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RELAXATION PROCESS IN A HYBRID TWO-PHASE FLOW MODEL*

JEAN-MARC HERARD! AND GUILLAUME JOMEE?

Abstract. This article focuses on a hybrid three-field two-phase flow model. This model
aims at simulating the flow of a mixture of liquid water and its vapor, together with
some non-condensable gas. The properties of the model are recalled in the first section.
Afterwards, some new properties concerning the preservation of positivities of phasic
pressures and phasic densities are given, considering stiffened gas Equation of State (EoS).
Then, the -expected- pressure, temperature and velocity relaxation effects are investigated
in a general framework. Appendices A and B conclude the article. They respectively
detail the relaxation matrix coefficients, and two algorithms for computing approximate
solutions of the systems accounting for temperature and pressure relaxation effects.

INTRODUCTION

Some scenarios in nuclear safety studies sometimes require computational models which ade-
quately account for water liquid-vapor two-phase flows including an additional non condensable
gas, typically air, which cannot exchange mass with the water component. Among these applica-
tions we may at least find RIA or loss of coolant accident (see for instance [II]). More complex
situations involving vapor explosion are also at stake ([2], [3] and [4]). Of course the latter appli-
cations involve fast transient flows including shock waves, and thus there is a need for meaningful
models for such a purpose.

Basically, two types of models are proposed for that aim. The first class considers some instan-
taneous velocity-equilibrium between phases and components (see for instance [27], [I7], and also
more recent contributions [I8], [25], [32], [3I] ). The second class relies on the well-known two-fluid
approach, where each phase/component has its own velocity field (see [1], [28], [15], [9], [14], [13]
among others, for standard gas-particle, gas-liquid or liquid-vapor flows). For some applications
involving the break-up of liquid droplets, and the estimation of interfacial areas, models in the
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second class become almost mandatory. Thus the present work is dedicated to the second class,
and more precisely, it gives focus on the hybrid three-field two-phase flow model introduced in [24].

The main concern herein is whether inner processes that are part of the PDE model guarantee the
return-to-equilibrium, as it is classically claimed or assumed, and expected. Unlike in [21], which
focuses on the sole pressure relaxation process, we intend here to investigate and understand the
full velocity-temperature-pressure coupling in model [24]. This is obviously of interest in order to
improve our knowledge of this PDE model. It is also useful for numerical purposes, since some
recent computations have clearly exhibited tough situations that easily lead to a blow-up of codes
(see for instance [4]).

The paper is organized as follows. We first briefly recall model [24] together with its main properties.
Next we discuss and investigate the preservation of admissible states in the convective subset, and
in the sub-model involving source terms. The latter is then investigated, while decoupling source
terms, or keeping them altogether. Some conditions on (EoS), and also on initial conditions, will
arise from the analysis.

An appendix will also propose some practical algorithms in order to tackle approximate solutions
of the whole model, while retaining the standard fractional step approach.

1. THE HYBRID THREE-FIELD TWO-PHASE FLOW MODEL

The following set of governing equations is considered, in order to describe two-phase flows
involving a mixture of non condensable gas (typically air, with subscript ”¢”) and water in liquid
(using ”1” subscript) and vapor (with subscript ”v”) phases. The gas and the vapor are assumed
to share the same volume, hence associated statistical fractions are expected to comply with the
following constraint:

S (1)
Thus we have:
a,+a; =1 (2)

We note W the state variable:
W = (aga Mg, mgUgv O‘gEgv My, MUy, aty By, my, myUy, Oqu)t

In the sequel we will basically use the gas fraction oy € [0,1] as a main variable in order to
account for statistical fractions. The model reads, for k € {I, g, v}:

9% 4 V(W) - Vay = ¢,(W)

Dt
P + V- (mUg) =0 . (3)
IO 1V - (my Uy, @ Uy, + oppiId) + I (W) Vay = S;/ (W)

Poulli 1V - (U (B + i) — 1x(W) G2 = SF(W)

This model was first introduced in [24]. Note that the first equation provides the time-space
evolution of the statistical fraction oy, and the remaining equations correspond to the mass, mo-
mentum and energy balance equations for k = [, g,v. Variables px, px, mx = arpk, €x(Pr, k),
Ey. = pr(ex(pr, pr) + UZ/2) and Uy, respectively denote the mean pressure, the mean density, the



60 ESAIM: PROCEEDINGS AND SURVEYS

partial mass, the internal energy, the total energy and the mean velocity within phase k. The green
terms on the right hand side represent the interfacial source terms, which means that:

> s (w)=0 (4)

k=l,g,v

and:
> SE(W)=0 (5)
k=l,g,v

whereas the left-hand side of system contains all convective - i.e. all first-order differential-
contributions. The latter involve the interfacial velocity V,;(W), while the so-called interfacial
pressure unknowns I (W) require some closures.

