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MATHEMATICAL JUSTIFICATION OF A COMPRESSIBLE TWO-PHASE
AVERAGED SYSTEM FOR IDEAL GAS WITHOUT CONDUCTION: A
SEMI-DISCRETE APPROACH AND NUMERICAL ILLUSTRATIONS.*

PIERRE GONIN--JOUBERT ! 2

Abstract. In this paper, we propose a space-discrete approach to compressible Navier-Stokes homog-
enization for ideal gaz without heat-conductivity, in dimension 1. This point of view motivates the
definition of an efficient moving-mesh numerical scheme, which allows to visualize the homogenization,
as well as the closeness of the models with and without conductivity.

Résumé. Dans ce papier, nous proposons une approche semi-discréte pour ’homogénéisation dans les
équations de Navier-Stokes compressible pour des gaz parfaits, en ’absence de conductivité thermique
et en dimension 1. Ce point de vue motive la définition d’un schéma numérique a mailles mobiles, qui
permet d’illustrer ’homogénéisation d’une part, et la proximité du modele avec celui en présence de
conductivité d’autre part.

INTRODUCTION

Several models have been proposed by physicists in order to describe the behaviour of a compressible fluid mix-
ture. Some of them are commonly known as Baer-Nunziato models, and their dynamics look like Navier-Stokes
equations, with the addition of new relaxation terms. See for example [2}/14]. A strategy for mathematically jus-
tifying such models is homogenization (see [1,9]). We start with a mesoscopic mixture of two Newtonian fluids
+ and —, verifying the compressible Navier-Stokes equations. The fluids partitioning the space (2 = Q4 UQ_),
the lenght of each connected space of Q24 being expected to be of the order of . Then passing to the limit, we
obtain a macroscopic mixture in which the two fluids are merged.

In the barotropic case (when the pressure p depends only of the density p) and in dimension 1, compressible
Navier-Stokes equations can be written as

B (pu) + 0 (pu®) + up(p) = O (pdyu).

where u is the velocity and p the viscosity.

{ Op + Oz (pu) =0
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For now, assume the fluids + have the same viscosity and pressure law. Then the fact that we model a
mixture is only seen via the initial conditions. More precisely, if (po 4, uo +) are the initial condition, we denote
for any z € €,

po+(x) fzeloy uo+(z) ifxe Qo
o (I = . s (1: = . i
po,—(x) ifxeQy_ uo,—(z) if €.
Thus, in this case, the problem is reduced to the study of the Navier-Stokes equations with largely oscillating
initial data. The behaviour of such solutions is analysed in |11L|18]. Roughly speaking, oscillations on p will be
conserved over time, whereas oscillations on u will immediatly disappear because of the viscous term. It does

not therefore seem restrictive to choose ug continuous. To be more precise, we can consider
po € L(9), ug € HY(Q).

Thus, a relevant framework for homogenization of Navier-Stokes is ”a la Hoff” solutions, a class of interme-
diate solutions between weak and strong ( [10,/13]).

In this framework, some results have also been obtained when the viscosity © depends on p, in order to
consider a mixture of two fluids with different viscosities ( [6,[7]). Finally, the averaged system is obtain in a
more general case in [4], where the authors introduce a color function ¢ in order to follow both fluids over time.
They studied the new Cauchy problem

Os¢ + udyc =0,
atp + 6%(/)“) = 07
Or(pu) + 0x (pu?) + Ozp(c, p) = Oz (11(c)Opur),

where
u(e) = cpq + (1= c)p—, p(c, p) = cp+(p) + (1 = c)p—(p).

The function ¢ is simply the indicator function of Q4. In particular, c¢(¢,z) € {0,1}. For ideal gas, Navier-
Stokes equations are the following:

Op + 0 (pu) =0, (1.2)
By (pu) + 0u(pu®) + Dup = 0u(udyu), (1.3)
0y (pE) + 0 (pEu) + 0, (pu) = 0, (10, (u?/2)) + 0,(k0,0), (1.4)

where 6 is the temperature, e = ¢, 0 the internal energy (¢y > 0), £ > 0 the heat-conductivity coefficient,
E = u?/2 + e the total energy. Note that we have

p=(v—1)pe = Rpb

where v > 1 is the adiabatic constant, and R > 0.

Adapting the approach described above for ideal gas is not straightforwart. The system of equations to be
considered is (L.1)-(1.4), where

Oc +udyc =0 (1.1)

and with f(c) = cf++(1—c)f- for f € {p,¢y,7, R, x}. If K > 0, oscillations in the temperature should disappear
thanks to diffusion. Note that if ¢, = ¢, (c), where ¢ is the color function, then E oscillates. But the analysis of
is based on the control of E in L%(0,T, H'(Q)) (see [16])... However, some ideas for homogenization have
been obtained for a short time and low oscillations ( [12]).

The Navier-Stokes equations for ideal gas and without conductivity (k = 0) seems to be a more delicate
problem, because of oscillations on the temperature. However, this Cauchy problem has surprising algebraic
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properties recently highlighted in . The magic quantity is the Cauchy stress o = pd,u — p. More precisely,
some ideas of allows to show in [3| the following result:

Definition 0.1. Let 7" > 0. Suppose « = 0. We call a "4 la Hoff” solution of ([1.1)—(1.4) any quadruplet
(c,p,0,u) € (L=([0,T] x T))® x L?(0, T, H'(T)) that also satisfies

0<c(t,z) <1
forallt € [0,7),z €T, p°" <p(t,z)<p’}, (2.2)
0" <6(t,x) <9’ (2.3)

1 T 1
sup / a2+/ /(@J)Q , (2.4)
0<t<T JO 0 0
T
/ ||o||io<t>dt, (2.5)
0
1
sup / (9eu)? , (2.6)
o<t<T Jo

T
2 D
/O Jma | [0,ul (et < , (2.7)
s ell(t) 0 (2.8)
0<t<T

/OT /Ol(ém)2 , (2.9)

sup min(l,t)/l(axa)Q+/Tmin(1,t)/1(8ta)2 , (2.10)
0<t<T 0 0 0

Remark 0.2. Equation (2.4) is called Hoff’s first energy, and (2.2)), (2.3)), (2.5)—(2.9)) can be seen as consequences
2.10

of (2.4). Equation (2.10) is called Hoff’s second energy. This is a finer time weight bound, important for
obtaining compactness on o.

Theorem 0.3. Let T > 0. Consider (co, po, 0o, 1) € (L°°(T))3 x HY(T) verifying

0<co(z) <1 (3.1)
forallz €T, po<p(r)<po (3.2)
b0 < 0(z) < by (3.3)

for some constants 0 < pg < pg and 0 < Oy < 0o. Then, the Cauchy problem (1.1] with initial condition
(co, po, Yo, ug) has a unique ”a la Hoff” solution on [0, T)xT. Moreover, the constantsp po 9 GOEE P,
[CsPICep, [Cof in Definition [0.1] depend only on 75, po, B0, B0, p14, v, vt o | a2, T

These bounds enable the mathematical justification of Navier-Stokes homogenization in this context. The
authors demonstrate the following result:
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Theorem 0.4. Let T > 0. Consider some sequence of ”a la Hoff” solutions (c%, p%,0%,u®) of (L.1)—(1.4)) with
initial conditions (c§, p§, 05, u§) € L°°(T)3 x HY(T), verifying (3.2)-(3.3]) with bounds uniform in . Suppose
moreover that there exists some a4, po +, 00+ € L>(T), up € HY(T) such that

fOT’ all ﬁ € O(RB)a B(C(€)7p(€)’ 08) EjO O‘O,+B(LPO,+;9O,+) + 040,—/3(0700,—’ 00,—) in Lm([OaT] X T) - %

ug Ty o in H*(T).

then there exists some o+, p+, 0+ € L*([0,T] x T), u € L?(0,T, H*(T)) such that, up to the extraction of a
subsequence,

fOT’ all ﬂ € C(R?))? ﬂ(cfs’pe,ea) - a+ﬁ(]—vp+79+) + 0‘75(0»07»97) in LOO([OaT] X T) - %,

e—0

u® — win L*(0,T, H*(T)).

e—0

Finally, (o, pt,0+,u) verifies

a4

ooy +udpay = ————— (0 — 04 4.1
t (o= o) (4.1)
O(axps) + 0z(azpiu) =0 (4.2)
O (pu) + 05 (pu?) = 0,0 with p = aypy +a_p_ (4.3)
oo
Op(aapr ¢yy 04) + Op(aapreyr iu) = —————0(0ox —041) + aro0u 4.4
(o ps €us Bs) & Oulorsps evs O20) = —— T o(oz — o) (4.4)
where 04 = p4+0,u — Ry p104 and 0 = ey Ot — Deyy with
1 ar R 0 +a_ R p 0_/u_
feff = Pess = +Rypp by /g P /1 0

oy /ps +afp’ o /pg o /pe

The purpose of this paper is to outline the approach of [3], studying a semi-discrete model (discrete in
space, continuous in time). In the spirit of [5] that adapted [4] in a semi-discrete framework, this paper
provides elements for a semi-discrete analysis of Navier-Stokes homogenization for ideal gas. This point of view
allows for example to obtain better results for the existence at large time of solution to Navier-Stokes with
temperature and with heat-conductivity (see [8]). In the present case, it makes it easier to show the existence
of solutions to the continuous mesoscopic system (the arrow (a) in Figure[I)), and would be an other method to
obtain homogenization. In this paper we will give a detailed proof of the convergence of the non-conservative
approximation of the Navier-Stokes equations (33.1)—(33.4) obtained via the discrete model to the Navier-Stokes
equations, using some quantitative estimates (Lemma and Proposition |1.25).

The semi-discrete approach seems physically meaningfull: pure mobile fluid cells are considered, with a length
Az ~ e. We then make then cell size tend towards 0 (it is the arrow (b)). Moreover, the semi-discrete approach
is a first step for a totally discrete approach, and the obtention of a totally numerical scheme. Writing on one
hand a scheme for the mesoscopic equations and on the other hand for the macroscopic equations allows the
visualization of the homogeneization (via (c¢) and (d)). These numerical schemes are presented in this paper.
They enable to obtain the different illustrations of 3], which will be recalled.

Finally, in a brief third part, we will adapt the schemes to deal with the case with conductivity (which
still resists to mathematical analysis). We illustrate some convergences when x — 0, which for now are only
conjectures.

In this problem, the use of a Eulerian numerical scheme seems not relevant. Indeed, discretization of the
transport equation , for example by an upwind scheme, leads to the appearance of numerical diffusion
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FIGURE 1. Summary of proof
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which prevents the approximation of the color function from remaining equal to 0 or 1, which makes no physical
sense since it is an indicator function. More generally, discontinuities for density and temperature are crucial
in the modelization, thus we would like to keep them in the discretization.

