–Raphson iterations) has been proposed, enabling
the computation of the thermodynamic equilibrium at machine precision.

Using a Mie-Grüneisen formalism with Heuzé’s invertible potential for each phase, the parameters
of each equation of state have been calibrated with static and dynamic experimental data of the
literature. Associated diagrams for the speed of sound and the fundamental derivative have been
provided, showing the very good behavior of these variables through the phase-change lines. One
can also check that the fundamental derivative becomes negative in the (β/γ) mixture zone.

By a careful study of the wave curves, a set of solutions has been described in symmetric com-
pressive cases, involving shock waves and isentropic compression waves, with phase transitions.
The negative values of the fundamental derivative lead to complex successions of waves, provid-
ing challenging numerical benchmarks for hydrodynamic codes. First- and second-order accurate
Godunov-type Lagrangian schemes have finally been used, showing their ability to capture the
physically admissible solutions.
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Figure 15. The five self-similar regimes at thermodynamic equilibrium of shock-
induced (β → γ) phase transition. Top: pressure profiles at t = 1.2 µs with space
resolution 2 µm (GAD scheme, CFL= 0.3). Bottom: zoom of the above figure.

We should also mention that this work has been the subject of more in-depth studies, see [31].
In particular, several experimental measurements of high-speed impacts point to the presence of
phases that are not at thermodynamic equilibrium over non-negligible durations. It is therefore
necessary to introduce kinetic phase transitions to model this behavior. Again, promising results
in this direction are described in [31], using relaxation models on mass fractions equations.

Acknowledgments. The second author (H.J.) thanks Olivier Heuzé for the numerous fruitful
discussions over the years.
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