We will assume from now on that:
Vi(W) =1, (6)

which is relevant for our applications. Hence we know (se [24]) that the following closure laws are
meaningful for interfacial pressures Il:

Hv = —Dv
g = —py (7)
II; = py, + DPg

owing to the entropy inequality of the mixture that is recalled in the sequel. We emphasize that
these closures are unique for a given interfacial velocity @ It also seems worth noting that the
latter closure laws enable to comply with the RIP condition (see [21], appendix A). Actually, this
model may be viewed as some counterpart of the classical Baer-Nunziato two-phase flow model [I].

In order to go further on, it remains now to specify the interfacial source terms S, (W), ST (W),
and also ¢,(W). The latter contribution reads:

bg(W) = %@” +pg —p1) = K(W)(py +pg — p1) (8)

The -positive- pressure relaxation time scale 77 (W) is given by formulas detailed in [12], [5] or [6],
and the reference pressure Il has to be fixed in agreement. Besides, momentum interfacial terms
are given by:
U
St =2 dii(W)(U; = Uy) (9)
7k
where the -positive- symmetric scalar functions dy;(W) include velocity relaxation time scales.

These correspond to the expected drag effects between fields. Eventually, closure laws for interfacial
heat transfers are given by:

SE = Zij(W)(Tj —Ty) + Z Vijdiy (W) (U;j — Ug) (10)
i#k 7k
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Uy -‘rUj
2

noting: Vi; = . Considering phasic entropies S (pk, px), phasic temperatures T}, are classi-

cally defined as :
1 OSk(pr»pr)

Ty Opi

/ Oer(Pk, Pi)
Opy

(11)

Pk Pk

The -positive- symmetric scalar functions gy, (W) also involve temperature relaxation time scales.
Again, we refer to [26] for further details.

We may now recall some basic properties of the full model in a one-dimensional framework.

Property 1: (Structure of the three-field two-phase flow model)

e The convective part of the one-dimensional model associated with equipped with @,
is hyperbolic if the non-resonance condition is fulfilled. Introducing phasic celerities

ck(Prs pr) as:

Oe 5 Oe )
P2 k(apk p)| Pk o kg)k Pk) (12)
Pk Pk Pk Pk Pk
FEigenvalues read:
M=U-—-¢ca 5 X=XA=U ; M=U+aua;
)\5 = Uv —Cy )\6 = UU 5 A? = U’u + Co; (13)

AsZUg—Cg N )\gng ) )\10:Ug—|—cg.

Associated right eigenvectors span the whole space of non resonant states. The resonance
condition writes : |U; — Ui| = ¢; for j € (g,v).

o Fields associated with eigenvalues A1, Ag, A5, A7, Ag, Ao are Genuinely Non Linear. Other
fields are Linearly Degenerate.

e System can be symmetrized away from resonant cases.

e Smooth solutions of the full system with closure laws @, @, , @D and comply

with the entropy inequality:
In

TV (F) 20 (14)

where the entropy-entropy flux pair (n, Fy,) is defined by:

n = miSi(pi, pr) +mygSy(pg, pg) + My Sy(Pu, o) (15)

and:
F,= muSi(pe, p1)Ur + mgSg(pg»Pg)Ug + My Sy (Po, po)Us (16)
O

The reader is referred to [24] for proofs. In particular the structure of the coupling wave associated
with the double eigenvalue A2 3 is given in Property 2.3 of the latter reference.
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Considering our practical applications in nuclear power plants, where the mean flow velocities are
small compared with the speed of acoustic waves within each phase, the occurrence of resonant
cases is very unlikely to happen. Moreover, the Cauchy problem is well posed thanks to [29] and
therefore the unsteady computations can be relevant. We also recall that the structure of the LD
coupling wave guarantees that shock solutions are well defined, which is mandatory when aiming
at predicting flow configurations involving shock waves (such as vapor explosions, or loss of coolant
accident). Actually, jump conditions are uniquely defined field by field, owing to the structure
of the interfacial velocity. In practice, it also means that approximate solutions of shocks can be
considered in practical applications, since various stable schemes will converge towards the same
solution when shocks occur. We refer the reader to [16] , figure 8.9, pages 136, which shows some
major deficiencies when shocks arise if the coupling wave is no longer LD.