One idea could be to accept some numerical diffusion but control them. It will force us to consider some
discretisation with a larger number of cells, which seems unreasonable even in dimension 1.

Writing the system choosing a pseudo Lagrangian formulation, we obtain

Dyc =0, Dip = —pd,u, Dy = — 20

where D; = 0; + ud, is the Lagrangian derivative.

Thus, roughly speaking, the estimates 7 give that ¢, p, # are continuous in time along the character-
istics of u. Hence the motivation of using a scheme with mobile interfaces, in order to conserve the discontinuities
without paying too high a price in term of computing costs. Remark that an other approach is to consider a
fixed-mesh scheme, rewriting the Navier-Stokes system in Lagrangian variables (see [8]).

1. A SEMI-DISCRETE APPROACH

1.1. Heuristic

Let T > 0. Starting from (¢, p,8,u) some ”d la Hoff” solution of (1.1)—(1.4) on [0,T] x T, we suppose that
there exists some (g ;41/2);=0,.s—1 such that

0<Zg1/2 <Tozje<- - <Zgy_1/2<1

and that for all j € {0,---J — 1}, ¢ is constant on |z j_1/2, o j4+1/2[. We denote this constant c;. Roughly
speaking, the positions zg ;1,2 spatially separate the different fluids. The color number c¢; indicates which fluid
occupies the portion of space |xg ;_1/2, %0 j4+1/2[- The length of each portion is expected to be in the order of
1/J, thus we suppose moreover that there exists some Ly > 0 such that

. 1
for all j € {0,---,J — 1}, ToJ <o j41/2 — Tog-1/2 < - (5)
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The sequence (g ;41/2); Will be the initial mesh of our scheme. We consider a Lagrangian scheme, thus each
position must follow the flow of velocity u. For a fixed j, we define then ¢ +— 2,4 /5(t) on [0,T] via

d
axj+1/2(t) =u(t,xjq1/2(t)),

zj41/2(0) = Zo,j11/2-

We denote wu;1/2(t) := u(t, j41/2(t)) and Az;(t) := xj11/2(t) — x_1/2(t). Remark that if f is some function
defined on [0,T] x T,

d [Tit1/2() Tjp1/2(t)
p ft,x)de = ult,xj11/2) f(t,2j01/2(8) —ult, wi_1/2) f(t, 25_12(t)) Jr/ O f(t,x)dx
z;_1/2(t) @j_1/2(t)
l’j+1/2(t)
-/ OS2+ 0u( )2 e
Tj_1/2(t
Then we define p;(t) and E;(t) by
0= [ gty 0= [T pstt
pi(t) = / p(t,z)dz, pi(O)E;(t) = / pE(t, z)dz,
! Azj(t) Ju, o0t S Az Ju, 0
which gives, denoting o1 /2(t) = o(t,7;41/2(t)),
d
¢ =0, (6.1)
d
7 (Pilz;) =0, (6.2)
d d
g PiEiAT;) = pj Az By = 01 /2Uj1/2 = 0j-1/2U5-1/2, (6.3)

denoting x;(t) := (w;41/2(t) +xj_1/2(t))/2 then Az /5(t) := xj41(t) — x;(t). Equation reflects the fact
that each portion of fluid Jz;_; /2, 2;41/2[ is occupied by the same fluid at each time. Moreover, the total mass
of each portion is conserved (by ) and expresses the exchange of energy between each portion. We
define p;1/2(t), the average density at the position x;1,5(t) by

pi(t)Ax;(t) + pjt1(H)Az;j11(¢)
2

pis1/2(t)AT 11 /0(t) =

thus reproducing precedent computations, we get the equation of moments

pj+1/2A$j+1/2£u]’+1/2 = 0441 — 0j-. (64)

where 0,;(t) = o(t, z;(t)).

Note that we have too many unknowns in relation to the number of equations. The difficulty is then to find
some relations between Fj,0;41/2 and uji1/2,0;5,0;,1/2. We remark some conflicts: we defined p; and E; as
above because it seems clear that they are cell-specific data. Similarly, we would define the internal energy
e = ¢, 0 into the mesh. But the pressure p = (v — 1)pe = Rpf should be defined on the interface... some choices
have to be done, but respecting equations f.
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FIGURE 2. Semi-discretization choice
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1.2. Definition of the semi-discrete system
Let T > 0. Let ppy,cyqy >0, 7+ > 1, Ry = (v — 1) ¢yy and pr = p1(p,0) = Rypb. For f € {u,cyv,7, R, p},
we define f(c) by
flo)=cfy+1—0)f-
and we denote in the following, for j € {0,---J—1}, f; := f(c;). We adopt the definition Ag; := g;11/2—9gj—1/2,
Agjv1/2 7= git1 — G5

Let (co,j, o j+1/2,T0,j+1/2, £0,5500,5) j=0,--7—1 C R.
We consider on [0, 7] the system, for j € {0,---J — 1},

d
d
5 (Pidz;) =0 (7.2)
d
Pj+1/2ij+1/2£Uj+l/2 =A0ji1/2 (7.3)
d
ijxj Cvj %9] = O']‘Au]' (74)

solve for (c;, pj,0;,111/2) and with the initial condition (co ;, po,j, 60,5, %o,j41/2), Where for all ¢ € [0, T,

t
l’j+1/2(t) = .To’j+1/2 +/O ’U,j+1/2(8)d87 (75)
2y = Tj—1/2 ‘;‘ Tit1/2
Moreover, p;j; /2 is defined by
iAz; 4+ pjr1Ax;
Pj+1/28% 51172 = Picts P2]+1 a (7.6)
and o; by
Au,;

0j = ujij —p;(pj,05). (7.7)

Remark 1.1. It is not immediately clear that the system ([7.1)—(7.4)) is consistent with the principle of conser-
vation of energy. However, for j € {0,---.J — 1}, considering e; 1/, and E; 4/, defined by

1/2

PiATj ey b Pir1AT 41 Cvjp O Eji1)2=

Pit1/2AT 1/2€5 412 = ) 5 , J B +€jt1/2,
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we get
d d
%pj+1/2A$j+l/2Ej+l/2 = pj+1/2A$j+1/2uj+1/2%Uj+1/2 + piAT; ;Vj 0 n leijH;ij dp.
=Uujq1/2080541/0 + Ujﬁuj Uj+1§uj+1
= A(ou)ji1/2 o
where
S (7.9)

It might seem more natural to replace ([7.4)) with (7.8)) to define the semi-discrete system. However, this approach
does not allow us to find 6; from E; /o in the case where J is even.
Let’s consider the following assumptions:

The sequence (2 j41/2)j=0,.7—1 verifies 0 < g 1/0 < wg3/2 < --+ < Tg,7—1/2 < 1 and there exists some
Lo > 0 such that

0<j<J-1 0<i<J—
For any j € {0,---J — 1}, «¢o; € {0,1}.
There exists some 0 < pg < pg, 0 < Oy < o such that, for any j € {0,---J — 1},
Po < po.j < Po, Oy < 6p,; < 0.
There exists some constants g > 0, Cy > 0 such that

max Axg; < Lo min Az ;.
1

J—1
Z P0,j+1/20%0 j+1/2U0j+1/2| < €0, (8)
j=0

J—1 (A’LL ‘)2

3 G g o)

— A$07j

7=0

Remark 1.2. The assumption H1 is linked to : indeed it can be rewritten as
forall k,5 €{0,---,J =1}, Axor < LoAxg;.

Thus summing on j (resp. k) at k fixed (resp. j) we get

1
for all 1 € {0,---J — 1}, TJSALEQJ
0

IN

Lo
.

Remark moreover that Lo > 1.

Remark 1.3. Assumptions H2 and H3 are discrete versions of (3.1)—(3.3). Moreover, H4 is a discrete version
of "ug € HY(T)”. See the proof of (1.8)) for more details. Note that in the continuous case, we can assume by

Galilean invariance
1
/ poug = 0.
0

Inspired by definition let’s consider
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Definition 1.4. Let T > 0 We call ”a la Hoff” solution of (7.1)—(7.5) any quintuplet
(CjrUjt1/2,Tjq1/2, P55 0; )j o € (L*°(]0,77))° that also satisfies

0<e(t) <1 (10.1)
for all t € [0,7],5 € {0,---,J =1}, p<pi(t) <Py, (10.2)
0<0;t)<0 (10.3)
for all t € [0,T7, o nax Ax;(t) < LO<Ijn<iL11171 Azj(t), (10.4)
g, AO’ /
i11/2)
sup Az;o? + / J 4 C 10.5
0<t<T]ZO 77 Z Azji1yz (10:5)
(10.6)
(10.7)
<t<T 5
T
A
/ max < < (10.8)
0 0<j<i-1 ;

) 4C 10.9
OE?ETOSIJ%&}{—JUJH/ﬂ ( )

TJ-1
/ Zij+1/2‘“;'+1/2|2 (10.10)

(R —
sup min(1,¢) Z (AUJH/Q / min(1,¢ ZA:E”J =" (10.11)

0<t<T =0 A9Cg+1/2

Remark 1.5. Equations (10.1)—(10.11]) are the semi-discrete version of (2.1)—(2.10). More precisely, the esti-
mate with for constant C; in Definition is the discrete version of C? in Deﬁnition forie{1,---7}.