2. A FEW RESULTS ON THE PRESERVATION OF ADMISSIBLE STATES

We focus here on some specific Equations of State (EoS), and we wonder whether model
preserves the admissible states in the time-space domain. The following results are not exhaustive,
of course. We first focus on the convective part, and then on the source terms. Before going further
on, we recall that ¢, and Sy comply with the identity:

ISk (Pk, pr) n Sk (P, Pr:)

=0 17
Opk, Opx (a7

Pk

3 (pr, pr)
Pk

for k € (I, g,v).

2.1. Preservation of admissible states in the convective subset

For a finite time interval [0,7], we introduce some bounded domain Q. We focus first on the
convective part of system with closure laws @ and @ This writes:

%% L U;-Vay =0
agltk + V- (mkUk) =0
ImUe 4 7 - (my, Uy, ® U + agpiId) + I, (W) Va, =0

9oLk 1V - (g Uk (B + pr)) — (W) 552 = 0

(18)

where the blue terms are detailed in .

We consider smooth solutions of this model. First, we classically derive the governing equation
of the phasic kinetic energy agprU ,f /2 from the phasic momentum balance. Then we substract this
equation from the phasic total energy oy E}, governing equation, and therefore obtain the evolution
equation for the phasic internal energy ayprer(pk, pr). Eventually, using , the derivative chain
rule:

O (€r) = Op,, (ek (D, pr)) Ot (Pi) + Oy, (€(Pis 1)) O (k) (19)
and the mass conservation equation, we obtain the following governing equations for the pressures
Pk, for k € (g,v):

Ipx

1
5 Uk Vot oreiV - Uy + prea(Uy, — Uy) - ;kvak =0 (20)
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and the counterpart for P;:
0
% +U;-Vp + plC?V -U; =0 (21)

Let us consider now the following stiffened gas EoS within each phase k € (I, g, v):
Pr + Il = (v — Dprer (22)

with: 1 < ~; and II;, > 0. In that case admissible states of pressure are such that: pg + 11, > 0.
Moreover we recall that: pkci = vk (pk + Ix). This enables to state:

Property 2: (Preservation of admissible states in the convective subset)

We consider the above-mentioned stiffened gas EoS .

o Assume that U; and V.U; remain bounded in the domain 0, and also that initial conditions
and inlet boundary conditions of the liquid pressure and density are admissible states, then
the mean density p; and p; + II; remain positive in Q x [0,T].

o Fork € (g,v), assume that both Uy and (V- U+ (U, —U)- a—iVak) remain bounded in the
domain 2, and also that initial conditions and inlet boundary conditions of the pressure py
and density pr are admissible states, then the mean density py and py + 11y remain positive
in Q x [0,T].

|

Proof:

e We consider the evolution equation of the liquid pressure with the convention that inlet
boundary conditions in phase k correspond to points on the boundary such that Ui.n <0,
where the unit normal n points outward. One must simply note that the governing equation
for ¢ = p; + 11, writes:

Opr + ﬂl

T +U; -V + 1) + y(p + 1)V -U; =0 (23)

and the evolution equation of the liquid density:

0
%-FU[-VM-FMV-U[:O (24)
which enables to conclude, using classical technique and Gronwall Lemma, for the liquid
phase.
e Cousidering k € (g,v), we have for the translated phasic pressure (py + II):

O(pr + ﬂk)

. . 1
p +Uk'V(pk+Hk)+7k(pk+Hk)(V'Uk+(Uk—Uz)';kvak) =0 (25

and for the phasic density py:

9 1
%JrUk’VPkJrPk(V'UkJF(Uk*Ul)';kvak):0 (26)
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which enables to conclude.
O

Actually these results may be extended to other EoS. Consider for instance the case of Nobel-Abel
Stiffened Gas (NASG) [30] EoS:

(1 = pube) (o + L) = (0 — Dpuler — (e1)o) (27)
with v, > 1, I > 0, b; > 0 and () > 0. In that case equation (21 turns into:

Opr + ﬁl

I,)V-U, = 2
T (o +1L)V-U; =0 (28)

+U,-V(p +11) +

i
1—piy
This ensures positive values of p; + I1;, as soon as the density complies with:

0<e <1—ply (29)

2.2. Preservation of admissible states in the interfacial transfer

We consider now an homogeneous flow, which is equivalent to investigating solutions of system:

dag _ oy ag

ot — HO(T%(W;(Z% +pg — 1)

omy 0

ot = (30)
2 aktUk = Zj;ﬁk dij(W)(Uj — Ug)

e Oag __
Qo 1, (W) %52 = 37 4 (W)(T5 — The) + 3 iy, Vagdies (W) (U — Ui)

Throughout this step, both the total internal energy of the mixture and the entropy of the mixture
increase, since:

0 mie
M == Z de )(AU;)? dej ) (AU;)? (31)
while:
on dyj (W) 2 dk (W) 0‘9(1 —ay) 2
— = AUy ATy, —2 9L (AP 2
using the convention:
AP =p; — (py +py) (33)
and also:
AV =V, -, (34)

for: W =U , or: ¥ =T. Meanwhile, we note that the total momentum remains unchanged:

a(zk=l,g,v mkUk)
ot

=0 (35)

and of course we have:

0 _ E
(Zk_lgiv Qg k?) —0 (36)

which simply means that the sum of total energies is preserved.
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2.2.1. Pressure relaxation terms

Let us consider now the sole pressure relaxation terms, that is:

dag _ ag(l—ay)

gt~ TorP(W) (pv +1pg — 1)
dals 11, (W) %8s =0
Still using @), the latter system may be rewritten as follows:
day _ ag(l—ay
ot — HU(T#(W;(PU +pg — 1)
omy __
ot =0
% =0 (38)
Ge=0 (k=g
N mtgs i) _
ot -
We keep the main scalar variable a4, and may rewrite all variables as follows:
0 0
my my
prlag) = — (kegv) 1 plag) = (39)
g oy g 1—-aq
Pi(ag) = prlp(ag), SY) 5 enlag) = en(Prlay),SY)  ,with ke (g0)  (40)
and:
ei(ag) = | ( Z myer,)’ — mgev(ag) - mgeg(ag) /mj (41)
ke(l,g,v)
but also:
Pi(ag) = pi(pi(ag), ei(ag)) (42)
We consider now some finite time ¢ € (0,7T), and assume that the following integral is defined:
t
(Py(ag) + Py(ag) — Pag))(T)
H(t) = / dr 43
=i P (W(7) )
Hence, if a4(0) €]0, 1], we get:
ay(t) g (0)
= H(t))=R(t) >0 44
T = T CPUH() = B > (4
Thus
R(t)
ag(t) = TR (45)

is defined and lies in ]0, 1[. Phasic densities py, coming from , and gas and vapor pressures P, 4
arising from , are admissible. Finally, the liquid internal energy arises from .
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If we turn to , and still using , we note that straightforward calculations lead to:

AP(t) = AP(0)exp <_/0 app(W(T))dT) (46)
with app(W) given by:

1 861
app(W) = Ty P (W) (%chlz + (1= ag)(pgcy + pucy) — aglpy P,

)t AP) (47)

Property 3: (Pressure relaxation process due to interfacial transfer)

Assume that functions % and pyci remain positive and bounded, for k € (1,g,v), and also that
AP is small enough in the sense that:

app(W> >0 (48)
or equivalently :
3El
87Pl Ipl
Then the sole pressure relaxation process is guaranteed. Statistical fractions remain in [0,1] and

densities are positive. Meanwhile pressures p, and pg are admissible.
O

agAP < p (agmei + (1= ag)(pgci + puct)) (49)

Proof:

Actually, the latter boundedness conditions together with: app(W) > 0 ensure that the integral
in is defined and positive. This implies that the pressure relaxation process holds, since
guarantees a contraction. Consequently H(t) in (43]) is defined. This in turn means that the
statistical fraction ag4(t) lies in |0, 1[, considering (45)). Hence densities and pressures p, , remain

in the admissible range (see and ([40)).

]

Property 4: (Pressure relaxation for stiffened gas EoS)

Assume that EoS are such that :

PPk k) + Welle = (3 — 1)prer (50)

with v, > 1, then:

o If FEoS are such that: I, > ﬂg + ﬂv, then the sole pressure relaxation process holds ;
e Otherwise the condition may be violated and the condition must be checked in the
computer code at each time step within each cell.