We can then show the following existence theorem:

Theorem 1.6. Suppose that (co j, Uy j+1/2:To,j+1/25 P05, 00,5)j=0,..0—1 verifies H1-H4 for some Lo > 0, 0 <
po <o, 0 <t < 0o. Then the Cauchy problem (7.1)~(7.5) with initial conditions
(Co,j5 Uo,j41/25 T0,j+1/25 P0,5,00,5) j=0,..0—1 has a unique "a la Hoff” solution on [0, +oc[. Moreover, for T > 0, the

constants p, p, 6, QJ C'1|,| C'2|,| Cg C’5|,| C6l> L>01in Deﬁnition depend only on po, po, o, 00, [t V4, Cv 45 €05
Co, Lo, T

One of the steps in order to prove Theorem [I.0]is the

Lemma 1.7. Suppose that (co j, U0, j+1/2,T0,j+1/2, L0,5500,5)j=0,..7—1 verifies H1-H4.
Then there exists Tyax > 0 such that with initial conditions (co,j,Uo j+1/2,T0,j+1/25 Po,5) has a unique
mazimal solution (c;, ujy1/2,%;41/2,P5) 0N [0, Tmax[. Moreover, either Trax = +00, or Tax < +00 and one of
the following case happens:

o | X(t)|+|U®)] v +o0

Tmax

o liminf, .7, min; Az; =0
e liminf; .7, min;0; =0.

max
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Proof. Remark that system of equations (7.1)—(7.4) can in fact be largely decoupled. Of course, (7.1)) is inde-
pendant and gives

for all ¢ € [0,T7], for all j € {0,---,J — 1}, ¢;(t) = coj-
Moreover we obtain directly from (7.2 that

; po,jAZ
for all t € [0,T], for all j € {0,---,J — 1}, (1) = 202270, 11

Then, from (7.3)), there exists some smooth function F' such that,
denoting X = (xj+1/2)j:O,-~.]717 U= (uj+1/2)j:0,---J71 and © = (aj)jzoy...‘],h

d

with
Ujt1/2
1 A’U,j+1 A’LL]'
; — ; — Ry ; 10 Ry ipif;
F(X,U,0); = P0,j+1/28%0 j41/2 <MO’J+1A%‘+1 1o Az; 04+1P5+1%5+1 T 03Pi0
(Auy)?

p0,;AZ0,j Cvo j (uO’J Az, 0.9PI7I2

where F': D — R, with

D:{(X,U,@)G(RJ)B, $1/2<$3/2<"'<$J_1/2, m1n9] >0}
J

is an open set of (R7)3. Thus by the Cauchy-Lipshitz theorem, there exists some Tiax > 0 and a unique
maximal solution of (X,U,0) : [0, Tmax[— D. Moreover, using H1, H3 and , we observe that for all
j€{0,---J—1} and for all t € [0, Trax[, p;(t) > 0. O

To prove the theorem we want to obtain uniform bounds in J to get the global existence of a solution to
the Cauchy problem, i.e. Tiyax = +00. Note that in the following, (2;) and (z;41/2) are extended for j € Z by

forall k € Z, forall j € {0,---J =1}, xjpns=k+z5, Tjp1/04000 =k +2j11)0.
Moreover, for f € {c,p,0} and g € {u, E}, (f;) and (gj41/2) are extended for j € Z by
forall k € Z, forall j € {0,---J =1}, fijtks = fj: Gjy1/21k7 = Gjy1/2- (13)

1.3. A priori estimates

In this part, we adapt a priori estimates obtained in [3] in the continuous case (see Theorem . We start
by finding an upper bound p on the density (proposition , which is a very classical idea in the study
of barotropic Navier-Stokes (see for example [18]). A lower bound # on the temperature is similarly easy to
get, with or without conductivity (see [8] in a semi-discrete view). However, to go further, the methods differ
depending on whether the case is with or without conductivity. In the abscence of oscillations and with heat-
conductivity, the idea is to prove an H' regularity on the total energy. In our case (without conductivity), the
key is to consider the effective flux (see [17] with no oscillations, and [3] with oscillations): it is our proposition
In the following, we fix J € N* and 0 < Ty < Tinax, To < +00.

We begin our analysis by showing a uniform bound with respect to J of mass and energy :
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Lemma 1.8. Let T €]0,Ty[. There exists some M,E > 0 depending only of po, £0; 0o, Co, €0, ¢vy such that

J-1 J-1
sup »  p;Az;(t) <M, S > piv12A;41/2E 1)0(t) < E.
0<t<T =0 sts j=0

Proof. Let t € [0,T]. From the conservative form of (7.2), we get immediatly

J—1 J—-1 J—-1
Z ijiCj (t) = Z pO,jA:EO,j S % Z Al’o’j S % (14)
=0 J=0 J=0

Using now the conservative form of (7.8]), we get

J—1 J—1 J—1
Z Pi+1/28% 01 /2F;11/0(t) = Z P0.j+1/28%0 j+1/2E0 j+1/2 < Cvmax P00 + 5 Z p07j+1/2Aw07j+1/2u(2)7j+1/2~
Jj=0 Jj= j=0

Let 5,k € {0,---,J — 1}. Writing now
j—1
Ug j+1/2 = U0 k+1/2 T Z Augy

=k

then multiplying by po r41/2A%0 k+1/2 and summing in k& we get

J—1
(Z Po,k+1/2A$0,k+1/2> Uo,5+1/2

k=0

J—1 J—-1 j—1 (15)
= Pok+1/28%0 ks1/200 k11/2 T D Pok1/20%0 k4172 Y Ao
j=0 k=0 1=k
Note that, reproducing the reasoning of , we have
J—1
Po < Y Pok+1/2A%T0 k1172 < Po- (16)
k=0
From and we get by Holder’s inequality, using f@,
R, R, |Aug |2 v 1/2
poluo j+1/2| < +m; |Aug| < €0+ 7o <l§ m) < &0+ 70Cy
hence by
J-1 —1/2
_ __ [ €0+ poC
Zp07j+1/2Az0,j+1/2u(2),j+1/2 < poug,j+1/2 < Po <p00>
i=0 atl
O

We continue with the trivial but crucial
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Lemma 1.9. Let T €]0,Ty[. For any smooth function B :]0,4o0c[— R, for all j € {0,---,J — 1}, the following
renormalization property holds on [0,T] :

d A
%ﬁ(l)j) = _PJB (PJ)AZj

Proof. Let j € {0,---,J — 1}. From ([7.2) and (7.5, we get on [0, T]

d d
0=—(pjAz;) = Azj%pj + pjAu;,

dt
hence
d , d AuJ
21P) = B (ps) rps = =piB' () § ;
O
The classical way to obtain an upper bound for p is to show the
Lemma 1.10. Let T €]0,Ty[. There is such a C5 (To,ui,’yi,ﬂ, &) > 0 such that
t
su max ;| 4C5 17
ogth 0<19T 1 /0 il Y Lp1 (17)
Proof. Let 4,1 € {0,--- ;J — 1}. Summing (7.3)) between [ and j — 1 we get on [0, T]
d i
T > P12 AT g1 j2tlis1 )2 = 05 — 00, (18)
k=l
then multiplying by Az; and suming in [, using Z{;OI Azx; =1 we get
Jj—1
Z Aﬂfz Zﬂk+1/2A$k+1/2uk+1/2 =0j — Z o Axy. (19)
But using (|7.5)),
j—1 g =l j—1
Z Afl% Z Prt1/2D% )41 /2Uk 1172 = at Z Az Z Pr41/28% )4 1/2Uk 1172
1=0 k=1 1=0 k=1
J—1 j—1
- Z Auy Z Pht1/28% 41 /2Uk41/2
1=0 k=l
Then, using the IPPs formula
J—1 J—1
D alfi==Y (Agie1y2) fisrye (20)
1=0 1=0

which is the discrete version of

A%d=—£¥7
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due to periodicity, we get

J—1 j—1 J—1
Z Ay Z Pr41/2D8Tk 1 1/2Uk 172 = Z PLa1/2T 141 /2UT o
1=0 k=1 1=0
Thus, rewrites
d J—1 j—1 J—1 ) J—1
T ; Az, kZ::z Pl1/28T k1 1/2Up 172 — ; Pi+1/28T 141 )2Uj 1y jp = 05 — ; o Ax.

Then, integrating in time this last equation,

t J-1 Jj—1 J—1 j—1
/ oj = E Axy E Pr+1/28Tk11/2Uk11/2 — E Azgy E P0,k+1/2A%0 k41/2U0,k+1/2
0
1=0 k=1 =0 =l

J-1 J-1 1
- Z/ P12 AT 141 /2U7 1 g + Z/ oAz =Yy ;.
1=0 /0 1=0 70 i=1

Let us control each term I; to obtain :

J-1 -1 J-1  j-1
L < Z Az Zpk+1/2A$k+1/2uk+1/2 < Z Az ZPk+1/2A$k+1/2|Uk+1/2|
1=0 o 1=0 i
J-1
<D Pry1/28% k11 2|Uk41 2]
k=0

1/2

- 2 V2 e/
< D prr1/pBzrs)0 (Pk+1/2A9€k+1/2uk+1/z) < (2ME)Y
=0

where we use Holder’s inequality, and Lemma Similarly,

J—1 j—1
|I5] < ZA$O,ZZP07k+1/2A$O,k+1/2uo,k+l/2 < (2ME)V2.
1=0 k=1
Moreover, thanks to Lemma [1.8
J—1 Lt B
13| < Z/ Pz+1/2Al’l+1/2u12+1/2 < 2THE.
1=0 /0
Finally, using (7.7)) and Lemma
S J-1 ¢ J=1 ¢
14| < Z/ oAzy| < Zu(q)/ Ay +Z/ (v(a) = DpreiAzy
1=0 70 1=0 0 1=0 70
J—1 J—1 t
<> (A~ Ason) [+ Y- (2(@) ~ 1) [ preitay
1=0 1=0 0

S 2Mmax + TO('Ymax - 1)5
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Proposition 1.11. Let T €]0,Ty[. There exists some constant p = p(To, po, fi+, Y+, M, E) > 0 such that

sup max i(t) <0p.
ogthOSjSJflpJ( ) <P

Proof. Let j € {0,---,J —1}. Using Lemmathen (7.7), we get on [0, T]

Dpy = -2 %P
dt Az; gy py

Hence integrating in time then using Lemma [17| we obtain, for ¢ € [0, T,

1 1/t
Inp;(t) =Inpg; — ;/0 %P
J J
t 7
<Inpo; + / g Sln%+7
Hmin 0 Hmin

and finally, taking the exponential,
pi(t) < podZed/ i = 5.

157

O

Proposition 1.12. Let T €]0,Ty[. There exists some constant § = 6(Ty, po, O, pit, Vs ¢v1,&) >0 such that

inf  min 0;(t) > 6.
0<t<T 0<j<J—1
Proof. Let j € {0,---,J —1}. On [0,T] we get from (7.7)
d
,ujija;j%ej =ojpjAu; = Aarjajz + Azjo;p; = Axj(o; +pj/2)2 — ijp?/él > fAsz?/él

hence (remember that p; = ¢y ;(v; — 1)p;0;)

2 —n2
igj > _ ('Ymax - 1) Cvmax ,09J ]
dt 4,Umin
Then, dividing by —67, we get
—1)2 5
A1 Omax = D vimax P _, Cor.
dt oj 4,Umin =
And integrating in time, we get for ¢ € [0, 7],

1 1
—(t) < — +H1Cy 1| < — + THC,
Gj(>_9o,j+ g71_@+ dCo,1

This states the result, taking

1
0= ——re—.
Y+ TGl

The continuation of the argument is to find bounds on sigma, following the idea of [17].
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Lemma 1.13. Let T €]0,Ty[. For all j € {0,---J — 1}, o, satisfies on [0,T)] the equation

d Ao
2 (Az505) = piA ( ) == = DojAu;.

pAx j
Proof. Let j € {0,---,J — 1}. Starting from
AZEjO’j = ,LLjAUj — (73' — 1)ijLEjej

due to ([7.7)), then deriving both sides of the equality, we get from (7.2

d d d
2 (Az05) = piA—u; — (7 = D)pjAzj e

dt dt
On the other hand, one has
d, __Adnp
dt 2 Pit1/2A%41/2
and
d
p]ijd = 0;Auy,
hence .