O
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Proof:
For such an EoS we can rewrite condition as follows:

ag (= 1)(Iy + 11, — 1) < arg (pr + L) + (g (7 — 1) + cuyg) (pg + ILg) + (g (7 — 1) + ) (po + 11,

The right-hand side is obviously positive, since p; + I, >0 for k € {l,g,v}. Thus the latter
inequality is always satisfied if 11, + IL, — II; < 0 ; otherwise the condition must be checked.

O

Remark 1
Assuming some specific EoS for gas and vapor quantities, we may improve this result and check
that the liquid pressure/internal energy is admissible. If we consider a perfect gas EoS:

Pr(pr: €r) = (Ve — 1)prex (51)

with v, > 1, for k € (v,g), we get from (37):

8mkek 8ag
779 _ 2
ot Pr, 0 (52)
thus:
Opy dag,
akﬁ + %Pkﬁ =0 (53)

for k = g, v, using . We must consider two cases:

e If (p, +pg — p1)(0) > 0, we know that: (p, +py — pi)(t) > 0, owing to (46). Hence ayy(t) is
increasing (see or ) Now, using the stationary constraint on the sum of internal
energies, we have:

ey == 3 s = [ (3 m ) >0 (54)

ke(g,) 0 k=g

owing to (52)). Since: [myel = mf[e]) we may conclude that €/(t) is increasing, which
implies that ¢ () is admissible (and thus p;(t)).

e Otherwise, if (p, +py —p1)(0) <0, guarantees that (p, +pg —p1)(t) < 0. Hence ay(t)
is decreasing, and pi(t) increases for k = g,v, due to . Considering positive initial
conditions p,(0) and p,(0), we may conclude that p;(t) > (p, + pg)(t) > (P» + pg)(0) > 0,
which means that p;(t) lies in the admissible range Z7.

O

We focus now on isolated heat transfer terms.
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2.2.2. Temperature relaxation terms

We focus now on the sole temperature relaxation terms, that is:

day _
"
ot

o dag
Do §tEk — (W) T = 22520 @i W)L — Ti)

or equivalently:

8ag _ Omy Omp Uy =0

9t~ ot ot
a(ika;nkek) =0 (56)
mp g}’; P %ltk = Zj;ﬁk ae; (W)(Ty — T)

Variables oy, pi, U thus remain steady through system , and meanwhile temperatures vary.
Defining;:
[ ATy
ar=( 37" 57)

atéT = _éTT(W) AT (58)

it remains to solve:

which gives AT'(¢), and find T;(t) solution of the constraint:

mie(p), Ti(t) + (> mier(pf, Ti(t) + AT () = ( Y myer)’ (59)
k=v,g k=l,v,g9

The matrix A (W) reads:

noting:

_ Qv _ 4gv
- M, M
h — dig _ QQg (61)

- _ Oeg, . i
with: My = mka—;’;h}k. Thus we obtain:
Property 5: (Temperature relaxation process due to interfacial transfer)

Assume that functions giT’U,,k and q;;(W) remain positive and bounded. Then the temperature
relaxation process is ensured by .
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Proof:

We first note that trace(A

A, (W)) = e+iis positive, and also that :

det(A4,,(W)) =ei— fh>0 (62)
The characteristic polynomial Q2()) associated with A (W):

Qa2(N) = N\ — Atrace(A,,,(W)) + det(4,.(W)) (63)

has two eigenvalues A*. Both are real and positive, or complex with a positive real part.
O

Obviously, this also suggests a simple fractional step algorithm in order to account for source
terms in , considering successively so-called pressure relaxation terms, and then interfacial heat
transfer terms associated with ;. In order to clarify ideas, we detail in Appendix B such an
algorithm. Moreover, a straightforward consequence of the algorithm proposed to deal with pressure
relaxation effects is that it gives a discrete counterpart of the proof given in the previous section in
Property 3 in the continuous framework.

3. EFFECTIVE RELAXATION EFFECTS

We now define the following vector of unknowns:

AUy,
AU'vl
AP (64)
AT,
Aﬂ)l

>
I

using notations introduced in and , and calculate the time evolution of the latter variable
A, using (30). This ends up with:
KA =-AW) A (65)

with A(W) € R® x R® in the specific form:

A,(W) 0 0
AW) = | ‘tapy(W) app(W) ‘app(W) (66)
éTU(W) arp(W)  A..(W)

A, W), A (W)and A (W) are three matrices in R? x R?, and the vectors apy (W), app (W)

and ayp(W) lie in R%. All coefficients are detailed in Appendix A.

We note that eigenvalues of matrix A(W) are those of matrices A, (W) and :

_( app(W) ‘tapp(W)
APT(W)_<an(W) é;;(w) ) o
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It can be simply checked that the two fundamental minors trace(4,, (W)) and det(4,, (W)) of

matrix A (W) are positive (see Appendix A), whatever the state variable W is. This implies
that its two eigenvalues are either real positive, or imaginary conjugate with a positive real part.
Thus we get:

Property 6: (Velocity relaxation process due to interfacial transfer)

The velocity relaxation process is guaranteed by system for positive values of di;j(W).

Moreover, noting:

we have:
Property 7: (Pressure-temperature relaxation process due to interfacial transfer)

We still consider positive values of qi; (W) and 7P . In order to guarantee the pressure-temperature
relaxation process through system , the following three conditions must be fulfilled:

app(W) + trace(4,,.(W)) =a+e+i>0 (69)

(ae — bd) + (ai — cg) + (ei — fh) >0 (70)
det(A,.(W)) = c(dh —eg) + b(fg — di) + a(ei — fh) >0 (71)
]

Proof:
In order to guarantee the relaxation process, eigenvalues of éPT(W) must be real positive, or
complex with a positive real part.

e First note that the three eingenvalues A1, A2, A3 of A (W) may be real (case 1), otherwise

one is real A1, and the other two are complex conjugate Ay = A3 (case 2).
e Define:

Li=XM+X+2A 3 L=XMX+XAs+ M3 5 I3 =A1A3 (72)

Note that these coefficients I3, I, I3 arise in the characteristic polynomial Q3()) associated
with 4, (W):

Q3(A) = (A =A)A=X)(A=X3) = X° = LN* + LA — I3 (73)
If case 1 is considered, we obviously have:
L>0 ; Ib>0 ; I3>0 (74)
A similar result holds in (case 2) since:

I =X\ + 2R6(>\2) >0 ) I, = 2/\1R6(/\2) + )\QXQ >0 N I3 = /\1/\2X2 >0 (75)
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e All coefficients of éPT(W) are real, thus Iy, I, I3 lie in R. Moreover, the first quantity

arising in identifies with Iy, the second one in with I, while the third one in
is equal to I3.

O

Remark 2:

e Note that when the ratio of relaxation time scales :—: tends to zero (with some abuse of

. . . T T T ..
notation since we have three temperature time scales 7, 7,, and 7; g), the condition

degenerates, and one retrieves the sole condition on pressure relaxation (see [21]), which is:
TPapp(W) >0 (76)

(see (49). Recall that this condition may require that some upper bound on the initial
pressure disequilibrium A P(0) holds, for general EoS, as detailed in Property 3 and Property

4.
Oeg
Ty,

If app(W) > 0, and considering standard EoS for which

= Cy > 0, the

Pk
first condition is always satisfied, whatever the ratio of time scales :—; is, since
trace(A,,.(W)) > 0 (see Appendix A).

e For practical purposes, when using complex EoS, the three conditions arising in , ,
and must be checked in computational codes.

e Eventually, it must be noted that the six coefficients arising in 4 (W) and apy, (W) vanish

when the two relative velocities AUy and AU, tend to zero (see Appendix A).
O

Remark 3:

e The counterpart of the latter relaxation conditions is given in [20] for a class of non-
equilibrium two-phase flow models, with or without mass transfer (see [22] also, which
provides some additional details).

e When focusing on immiscible three-phase flow models such as those proposed in [19], a
similar analysis may be performed, see [23] . Note that this framework enables to exhibit
situations requiring a strong numerical coupling of source terms when one aims at tackling
difficult situations such as those occurring in vapor explosion [4].