Lemma 1.14. Let T €]0,Ty[. There exists some Ci 1 et Y Syt PO, 00, Co, €) > 0 such that

sup Z Azjloj] 4 Ca

0<t<T

Proof. Let j € {0,---,J —1}. We will denote f* = max(0, f). Multiplying by a;r

Ao

+
% pAx

Q.‘Q‘

RN ) — (3~ ()P Ay,

On the other hand, thanks to (7.5)),

d d
%(ij(a;')Q) = 2Ax]0;'£0j + Au; (0}')2
and d d d d
4 8y (o)) = S (awyot o)) = o7 L (Aaye)) + Ayt o,

thus, substracting /2 from we get :

and gives
1d Ao 1
3 Bastof )~ wara (50) == (- 5 ) o P,
j
As p; > 0 (because p; > 0 and 6; > 0), we remark from (7.7)) that

O'j20:>AUj>O,

, we get

(21)

B
w

5

(22)
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thus

1d i Ao
— o] =7 ) <

since v; > 1 > 1/2. Dividing by p; then summing in j and using we get

J

|
-

Ax

)2
( +Z (ot +1/2A‘7j+1/2§0.
=0 P;+1/2ASUJ+1/2

N |
Sl
.
Il
=)

Because y — yT is nondecreasing, we have A(c7");41/2A0;41/2 > 0, so finally

1d =2 Axj(0h)? 0
2dt = i -
thus
Il +)2 J-1 + 32 J-1 2
Ax;(o]) Az (o) Axg ;08
ZA% P e 3 T S e 3 T S e 3 0
7=0 H j=0 Ho,j =0 Ho,j
then by Young s inequality, using and .
J-1 J-1 2 2 p2
Aug 4)? Axo iR pe 05
Z Az (07)? < 2imax Z MO,]M + 2fimax Z 7770,j%0,570.5 Cia
7=0 Axo’j =0 Ho,j

where

IJ/ .
Ci12 1= 202, Co + 22" B2, 560, .

min

Using the equality |o;| = 20;" — 0; we get from Young’s inequality, (7.7) and

J—1 J—-1

Az;lo;
> Ayloy] < s Y A%
=0 j,o Hj
IU/max — ijgj
Z Az = fimax )
,Ufmln - =0 Hj
,LL 1/2 J—1 1/2 J—-1 J—1 Az D
>~ e Z Amg Z ij — Mmax Z Auj + Mmax Z —
,Ufmln — =0 =0 =0 Hj

< 2Mmax 01’21/2 + 2@(7max — 1)5 = 01’1

- Hmin Hmin

O

Proposition 1.15. Let T €]0,Ty[. There exists some Cy T07ui,7i,cvi,co,g, P05 P05 00, Lo) > 0 such
that
J—1

(A
sup ZAQU]U] —G—Z/ OJH/Q 4 (10.5))

0<t<T ij+1/2
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Proof. Let j € {0,---J — 1}. Multiplying by o, the same computation as in Lemma m gives

1d Ao 1
5%(A{L‘j0j2) — /J,jO'jA (Mr)j = — (’yj — 2) 0']2-A'Ll/j.

Dividing by p; then summing over j and using the IPP identity (20), then (7.7) and Lemma [I.14] we get

Jfl 2 J—1 J—1
ld 95 AJJ+1/2 1 < 1) 2
-2 + N A s
2 dt 0 Z ijrl/ZAxJJrl/Q —0 i J 2 J J
J= J=
J—1 J—1
1 1 1 1
= — Z ? (’Yj — 2) O’?Al‘j — Z ? (Vj — 2) U?ijJCj
j=0"J =0 "7
_ J—-1 1 ( ) 3A
= B \Vi T 5 )0
i=o 1 2
J—1
1 1
< mlaxalz 2 <’YJ 2) |oj|Az;
j=0 i
1
<0 (s — &) 2 maco (25)

Let 4,1 € {0,---,J —1}. We have
i—1 i1

0'7;2 = Ul2 + ZA(Uz)k+1/2 = O'l2 + 2ZO'k+1/zAO'k+1/2.
k=l k=l

Multiplying by Az; and summing in [ we get using Holder’s inequality

J-1 J—1 i—1
2 2
o; = Z Azo; + 2 Z Az Z Oy1/2A0141/2
=0 =0 k=l
J-1 J—1
2
< Z Azxjoy +2 Z |0kt1/2A0441/2]
1=0 k=0

J-1 J—1 /2 (Aoyy12)? .
< Axjof + 2 Az i P — '
; o (kz_o Proypmiin 2ok 2 kZ:O Pr+1/28% k112

Moreover, from (|7.6]),

2 _ pkAx + pr1 Az (0 + o 2
Pk+1/2A$k+1/20k+1/2 = 9 9

Pz, + pri1Dzii1 O+ 0h
- 2 2
< PEAZRO} + prp1DTp107 n PRALROR |+ Prp1 DT py107 (26)
- 4 4 ’
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On the other hand, from H1-H3,
_ _ Po Po
PrATE = porAxor < poAzor < LopoAzo k1 < LO;PO,k-{-leO,k-H = LO;Pk+1A$k+1a
) o

and similarly,

Po
Pry1Axp 1 < Lo ;PkAxk-
Po

Thus
po + Lo prAxkof + pry1Azei10p, 4
2@ 2

2
Pr+1/2D%)41/200 112 <

and by and Lemmam

— [ po + Lopo S (A ) v
0 000 Ok+1/2
S E (EZO' + 24— E LATLo E _—
1=0 l 2p0 <k op k) (k—o Pk+1/zA$k+1/2>

J—1

i (A0k+1/2)2
C Ax 0.2 T :umln 97
b Z i (2Ymax — 1)C1.1 = Prt1/28% k112 (27)

denoting

1 1 00
Cizgi=1+4—5— (’Ymax - ) Ciap (1 + Lopo) .
Himin 2 Po

Thus we get from

J-1 2 J-1 2 J—1 J-1 2
d Al’jO'j (A0j+1/2) Ail?j()’»
— — + ——— < 201,3 Azio? < 201’3[1, L.
dt Jz::O 1 ]2::0 Pi+1/2A% 5112 ;0 o e ; 1

Thanks to the Gronwall’s lemma, we can now close this last inequation and obtain from

J—1 TJ 1 5 J—1 2
sup Z Azjo? / (Agji1/2) < Z Az jog exp(AC1 shimacTh)
>~ ,3Hmax
0<t<T ;= K pg+1/2Ax]+1/2 =0 Ho,j
[of}
< === p eXP(QOL?,umaxTo) (28)

hence finally

TJ 1 AO’- 2 E-
sup ZA‘T]U +/ J+1/2) Smax(ﬂmaxap)meXp(ch,BUmaxTO)-

0<t<T 4 ¢ Azjii Hmin

Corollary 1.16. Let T €]0,Ty[. There exists Cs To,uiﬁi, ¢vi,Co, &, o, @,%, Lg) > 0 such that

T
max o2 < Cy (110.6))
o 0<j<J—1 d
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Proof. Let j € {0,---,J —1}. Combining and (28), we get

T

2 Hmax HMmin

“(H)dt < To C AC 3ltmax10)- 29
/0 oj(t)dt < (|C13 - + 27w — 10 1|> 1,2/exp(4C1 3 0) (29)

From this last result we get easily an upper bound on p, then some bounds on Au;/Ax;.

Proposition 1.17. Let T €]0,Ty[. There exists some constant p = p(Ty, pi+, Y+, v+, Co, &, Pos £0, 0o, Lo) > 0
such that

su t)<np
0<t£)TO<]<J lp i(t) <P

Proof. Let j € {0,---J —1}. We have, on [0, T,

d d
wi i = (05 = Duy 7 (psej)

d d
= (v = Vesps + 1 (v; — Dpj e
Auy Au,
= Pitin, Loy~ Dy, using (72) and ([TF)
J
=((v - 1)03 —pj)(0j +p;)
(v; — 2) =2\
- (J4+%_1 Il Ul et

—92)2
S (W + 'Ymax - 1) maXUJZ'a

hence, integrating on [0, 7] and using Corollary
Po 1 —2)2

p; < Po + ('Y )max + Ymax — 1 02 =:D.
Hmin Hmin 4

Proposition 1.18. There exists some constants Cz, Cy, Cs > 0 depending only on Tp, i+, ¥+, ¢v+,Co, E, Do,
Po, 6o, Ly such that

A

O

Auj

su E (110.7))

0<t£T I
T 2

A .

/ max (“J) < ([108)
o 0<i<J-1\ Ag;

(10.9)

sup  max |ujyi1/2] Cs
0<t<T 0<§<J -1 i+1/

Proof. Let j € {0,---,J —1}. We have on [0, 7], from (7.7)

(Auj>2 - 20]2 + 7
ij B 'ufnin
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hence from Proposition and Proposition

J—1 J—1 —
> O < S o S e < T

=0 Hinin =0 Hinin =0 Hinin
and from Corollary [I.16] and Proposition

/T (Auj>2< 2 (7 2, 2 @+2T0p
_J < - o2 - <= 7
0 Agjj :urznin ! nu“r2nin 0 J :umm

Moreover, by repeating the computations of the lemma and using , (10.7) and

J-1 J—1
E Pk+1/2A$k+1/2Uk+1/2 = E Po,k+1/2A$0,k+1/2uo,k+1/2
k=0 k=0

by the conservative form of (7.3]), we get

50+P/2

U <
| J+1/2‘ = 20

O

Proposition 1.19. There exists some p > 0 and 0 > 0 depending only on To, i+, Y+, ¢v+,Co, E, Pos Po, 6o, Ly
such that

inf min >
0<t<T 0<j<J— Pi= 0

sup max 0; < 6.
0<t<T 0<5<J—1

Proof. Let j € {0,--+,J — 1}. Using the Lemma [1.9, we get on [0, 7]

hence for ¢ € [0, T7,

t t
Au; Auy
p;(t) = po.j exp —/ ~ ) = poexp —/ max || | > pyexp(—VTVICD) =: p
0 Ax; 0o J |Ax;
where we use (10.8). Moreover,
D p 7
0; = =2 — =0

O

Proposition 1.20. Let T €]0,Ty[. There exists some Cg To,,ui,vi,cvi,co,?, P, Po, 00, Lo) > 0 such

that
T J-—1
/ ZA$3+1/2\%+1/2| ‘ (30)
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Proof. Let j € {0,---J — 1}. Taking the square in (7.3))2, we get, on [0, 7]

(AU +1/2)2
Azjprpoltyplf’ = o —5—. (31)
J j+1/ A$3+1/2PJ+1/2
Integrating on [0, 7] then summing in j we get using (|10.5))
T J-1 T J 1 AO’ 2

+1/2) Cy
/ Z Afl”j+1/2\“}+1/2| / - S (32)

(R m]+1/2p3+1/2 P
O

Proposition 1.21. Let T €]0,Ty[. There exists some L = L(Tp, i+, v+, ¢v+, Co, €, Po, Pos 0o, Lo) > 0 such that,
for allt € [0,T],
< i (t). .
0<rjn<a3< 1Aajj( ) Logﬁ%lf},leﬂ (t) (110.4)

Proof. Let j,k € {0,---J —1}. Then, for t € [0,T], we get from (7.2) and H1

A Azo; o o o 5P
pi Az, (1) = P AT @LoAl‘o,k < &LOPO,kAQTO,k _ ﬂLOPkA-Tk(t) < POL L Awy(t).

Pj pi(t) P pop pop Lop

Az;(t) =

Proposition 1.22. Let T €]0,Ty[. There exists some Cy To,/ii,’Yi,Cvi,Co,g, P05 Po, 0o, Lo) > 0 such

that
(Ao
sup min(1,t) Z ]H/Q /mmls ZAx] ’,2
Proof. Rewriting as

pAzx
. , . .
where we use (7.5), then multiplying by 0% /; and summing, using (20) we get

A
Azjol — piA <U ) = —y;0;Au;
J

2 J—1

J—1 /
( AU‘+1/2
Ax,; J + J = —U o " A
S e At GRS G P
thus from (7.6]), (7.2)) and Young’s inequality,
J—1 2 J—1
(03)° 14 (Aoji1)2)
Ag;—L— - — J— —U o} LA
; Doy 2dt Z “ Pj+1/2D8%j11/2 Z ! !
2 2J-1
Ymax Au]
< fmax A Ax;
2/bmin 01971 Az, Z 7j05 + 5 Z
and from ((10.5)
J—1 1\2 J—1 2 —
o’ d Ao A
ZA%( J) 4= Z ( 0J+1/2) < meax Z S ’}/maxcl u]
= 1y dt = Pj+1/2A%j41/2 ~ fhmin 0<]<J 1 Aa:J — min 0<]<J 1] Ax;
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Then, multiplying by min(1,¢) and integrating with respect to ¢, using the equality
t min(1,t)
/ min(1, s)f'(s)ds = min(1,t) f(t) — / f(s)ds
0 0

we get from (|10.8)

J—-1 (

2
min(1,t) ]H/Z / min(1, s) A ( ])

= Pit1/28T 412
J—1
- /mln(l,t) Z (AO’j+1/2) + 7r2nax /t max
—Jo 3=0 Pi+1/28%541/2  pmin \Jo 7

1 2
e
B Hmin
and finally
J71
min(1,¢) Z JH/Q / min(1, s ZA.IJ % < max(fimax, PYC1 (1 ’y?nax .
Azji1/2 P fmin

Jj=

A’U,j
A!Ej

2
)

1.4. Stability and homogenization results
The estimates obtained previously allow the proof of the theorem
End of the proof of the theorem[I.6 It remains to show that Tyax = +00. By contradiction, we suppose Tax <

4+00. We can then take Ty = Ty,.x in the previous estimates.

o For all t €]0, Tiax| and j € {0, ,J — 1}, Juj11/2(8)| < O Tmax, bt Y Svt, Co, €, B, po, B, Lo) thus
|U(t)| +— -+oo. Moreover, we get

t_>Ttnax
t
125 1172(8)] < 20,541 /2] +/ [uji1/2(s)]ds <1+ Tma
0

thus | X (¢)] +—= +oo.

t—Tmax

e Moreover, combining ((10.4)) and the remark we get

1

fiyintmin e, 2 7y 0
o At last, by (10.3)), liminf, ,7,  min;6; >0 > 0.

Hence an absurdity using the lemma [T.7] O

In the following we establish some links between and .
Proposition 1.23. One defines on [0,T] X T the functions éJ,ﬁJ,mJ,éJ,ﬁJ,@J,6J, by
for all (t,xz) € [0,T] x T,
ei(t,x) =cj(t) if @ € [xj_1/2(), @j11/2(8)[;
pua(t,x) = p;(t) if © € [wj_1/2(t), 2j41/2(1)],
my(t,x) = pjy12O)ujrya(t) if @ € [2;(t), 211 (8)],
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05(t,2) = 0;(t) if x € [wj1/2(t), 2j11/2(1)],
Uyt ) =uj_1/2(t) + (v — xj71/2(t))%(t> ifw € wj_1/2(t), 2417208
J
AUj+1/2

0yt ) = u;(t) + (v — x;(t)) Azji1/2

t) if x € [x;(t), 241 (D],

Ao
0a(t,) = 0y(t) + (@~ ;) F 0 i @ € (0,251 (0)]

FIGURE 3. Representation of 4y and 0
Tj—1 Zj Tj4+1
1

Tj_3/2 Tj-1/2 Tjt1/2 Tj43/2
We get, on [0,T] x T,

Oy + 150,65 =0
Otpy + 0x(pyiy) =0
Oy + 0, (M y0y) = 0.0

B (prev(e5)01) + 8 (pyey(e5)0sty) = 65050y — 75
where

Ay o\ Au;

P )Ax]( ) if x € [z (t), 241 ()]

7= (@) 5 22
J

Proof. The proof is a direct computation using , and remarking in particular that using (7.5)), we have on
10, T, for all j € {0,---J — 1},

at]l[fvj—l/szﬁl/z[ + ﬂJaﬂﬂ]l[wj—lﬂx“«‘j+1/2[ =0, (34)
Ol 1a; 250+ 070e [ 0,0, = 0 (35)
O

In the following, for f € {u, ¢y, 7, R, p}, we will denote f; := f(é,).

The Lemma and the followmg Proposition express rebpectlvely the closeness between and

and uniform bounds on (¢, pJ, 05,16 G), derived from the Section Their proofs are purely computatlonal
and will be detailed in the appendix.
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Lemma 1.24. Let T > 0. Denote #% := 65 — p(¢y)0x0y + R(éJ)ﬁJéJ. Then

LTy
su Uy —0 36.1
i p [|t.y J”L?(T \FJ ( )

1731 220,71y < \ﬂ]\/@ (36.2)

. L3 /2
||7"5HL1([0,T]><T) < + TE, (36.3)

sup e <Lm (36.4)

/ o — / prive| < g R o) (a)

Proposition 1.25. Let T > 0. Then, on [0,T],

for all p € C1(]0,1]) sup
0<t<T

¢y e {0,1}, (37.1)
p<ps<p, (37.2)
0<6,<9, (37.3)
[as] (37.4)
1] < (37.5)

and

1 T 1
sup / ff?,+/ /(ax&J)2< (37.6)
0<t<T Jo 0 0
1
sup / (Dpiy)? < (37.7)
0<t<T Jo
T
/ ||azfu||zo (37.5)
0
T 1
/ /(ataJ+aJamaJ)2 < (37.9)
0 0
1 T 1
sup min(l,t)/ (ama—J)2+/ min(l,s)/ (0467 + 050,61)* gz (37.10)
0<t<T 0 0 0

We can now show the convergence of to :

Theorem 1.26 (arrovi(a) in Figure . For all J € N*, et (wo j+1/2,co’j,poj,ﬁoj,uo‘]jﬂ/z) g1 satisfy
H1-H4 with po, po,to, 00 and Cy,co, Lo independant of J. Suppose moreover that
(¢o,s,P0,7:00.5) — (co,po,00) in L*(T)?, o,y  — up in H'(T).
J—+4o00 J—+4o00

Then, up to a subsequence, (¢,py,07, 1) converges strongly in L2(0,T, L%(T))® x L(0,T, H(T)) to some
”a la Hoff” solution of , with initial conditions (co, po, 0o, up). O

Sketch of the proof. The proof of this theorem is very similar to the stability result in [3] (Theorem 4.1). In the
following, convergences are valid up to an extraction.
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Thanks to (37.7) and (37.9)), we show that there exists some u € L>(0,T, L*(T))N L?(0, T, L>°(T)) such
that

T
~ 2
| s =l = o (39)

We then deduce by (37.8]) that, defining the characteristic function X ; (resp. X) associated to iy (resp.
u) by, for all z € T, t,s € [0,T],

t t
XJ(t,s,z)=x+/ g (t, Xy(t,1,2))dr X(t,s,x):z+/ u(t, X (¢, 7, x))dr

we get
X; — X inC([0,T]*xT).

J——+o0
As ¢y is simply transported by 4y, it is sufficiant to obtain the existence of a ¢ € L*(0,T, L>=(T)),
c € {0,1} such that

¢y —> ¢ in L>=(0,T, L*(T)). (39)
—+o0

(See [3], proof of Theorem 4.1, step 1 and 2).

Equations (37.2)), (37.3), (37.5) and (37.6) allows to show the existence of p,8,m,g € L*>°(0,T, L>=(T)),
o€ L0, T, HY(T)) N L*>=(0,T, L*(T)) such that
p<p<D, 0<6<9, m < A p<g<pd e on[0,T]xT,
PJ J~>—+>oo P 0J J~>—+>oo 07 mj J~>—+>oo m, pJQJ J~>—+>oo g in L (07 T7L (T)) -
57 — oin L*(0,T, HY(T)).
6y, =~ o (0,7, H(T))

Moreover, because of the strong convergence and thanks to (36.1)), we get

Ty, 0y S w in L*(0,T, L*(T)) (40)

then

pray — pu in L*(0,T, L*(T)).
J——+o0

Thus using (36.5), we obtain m = pu. Remark that from (37.7) we get
4y — w in L*(0,T, HY(T)). (41)

J—+o0

Finally, ({41, and (36.2) give
o = pu(c)0yu — R(c)g.

Equations (37.7) and (37.10)) are suffisiant to prove moreover the strong convergence
67 — o in L*(0,T,L*(T)). (42)
J—~+oo

(See [3], Section 5.1).

Passing to the limit in (using ([36.3)), we get
e +udc=0 (43.1)
Orp + 0. (pu) =0 (43.2)
3y (pu) + 0z (pu®) = 0u(p(c)0pu — R(c)g) (43.3)
O (cy(€)g) + (v (c)gu) = (pu(c)0zu — R(c)g)Ozu. (43.4)
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Note that

By (ps0sn(ps0s)) + 0y (sps05n(ps0y))
= (0(ps07) + 0u(ityps05))(In(ps05) + 1) + (Deps + 1150:p5)0.