O

4. CONCLUSION AND PERSPECTIVES

Focus has been given herein on the three-field flow model introduced in [24]. Actually, an
important result is associated with Property 7, which provides conditions , 7 and ([71))
arising from the relaxation matrix éPT(W). These constraints are necessary to guarantee the
whole relaxation process on velocity, pressure and temperature variables.
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The latter conditions are also useful for practical purposes, since they may be used with the algo-
rithm detailed below. This one simply consists in solving successively:

%% L V(W) -Vay =0
Ome 1V - (my,Ug) = 0
ImlUs 4+ V- (m, Uy ® Uy + appld) + I, (W) Ve, =0

Bopls 4V - (g Up(Ex +pi)) — (W) % = 0

(77)

using explicit Rusanov scheme, or some more sophisticated and accurate scheme [7], which is
relying on relaxation techniques (see [10] for two-phase flow models with energy, and [33] in the
immiscible barotropic three-phase framework), and then computing approximate implicit approx-
imate solutions of :

0
(éltg =g (W)

dmk — 0

S%kUk U

76 o1 =5y (W(){j ;

(6%

S5 — (W) Z = 57(W)
The first step involves some constraint on the time step At. Depending on the relative values of the
relaxation time steps 77, 7'5 , 7'5, and of At, an implicit first-order Euler scheme or alternatively
higher-order implicit schemes may be considered. Coupled implicit techniques should be privileged
in order to get more stable approximations of , in particular when tackling interactions of shock

waves with liquid droplets [§], or vapor explosion ([2]). This will be discussed in a forthcoming paper.

(78)
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APPENDIX A: COMPUTATION OF THE RELAXATION MATRIX

The detailed form of the coefficients of the relaxation matrix A(W) € .#5(R) introduced in
is given in this Appendix.

The global form of the matrix is:

A, (W) 0 0
é(W) = tQPU(W) @PP(W) tQPT(W) (79)
AOW) arp(W) A (W)

e The matrix 4, (W) arising in reads:

d I(L + L) + dgv diy _ dgv
A W) = 9\ m my mg my mg 80
S G A AT .
This obviously implies that its trace:
1 1 1 1 1 1
A = —+ — — + — (— 4+ — 1
trace(:UU(W)) dgl(mg + ml) +dvl(mv + ml) + dg, (mg + mv) (81)
is positive, and also that :
det(4,,,,(W)) >0 (82)
since d;; and partial masses my are positive, and:
det(A = (dyd dgid dg,d L L L 83
et(A,, (W) = (dgdv + dgidug + dgo vl)(mgml + e + mgmv) (83)
e The diagonal coefficient app (W) reads:
a (W)*a** agpic? + (1 = ay)(pgc® + puc?) — ay( @\ )IAP (84)
PP =a= HOTP(W) gPlLC g)\PgCq T PvCy g plaPl pi
e The matrix 4 (W) arising in reads:
1 1 dgv qiv dgv
e f q9i(57; + 37) + 37 M, M
A W) = g = g i 9 1 9 85
)= (5 1) ( Ve )
noting: My = my g;’; . Its structure is the same as the one of A (W). Thus its trace
Pk -

and determinant are positive, since ¢;; and M}, are positive.
o Coefficients arising in app (W) are:

K(W)(HetNe _ MmNy ) )

QTP(W) = ( ;l ) = ( K(W)(I—Lg%v _ ﬁ)

M,

with Ny, = pf §e

i K(W) = % and IIj, given in (7).
k
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e The matrix 4 (W) is given by:

o a1 a2
A= (00 37)
noting:
aq dlg(Ul - Ug)(ﬁ _127]%41) + dgv(Uv - Ulvg)ﬁ
as _ dgu(Ug*Uv)erdlv(Uv*Ul)m (88)
as dgo(Uy = Ug) s + dig(Ug — Ul) 537
as o (Ui = Uy) (53 — 337) + dgo(Ug — Un) 52
e Eventually we have :
b qfiv _ % _ quzrqgv
aorW) = (1) = Bt (59)
Ly L L,
with L, = my g;’; , and:

Pk

@

dig(F£ — ) (U1 — Uy) + dug (-
(lg(i L1 )( l g) g(L (90)
L

wy = 2 i

a =

apy 3 (dio( -— 1)U = Uy) + dug(z= + 72-) (U = Uy))
APPENDIX B: FIRST-ORDER NUMERICAL SCHEMES FOR TEMPERATURE AND

PRESSURE RELAXATION EFFECTS

We propose here a simple fractional step algorithm in order to compute approximate solutions
of temperature and pressure relaxation introduced in .

It consists in solving successively and then .

B1- A simple first-order scheme accounting for temperature relaxation terms

(5)

In view of section 2.4, the following algorithm arises.