. . .1 ) R
_ ("Jaﬂ“ _ ’}7> (n(ps0s) + 1) — ps(Deiis)By

c/;IJ CvJ
52 o Rj6y7  ~ . - Y — 26 . -
= —L (In(p,0,) +1) + = JAJPJ9J1H(PJ9J)+M,019J
Kty g Hityy 115
Ry . - L o
- AJ(pJ@J)2 — =L (In(ps0,) +1).
120} CvJ

From (36.3)), (37.2) and (37.3)), we get

a1

" (n(psls)+1) — 0 in LY(0,T, L(T)).
CvJ J—+o0

Thus [3], proof of Theorem 4.1, step 4, can be perfectly adapted in order to obtain

psb; — g inL*0,T,L*(T)). (44)
J—+o00

Then ([42), and (36.2) give

gty — Oyu in L*(0,T, L*(T)).
J——+o0

Considering now pyln gy, some convexity arguments give

p; — p in L*(0,T,L*(T)). (45)

J—+4o00

(See |3], proof of Theorem 4.1, step 5). From and we get

0; — 6 in L*(0,T,L*(T)).

J——+o0

Moreover, g = pf, which concludes the proof.
O

It is possible to carry out a simultaneous convergence from the semi-discrete to the continuous and a transition
from the mesoscopic to the macroscopic point of view. For instance, this may be achieved by considering a
succession of pure fluid cells + and — with dimensions that vanish as the size decreases. We obtain the following
result, combining arguments of [5] and [5]:

Theorem 1.27 (arroi (b) in Figure . For all J € N*, let (xgyjH/Q,cg7j,pg7j,9‘oj,j,ug,jH/Q)j:o,...J,l satisfy
H1-H4 with po, po, 00,00 and Co, co, Lo independant of J. Suppose moreover that there exists some oo +, po,+,00,+ €
L>(T), ug € HY(T) such that

(I e ug in H (T)
and for all B € C(R?),

B(¢0., po,7,00.) P ao,+6(1, po,4,00,+) + o, B(0, po,—, 00,—) in L=([0,T] x T) — . (46)
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Then there exists some ., p+, 0+ € L>([0,T] x T), u € L*(0,T, H*(T)) such that, up to the extraction of
a subsequence,
ty — win L*(0,T, H(T)).

J——+o0

and for all 8 € C(R3),
B(erprns) | = asB(Lps04) +a-P0.p-.0_) in L=(0.T x T) = x (a7)

Moreover (ax, p+,04,u) verifies with initial conditions (a4, po,+, 0o+, Uo).

Sketch of the proof. (1) As in the proof of the Theorem [1.26} (37.1)—(37.9) and (36.1) allow to show the
existence of p,0,m € L*(0,T,L>(T)), u,o € L*(0,T, H*(T)) N L*(0,T, L*(T)) such that, up to an

extraction,
P p<D, 6<6<8, m < ACH a.e. on [0,7] x T,
pr =2 P 05 2 0 My~ pu in L>®(0,T, L>®(T)) — *,
4y — u in L*(0,T,L*(T)), (48)
J—~+o0
67 — o in L*(0,T,L*(T)). (49)
J—4o0

We easily obtain from (33.3]) the momentum equation
By (pu) + 0u(pu?) = 0.

However, we cannot expect strong convergence on (¢y). In particular, the expression of ¢ is not imme-
diately known.

Let K := [0, 1]x[p, p]x[6, 8]. Then, for 8 € C*(K), the function 3; : (t,z) — B(es(t,x), pslt, ), 05(t, x))
is bounded in L>°(0, T, L>(T)), uniformly in .J. Thus there exists some 3 € L>(0, T, L>°(T)) such that,
up to a subsequence,

By — B in L®(0,T,L°(T)) — *.
J——+oo

Moreover, because (C1(K),| - |l«) is separable, we can choose a subsequence valid for each function
B € CL(K). Starting from

65 = p(éy)0ytiy — R(E5)ps07 + 72

then dividing by p(é;) and passing to the limit, we get
YATRY -
() =0 ()
p(c) p(c)

1 1 <R(c) pH)
o= Opu — .
1/u(c) p(e) \ ple)
It therefore appears that the study of the weak limit of non-linear functions of ¢y, g, 6, is sufficient to
pass to the limit in equation .

hence




(2)
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Let B € CY(K). Then,

0By + OultiyBy) = (8:81)0cBs + (Dep)0,By + (8:0.5)p By + (Dwiiy) By
+ (170387) ey + (1504p7)0,B; + (1079,0.1)00B.s

67050 7L

= —(p70,01)0,B5 + ——=0pB1 + (0207)B; — ——0pS. (50)
CvgPJ Cvapg
Thus
5.0, R;p%0,0 d R;0,0
0,8 + DulityBy) = —6y pJApﬁJ _ JpJA 70,87 +62— OAﬁJA v, B0 AGﬂJ Y ?J
2% K CvgpPIlg Cvalg Ha
SIP) A A1
+ RproJﬁJ + 73 pJ?pﬂJ - f?](}(]% - T%@ S 0o3.
Ha 22 CvapItg ny o Cvgpg
Passing to the limit, using in particular , , (136.2), (36.3), we get
= = PO R(c)p*00,8 5 0B R(c)00y B R(c)pbp
O + 0z (uf) = —o — +o o +o + . 51
0 ==y T T c@pnt@ @ u@ T ue Y
Defining v : [0,T] x T — P(K), (t,z) — vy, by
for all t € [0,T], for all z € T, for all B € CHK), (vi.,B) = B(c,p,0),
we deduce from that v verifies the kinetic equation
0 0 0
Ay + Oy (uv) — my_ap <pU+R(C)py) + 0y <U(U+R(C)p)y> —0. (52)
p(c) n(c) cv cpu(c)p

For J € N*, we consider v” : [0,T] x T — P(K), (t,z) — v, where
for all t € [0,T], for all z € T, for all 3 € C(K), (v/,,8)=8s= B(és,pr.07).

Note that and (36.4) give that 9;8; + 4,0, is bounded in L>°(0, T, L*(T)) uniformly in J. By
repeating the proof of the Lemma 5.1 of [3], we get

v’ S vin C(0,T,P(T x K)). (53)
But can be rewritten as
for all z € T, 1/67796 J:)oo @0+ (T)0(1,p0 4 (),00.4 () T @0, ()(0,p0._ (2),00, (z)) 10 P(K). (54)
Thus and give
forallz € T, vz = 0+(2)d(1,p04(2)00.1(x) T 0.~ (T)5(0,00._ (2),60. ())- (55)

In [3] the authors prove that with initial condition has a unique solution (see Section 5.3),
which is with initial conditions (ag, +, po,+, 80,4+, uo) (see Section 5.4). This concludes the proof.
U
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2. MESOSCOPIC AND MACROSCOPIC SCHEMES

2.1. Mescoscopic discretization

Discretizing in time the semi-discrete system , we obtain a numerical scheme associate with the mesoscopic
system of Navier-Stokes with temperature and without conductivity . The aim of this study is to numerically
achieve both the convergence from the discrete to the continuous and the homogenization simultaneously when
J = 4o0.

Let J € N*. Consider a mesh with J moving cells whose positions depend on the number of the iterate
n. The extremities of the cells are denoted by :13711/2, cealy /2 Initially, starting from a volume fraction aq

(the ratio of fluid + in the macroscopic mixture), with a finite number of discontinuities, we construct (¢) and
(2, ,/5) such that

0 0 0
0< 2y, <Tg) < - <Tj_y,<l,
there exists some Ly > 0 independant of J such that maxo<j<j_1 Ax?H/Q < Loming<j<j_1 Axgﬂ/g,
for each point of discontinuity # € T of «, there exists some j € {0,---.J — 1} such that & = T340,

for each j € {0,---J — 1}, ¢J € {0,1}.
Z(Q)j+3/2
for all j € {0,---J -1}, ng+c(2)j+1:/ ag.
0

Taj—1/2

For j € {0,---J — 1}, we will discretize initial density p27 initial temperature 997 and initial velocity u? by

p§ = po+(5)¢] + po—(5)(1 = ¢f), 07 = 0o+ (9)c] + 0o, (25) (1 — ¢f), ud (e = uo(2d 1, 9),
where

0 0
NG Ve i ne Ve
Jj 2 :

and pg +,00,+ are supposed to be continuous at the points x?, and uy € H*(T).

Once (u}/5), (€]41/2), (0}) and (0]) are known at a time step n, we can define, as for the semi-discrete
system, (Au?), (Am?), (Ax;‘H/Q) and (p;.LH/z).

We choose the same splitting as in [5] (in the barotropic case). At each step, we begin by computing the
velocity, then the new positions of cells, the density and the temperature.

More precisely, the scheme can be written, for all j € {0,---J — 1} and n € N,

Gt =, (56.1)

P12 DTy oWy = P o ATy gl o — AU (P(CS 1, P41, 0741) — DU 0T, 07))

n+1 n+1 n+1 n+1
Ujtze — Wit1/2 Uivi/2 — Uj_1/2 (56.2)
+AL" 'u(cn-‘rl)ﬁ—n - N(Cn)—n )
( ’ AT ’ AT
n+l _ ,.n n, n+1

‘rj+1/2 - Ij+1/2 + At uj+1/2a (563)
Py AT = piAaf, (56.4)

Ayt AuT 4+ Ay

n non+l _ n naon n n J n o n gn J J

J VI

with At™ > 0 a time step.
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Remark 2.1. Proving conservation of the order of positions, i.e.
for all n, 0<af, <agy<---<aj_y, <1 (within one index rotation)

seems difficult. However this condition is essential in order to avoid Az’ < 0. But this does not happen in our
numerical simulations, if the Courant-Friedrich-Levy condition

" e At < min Az

is enforced for each n. It is important to note that, in the event that :1:?/2 becomes negative during the
computations, the value is to be increased by 1 in order to remain on the torus.

Remark 2.2. It is not clear at first glance that (u?j:ll /2) is well-defined by (56.2)) (the definition being implicit).

However, this equation cas be rewritten in a matrix form as

(M + At"(I — S)"D; 1 (I - S)) U™ = MU" + At™(I—S)” P" (57)
where Ml = diag(p}, p A7, 5), Dn = diag(Ax}/u(c})), U™ = (u}), P" = (p(c}, p},07) =: p}) and S is the

permutation matrix associated with the cycle (1234 ---.J).
Then, the left matrix A, = M + pA¢™ (I — S)T]D);l(ﬂ —S) is indeed invertible as a sum of a positive definite
symmetric matrix M and a positive semi definite symmetric matrix.

Remark 2.3. As the scheme is only linearly implicit, it is very practical to use. Just like the barotropic
scheme ( [5]), tested in many cases, its stability has never been called into question. However, to obtain a priori
estimates as in the semi-discrete system seems out of reach for the time being. The main issue comes from the
explicit definition of the pressure: note that in [15], a proof of the convergence of a scheme (with static cells)
for the barotropic case in Navier Stokes is given, but this scheme is totally implicit.

Remark 2.4. The scheme is conservative in the sense that, defining E7 by

2
N Agm Em Pi1/28%7 1o (W51 /) n piAz}OF  pi AT 07
Pi+1/28% 4172 541/2 = D) B D) )
we get
+1 +1/2 n+1/2 +1/2 n+1/2
P12 A 12 B g = P e D o By g + A (05,0 Ty T — o )
where o
Au”
+1/2
o = (e A;n —p(c}, p},07).
J

2.2. Macroscopic discretization

Imitating the mesoscopic discretization, we obtain a discretization of (4). We choose initially (1:5J +1/2)
verifying H’1-3, then for all j € {0,---J — 1},

¥ = ap(aY), P = p=(a), 0% ; = 0+(a)), Ujs1/o = U0(T1172),
where 0 0
o _ Ti-1/2 ¥ Vi
Once (ufy ) /5)s (2741 9), (af), (P ;), (02 ;) are known at a time step n, we define for j € {0,--+J =1},
pj =afpl ;+(1—aj)pt 0f = 70l ; + (1= aj)oz ;,
= P o P+ (P, 00 )i + ap-(p" 5, 0" ;)

affp— +(L—af)uy’ J afp—+ (1 —alf)us
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Moreover, once (u”}} ) is known, we define for j € {0,---J — 1}

J+1/2
Au”“ Aurﬂrl
1/2 1/2
oL = pe i L (05,0, oy = -y
J J
The scheme writes
1
P?+1/2Ax?+1/2uﬁ_1/2 = P?+1/2A95?+1/2U?+1/2 - Atn(P?H *P;'L)
n+l _ n+l n+l _  n+l
N Yivas2 " Yit1/2 ur Yirry2 = Y12 (58.1)
i+l Azl J Azl ’
+1 +1
x?+1/2 =i+ Atnu‘;‘l+1/27 (58.2)
af(l—aj) 1/2 1/2
an-l—l —a” + A" J J "f / o "+ / £8.3
. J O+ (L= s i) (58:3)
1—a?

+1 n+1 n n n _n J n+1/2 n+1/2 n
P AZTE = plt AT 4+ At (o7 =0T AT (58.4)

+.J J +.37 +.J a?u, +(1— a?)lhr +.J »J J

a”
+1/2 +1/2

PEART =t AxT AL — ! (0" gt Agn, (58.5)

Qg ph— + (1- Of?)/hr

1—a?)/c
P ATOYS = Pt jATOL  + At~ 0= af)/ ey R o s L VN

n o J —.J +.J J

J -+ (1 Q; )i+ (58.6)
net1/2 Au}l+1 + Auf '
+ At"aj T
v+

nOAZTOMHL = gt A"+ A af /e O_n+1/2(0_n+1/2 _ an+1/2)Aaﬂ”

P—.;j V= = P—RTi0— au_ + (1 _ O/-L)M+ J +,J —J J
’ ! (58.7)

+1
Au;-’ + Au?
2¢y_ '

+ Atno_;b"rl/Q

Remark 2.5. The discretization formulation may seem a little complicated and detached from the continuous
equations. Nevertheless, it allows to consider zones of pure fluid (i.e. « can take the value 0 or 1). In the case
0 < a < 1, the equation (58.4)) for example can be rewritten in the form

n+1 n+1 n+l _ n_n n
aj el Ary = agpl ATy

which is the natural way of discretizing (4.2)).

The schemes and are used in [3] in order to obtain some numerical illustrations, which we reproduce

here (Figure[4). We choose as initial condition, for € T:
2 if025<2<0.75 1 if0.25<2<0.75
po+(x), 00,4 () = ’ po,~ (), 00, () = {

)

0.2 else 0.2 else
1 if [Ja] is even or 0.25 <& < 0.75 cos(z) = { /2 HOB <075
co(r) = ) ’ 1 else
0 else
up(z) =0, po = copo,+ + (1 —co)po,—, 0o = coblo,+ + (1 —co)bo,—, ap—=1—ap+.

We consider moreover py = 0.1, p— = 0.2, v = 2, 7~ =3, ¢, = 1, t = 0.1. We take J = 100 for the
visualization of p,8,p in order to clearly observe the oscillations. We take J = 1000 for the vizualisation of
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a,u, o0 in order to see the discontinuities. Solutions marked with an epsilon are mesoscopic solutions, the others
are macroscopic solutions.

Remark 2.6. We consider here a mixture with a pure zone initially (note that ¢g = 0 on [0, 0.25[U]0.75, 1]).
This pure zone is transported but conserved through time (see a).

Remark 2.7. The quantity p® (resp. 6, p®) oscillates between p_ (resp. 6_, p_) and p; (resp. 04, pi).
Indeed no strong convergence is expected, but a binary behaviour (described by ) The weak limit p (resp.
0, p) can be interpreted as a weighted average.

Remark 2.8. The strong convergence of both u® and ¢ is observed. It is noteworthy that these functions are
in H'(T) in space, but not beyond this (refer to the singular points surrounding x ~ 0.15, z ~ 0.85).
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F1GURE 4. Convergence of p, 0%, p®, u®, o
J =100,t=0.1 J =100,t=0.1

1.5+ 2.5 x
J 0c  —04 K
o R
1 1
, , 15|
: |
0.5 ] — pF — P+ !
p- - P | 11
! | , ‘
0 02 04 06 08 1 0 02 04 06 08 1
J =100,t=0.1 J =1000,¢t=0.1
. 1 =
0.8 | — %+
0.6 +
0.4 +
0.2
0 : : : : >
0 0.2 0.4 0.6 0.8 1

J =1000,t=0.1 J =1000,t=0.1
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3. DISCRETIZATION WITH CONDUCTIVITY

In all our discussions, we have dealt with the homogeneization of the Navier-Stokes equations for ideal gas,
without heat conductivity. A priori estimates for Navier Stokes with conductivity are very different (see [16]
in the continuous case, and [8] for a semi-discrete approach). Furthermore, the authors exclusively address a
substantial conductivity constant. It appears that homogenisation with conductivity is more challenging than
in the absence of conductivity. The only known result [12] deals with small time and data with few oscillation.
However, the scheme (56 can easily be modified in order to consider heat-conductivity. In this subsection, we
give some numerical illustration of stability when the heat conductivity tends to 0, and homogenization with
low conductivity.

If it seems natural to define conductivity inside the meshes as the conductivity of the present fluid, the
definition of k1,2 is not that clear. As k0,0 is expected to be continuous, we are looking for some 6,2,
Kjy1/2 verifying

n - 07 no—07 [ c—
H(Cn) ]+1/2 J K}(Cn 1) J+1 J+1/2 _ K:n Jj+1 J
j = i+ = Rjit12
J Ax;.‘/2 J Ax?+1/2 j+1/ Al‘?+1/2
which gives
2Ax"

K i Jj+1/2
i+1/2 *= :
a Az} /k(c}) + Az} /K(cy )
Thus, in order to obtain some discretization of the homogenization of Navier-Stokes with conductivity, we
just have to replace (56.5) with

n non+1 n non n n Au?+1 n n gn Au?Jrl + AU;L
Py AT = pl Ax07 + At" | p(c]) Ar? —p(cj, p},07) g cv(c}l)
n n+1 n+1 n+1 n+1
A 28T/ e(e) < o GH -0 LG —ej_1>
n n 1+1/2 n+1 —1/2 n+1 ?
Azj_ g H ATy TR AR, T Al

which is once again only linearly implicit.
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In the following we denote by 6(t) an interpolation of (67); for n such that Y;'_ At* = ¢. Choosing a pure
fluid with for initial conditions

2 if 0.25 < x <0.75
0.125 else

)

forallz € T, po(x),6bp(z)= {

for all z € T, ug(z) =0
and g =0.1, 7y =2, ¢, = 1, we get for J = 1000 cells, at time ¢ = 0.1, the Figure [

We can then conjecture the convergence in the L>°(0,T, L'(T))-space, which will be the subject of a future
paper.

FIGURE 5. Behaviour of 8% when k — 0 (case of a pure fluid)

0% (t) for different values of x Zoom of the left picture
a 3.3 5
5 7 \
] 3.2
3.1
0.86 0.88 0.9 0.92 094 096 0.98 1
K= 10° 10°* 1072 1073 10-* 107° 0

10%(t) — 0°(t) ||, = 0.512 0.238 0.098 0.032 0.009 0.002
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Considering now a mesoscopic mixture of two fluids 4, with initial conditions

i

2 if 0.25 <2 <0.75 1 if 0.25 <z <0.75
for all z € T, poyi(x),goﬁ_(x)—{ ! ST ) 0 ( )_{ 1 ST S

0.125 else v 70 0.125 else

1 if |[Jz| i
for all z € T, uo(x) =0, co(x) _ if | Jz] is even
0 else

and ptr = 0.1, vy =2, 7 =3, ¢y+ = 1, we get for J = 100 cells, at time ¢t = 0.1, the Figure@ Once again, it
seems that for each ¢t > 0, 6" (%) — 6(t) in L*(T).
K—
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FIGURE 6. Behaviour of §® when x — 0 (case of a mixture)
0%(t) for different values of k

First zoom of the picture above Second zoom of the picture above
3.5 %
3 1
1.5 1
VA 2.5 1
YER\/BRVIRVIR\
1 9 |
: : : : 1.5 : : :
0.4 0.45 0.5 0.55 0.6 0.8 0.85 0.9 0.95
Ky = 10° 107! 1072 1073 104 10-° 0
k= 2 x 10° 2x 107! 2x 1072 2x 1073 2x 107 2x107° 0

10%(2) — 0°(¢)|| 12 = 0.631 0.339 0.333 0.200 0.049 0.008
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A. PROOF OF THE LEMMA [[.24]
Proof of (36.1). Let’s fix t € [0,7] and j € {0,J — 1}. Remark that