Algorithm Ar

e For a given value of W™, compute AT"*! solution of:

Mn—i—l _ (£+ AtéTT(Wn))—lg(W") (91)

e Find Tl"+1 solution of:

J(TPHY) = mita(pf, T + () mien(pf, T+ AT = () myer)™ (92)
k=wv,g k=lv,g9

e Update EZH in accordance with .
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Remarks on Algorithm Ar:

e The first step is defined, and the discrete temperature relaxation process is ensured.
e Assuming that the EoS are such that: %j’fkjm > 0 for k € (I, g,v), the function J(z)
P

k
is increasing, and the equation admits no more than one solution.
e If we assume that EoS are Nobel Abel Stiffened Gas , then:

(P, Tk) = Cop 1Tk + Qi + Ik (1 — bipr)/ pr (93)

Hence the solution X of exists and is unique. More over it can be obtained explicitly.
|

Proof:
The proof for these three items is simple. First, eigenvalues of I + AtéTT(W") are 1+ AtA;. If A
is real positive, 14+ At); is greater than 1, whatever At > 0. This guarantees the discrete relaxation
process. A similar remark holds when A; is complex, when its real part is positive.

Second, equation (92)) admits at most one solution since :

J(X) = Z my Fex(pr, Te) ~0 (94)
ke(l,g,v) 8Tk P

Eventually, when restricting to NASG EoS, we note that Tl"Jrl is:

Zk:l,g,v mZCkaTI? - Zk:g,v m;clc”ak(AT)Zl—i_l

n+1 _
= > mpC,
k=l,g,v "'k “v.k

B2- A simple first-order scheme accounting for pressure relaxation terms (37))

In view of section 2.3, the following algorithm arises.

Algorithm Ap

e Consider some given initial value X" = ay €]0, 1], and compute X = aZ*l such that:

X - X" = HOTS(th)X(l ~ X)(Pu(X) + Py(X) — Pi(X) (96)
using definitions :

Pk(X) :pk(pk(X)7SI?) ; ek(X) = Ek(pk(X)vSl?) ;s with k€ (gvv) (98)
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and:

a(X) = [ (3 me)” — mle,(X) - me,(X) | /m

ke(l,g,v)

but also:
P(X) = pi(p(X), (X))
e Update all variables in agreement with .

Remarks on Algorithm Ap:

e The solution X €]0, 1] of exists and is unique.

e Associated values of updated variables at time "1 are uniquely defined and in the admis-

sible range.

Proof:

O

If X™ = 0 (respectively X™ = 1) the obvious solution of is X = 0 (respectively X = 1).

Otherwise, the solution of is also the solution of:

f(X) = g(X)
where:
! P(wn) X — xn
f0 == At X(1-X)
and:

9(X) = Py (X) + Py(X) — R(X)
The function f(X) is increasing, with f(X™) = 0, and:

X =0+t
Moreover:
mn
Pi(X) = Cing
for k € (g,v), and:
/(X) = o LA I '(X)
: opil, 1—X)2 " e, '
with:
qx) = Q| () Do) ()
Opvlg, X2 dpg s, X2

Let us choose a triple of EOS, more precisely:

(101)

(102)

(103)

(104)

(105)

(106)

(107)
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e a perfect gas EoS for k € (g,v) :
Pk = (e — D)prex  with: y >1
e a Nobel Abel Stiffened Gas EoS for the liquid phase, that is:
(1= o) (pr + L) = (3 = Dpu(er = o)

with v > 1, b, > 0, ﬂl > 0, and assuming that 1 > p;b;.

Hence we have:

6ek
—|s. >0 ; k€ (g,
Sorls, (k € (9.0))
thus:
e)(X)>0
. A
0 -1 19) II
Di :(W’l )Pl>0 : pr| o+l >0

ey p 1 —piby
We may conclude that P/(X) > 0, which yields:

optl,,  p(L—pibr)

9'(X) = Py(X) + Py(X) = P/(X) <0

owing to (105)). Evenmore, we have:

1.[[] X = —X
{ X1—>1* g( )
lim g(X)=4o0
X1—>O+g( ) *

79

(108)

(109)

(110)

(111)

(112)

(113)

(114)

which means that there exists a unique solution X €]0, 1] of (101)), or equivalently of . Densities

and pressures at time t"*! are obtained through , and .

Eventually, assuming that approximate solutions obtained with this fractional step method converge
towards the solution when the mesh size and the time step go to zero, one may conclude that

solutions of belong to the space of admissible states.
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