~ Au;
for all @ € [z;(8), @i 2(D] @ (t,2) = uy(8) + T2 () (@ — 2,(1))
J
N AUj+1
for all z € [x,41/2(t), 241 (t)[, Gs(t, o) = ujpi(t) + Ai(t)(x —zj41(t))
Tjt+1
. AUj-s-1/2
for all @ € [z;(t), 2 ()], 0s(t,2) = w;(t) + == (t)(z — (1))
Tj+1/2
Aujiio
= w1 () + I () (@ () - )
Tj+1/2
thus
zj+1(t) Au; A 2 rwie/2(t)
[ - b= (5220 - $50) [ @ aeras
z;(t) Tj+1/2 Zj @ () (50)
A A 2 pwipa(t)
+ < Uit gy - L2 ) (zj51(5) — x)?ds.
Azjiq Azjii/o 511/2(t)
From ([7.9)), we get
Atjryp o Bzt) Ay Bzina(t) Aug,
A.’L'j+1/2 2A1'J+1/2(t) AIEJ 2A$]+1/2(t) A$]+1
thus
Bty Bty Awia(l) (A“"“ — (t)), (60)
Al’j+1/2 A.’Ej 2A.’Ej+1/2(t) ijJrl A.’Ej
Aujet oy Ayrjz iy A0 <Auj+1 -2 ) (61)
Al’j+1 Al’j+1/2 2A$j+1/2(t) ACEJ'+1 Aftj
Moreover by Young’s inequality
Ay (D) Azi1 () < Ay a(t). (62)
Thus , , and ((10.4) in gives
xj41(t)
/ |ty — 0]2(t, z)dx
x5 (t)
_ (Aujﬂ () — Au; (t))2 ( Az () (@jg1/2(t) —2;(1)° N |Az; ()" (2j41(t) — l’j+1/2(t))3>
ALIL‘j+1 A.T] 4|A.Tj+1/2(t)|2 3 4|A$j+1/2(t)|2 3
:16Mw¢_ﬁwwfm%w%mﬁww
48 AZL’j+1 ij A.Tj_;,_l/g(t)
. 2 N (1)[2 _ 2 2 2 2
L (| B[ B ) BnOPAR@F B (@ua)? @)y
24 ij-&—l ij Al‘j+1/2 (t) 24J ij-i-l ij

Hence, summing in j, we get by periodicity and using ((10.7)

1 J=L miia(t) 2 -1 (Au;)? 1,2
iy — 0y (t,x)de = / iy — g% (t, x)dr < I (t) < —[C
bwwmmxg%mm]wmmﬂng%mﬂwg
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Proof of (36.2). Remark that, for all (¢,z) € [0,T] x T,

Acjiio .
0(t.) = 0,(t) + (@~ () 00 if 2 € oy (0,2 O,
Acjii/o .
03(t:2) = 034 (t) = (234a(t) = ) L TERE) it € [oy(0) 2y (O

thus, for all (¢,z) € [0,T] x T,

P2(t, ) = 6(t, ) — u(ég)ptig(t, z) + R(é5)ps0,(t, x)

Acji1)2 .
@-oOz 20 e etz
_ J
- Ojt+1/2 .
— (w541 (8) — x)ﬁ(t) if @ € [2j41/2(), 241(8)].
J

Then we get from (10.7) and the inequality

for all a,b >0, a®+b* < (a+b)?,

T 1
/ / 722
0

TJ Lopmi e o 2
1 — X T —
= ; 1 =0l e — ol L
/o /x ij+1/2aj ij+1/20]+1 e B
T’ Lorziiage T —x; Tit1 |
|AU 1172l +/ L |Aojt1)0/?
/ /;p A$g+1/2 J+1/ Tii1)0 A3L"g+1/2 i1/
:/ Z * (@2 — 25)% + (@41 — Tjr)0) ‘Angrl/z 2
3 Al’j+1/2
/TJ 1 ij+1/2)3 A0j+1/2 L2 L2,
A$j+1/2 - 3J2 !
Proof of (36.3)). From (|10.4), Young’s inequality then (10.7)), (10.5), we get
T Tj41
/ /1 |7ﬁ1|<2/ /J+ AUJ+1/2 Au; Z/ Az 2 Ao'j+1/2 A,
0 0 d ACL'J+1/2 ACL'] i+1/2 A$]+1/2 AIEJ

AO'J+1/2 AU/]

L3/2 J—1

< / /AT 12 Atyi1/s zs
L3/2 AO’ +1/2 Au L3/2

< J J

o Z / Azji1/2 Z / AUC; [+ TICs)-

J
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O
Proof of (36.4). Similarly, from (10.4)), Holder’s inequality then (10.7)), , we get on [0, 7
7+1 Ao' Au
.1 205+1/2 J
77 < (r —x;
/ 71 Z/z ) Azjyi) ’A%‘
1 L = Au;
= Z A2 j2lBp ol || < Z (VAz)|oy] + VBsilojal) Ay | T
—0 J
1/2
IS J—1 Aus
S 5 2ZA.’E]‘|UJ'|2+A£L‘]'+1|UJ'+1‘2 ZALL‘j J / C 1/2.
3=0
O

Proof of (36.5). Let ¢ € CL(]0,1[). Then, on |0, T7,

/mﬂp /Pﬂu@’
0

<Z

95]+1/2 Tyl
/ (Pj+1/2ujt1/2 — pilis)p + / (Pj+1/2Uj41/2 — Pj+1UT)P

Tjt+1/2

Tjt+1/2
/ (Pj+172 = Pi)ujt1/29 + pj(Ujr1/2 — U)p

J

Tj+1
+/ (Pj+172 = Pit1)Uj11/20 + Pj1 (W12 — Uy)p

j+1/2
J-1 Tjt1/2 Tj+1
< (Pjt1/2 — Pj)“j+1/2/ ©—(pjr1 — Pj+1/2)uj+1/2/ ®
j=0 Zj Ti+1/2
J—1 Tji1/2 Tj41
+llelo Y Pj/ [wjs1/2 — gl + pjta / [wjy1/2 — sl | = I + Ia.
j=0 Tj Tjt+1/2

First, remark that for j € {0,---,J — 1},

Tjy1/2 Tji+1
Pj/ |wjq1/2 — U] + Pj+1/ |[Uji1/2 — U]
T Tjt1/2
Tj+1/2 Auj Tj+1
- pj/ (4172 — @) Ag. | TP+ / (r —j11/2)
Tj x] x

j+1/2

At

Azjiy

piAL; |Auy| + Pi+1AT 11
8 J

= A,

thus from periodicity then (10.4)

J—1 _
¢l o P /2
b < 1P 57 vy < P
=0
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Moreover, for j € {0,---,J — 1}, we obtain doing some integration by parts

Tj+1/2 AIE Tjty1/2
[ o=t - [ @ m)e @,

J J

Tj+1 AIB Tj+1
[ o= 2w [ @ - o))

Jjt+1/2 Tjt1/2

thus, from (10.9) and the inequalities

lpj+1/2 = Pil <P, |pj+1 = P12l <P

1 _
5 Z Pj+1/2 — pi)Az; — (pj+1— ﬂj+1/2)Aij+1’ |<P($j+1/2)uj+1/2|
7=0

0 )

Remark that the first term in this last equation is zero because 2p;1/0A%;, 1 /2 = p;Ax;+ pjy1Azj41. Finally,

we get using ((10.4)
J—1
Az |Azjq)?
I, <dC /oo | J Jj+
1||<P DN

J—1
= B0 3 a2 <
)

x]+1/2

(x —z;)¢ (z)dx

ZTj+1 ,
+ / (2741 — 2)¢/ (2)dz

it1/2

B. PROOF OF THE PROPOSITION [1.25]

Proof 0’ The result is immediate by the definition of ¢;,py,0,, 4,y and using the bounds
3) and (|

. Note that, for j € {0,---J — 1} and t € [0,T], x € [xj_1/2(t), ¥j41/2(t)], we get
R X, 1/2(t)*1’ 1’*£Cj_1/2(t)
t — 2\ . t T t
Wl o) == np Wt TRy e
thus from (10.9)),
. Tiy1/0(t) — T —Tj 1/2()
t ']—"_7 . t - v /a7
|'LLJ( ,ZL')| — Al‘g(t) ‘u] 1/2( )| + A.'L'J |u]+1/2( )‘

‘Tj+1/2(t) *.’,Uﬂ + I*IJ 1/2
Azj(t) = Az;(t) U5
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Proof of (37.6). Remark that if some function f is linear on each [z;,2j41[, j € {0,---J — 1}, then denoting
fj == f(z;) for each j € {0,---J — 1} we have

/ f=a f2 P i) AT (63)

Thus we get, on [0, T], from Young’s inequality, periodicity and ([10.4)),

J=1 aiy Ao/ 2 171
J 2 2
/ = Z/ ( + (& — )A%Hﬂ) Lo w001 = 3 Z(Uj + 0541+ 050j41) A1) (64)
§j=0"%; j=0
= e J—1
< 5 (O'J2 + O'J2-+1)A£L'j+1/2 = 5 Z U?(Al’j_l/g + A(Ej+1/2) < L Z O'?ACL']
j=0 j=0 j=0
Moreover,
[ [ =5 [ [ S S G
o Jo o Jay o BTy o Az

thus (as L > 1), we obtain using (|10.5))
1 T 1
/ o5 +/ / ORI
0 o Jo
O

Proof of (37.7)-(37.8). The result is obvious, noting that, for all j € {0,---J — 1}, t € [0,7] and z €
Jzj—1/2(t), Tj1/2(8)];

Au;(t)
Oyl t, = § )
& (t,2) Az;(t)
then using ([10.7) and (10.8). O
Proof of (37.9). Straightforward computations using and (7.5 give, on [0,7T] x T,
J—1
) R R Au
atuJ + UJaxUJ = Z <u;-_1/2 + ( T 1/2)A$j) ]1[%71/2,70]41/2['
§=0
Hence, taking the square and integrating in time and in space, using (63)), periodicity, Young’s inequality then
(110.10)
T J 1 Tjt+1/2 , A’U,
/ / 3tuJ+uJ8 UJ / [r <Uj_1/2+( Tj— 1/2)A$J)
j—1/2
T J—1 TJ-1
1 / 2 / 2
Z Az; |Ug 1/2| + \UJ+1/2| +u 1/2UJ+1/2 < 2/ Z Azj([uf_q ol + Wt )a]”)
j=0

TJl

1 TJ-1
< 5/0 Z (Azjy1 + Axy) |“g+1/2| / ZA'TJ+1/2|U;+1/2|2
3=0
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Proof of (37.10). As in previous proof, from and (7.5)), we get, on [0,T] x T,

J—1
Ao 1/2 A0—'-1-1/2
046 070,65 = 0 ; —p) 2N g Dy — 2
t0) + 050z0 JZ:;) t <JJ +(z x])ijH/Q [zj,241] T UJ N [2j,2 41

J—1 ,
:Z U"—U‘M‘F(JC—J:-)M_(I_ 4)A0'j+1/2Auj+1/2 o
7=0 T Ay Y Az 7T (Azjyg0)? 2wl

A(Tj+1/2 Aoj+1/2Auj+1/2>
+luj———+(r—x, 1, ..
TAz ( i) (Azji1/2)? g gl
J—1 AO'/.
— o4 (@ — )22 g
= J ( -7)ij+1/2 [j,2541(

The same computations as for give

1 J—-1
/0 (e85 +050:67)° < LY (0})*Au;.
j=0

Multiplying by ¢ — min(1,¢), integrating on [0, 7] then adding for ¢t € [0,T]

1 J—1 (AO’ L )2
) R ) /2
mln(l,t)/ (0267)* = min(1, ) I
0 j;) AZjr1/2

we get (37.10) from ((10.11)) and L > 1. O
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