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A NOTE ON HYPERBOLIC RELAXATION OF THE

NAVIER-STOKES-CAHN-HILLIARD SYSTEM FOR INCOMPRESSIBLE

TWO-PHASE FLOWS

Jens Keim1, Hasel-Cicek Konan2 and Christian Rohde3

Abstract. We consider the two-phase dynamics of two incompressible and immiscible fluids. As a
mathematical model we rely on the Navier-Stokes-Cahn-Hilliard system that belongs to the class of
diffuse-interface models. Solutions of the Navier-Stokes-Cahn-Hilliard system exhibit strong non-local
effects due to the velocity divergence constraint and the fourth-order Cahn-Hilliard operator. We
suggest a new first-order approximative system for the inviscid sub-system. It relies on the artificial-
compressibility ansatz for the Navier-Stokes equations, a friction-type approximation for the Cahn-
Hilliard equation and a relaxation of a third-order capillarity term. We show under reasonable as-
sumptions that the first-order operator within the approximative system is hyperbolic; precisely we
prove for the spatially one-dimensional case that it is equipped with an entropy-entropy flux pair
with convex (mathematical) entropy. For specific states we present a numerical characteristic analysis.
Thanks to the hyperbolicity of the system, we can employ all standard numerical methods from the
field of hyperbolic conservation laws. We conclude the paper with preliminary numerical results in one
spatial dimension.
Keywords: two-phase flow, diffuse-interface modelling, Navier-Stokes-Cahn-Hilliard system, first-order
hyperbolic relaxation

1. Introduction

The incompressible motion of a viscous one-phase fluid is governed by the Navier–Stokes system. In absence
of external forces and setting the density of the fluid to be 1 it is given in d ∈ {2, 3} space dimensions by the
equations

∇ · u = 0,

ut + (u ·∇)u+∇p = ν∆u
in Ω × (0, T ). (1.1)

Here Ω ⊂ Rd is an open set and T > 0 some end time. By ν > 0 we denote the viscosity parameter. The
unknowns are the velocity u = u(x, t) ∈ Rd and the pressure (perturbation) p = p(x, t) ∈ R. Classical solutions
of (1.1) dissipate the kinetic energy.
The divergence constraint (1.1)1 leads to a strong non-locality for solutions of the Navier–Stokes system such
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that the pressure is governed by an elliptic differential equation. A classical approach to avoid this non-locality
is the artificial-compressibility approximation, see [4–6] and [28, 29]. In this case, the Navier–Stokes system is
approximated by the set of evolution equations

αpαt + ∇ · uα = 0,

uα
t + (uα ·∇)uα +

1

2
(∇ · uα)uα +∇pα = ν∆uα

in Ω × (0, T ). (1.2)

Adding a time derivative for the pressure and scaling it with a small parameter α > 0, the pressure is governed
now by an evolution equation. For α → 0 solutions uα(x, t) and pα = pα(x, t) of the system (1.2) recover
the solutions u and p of the original Navier–Stokes system (1.1). Rigorous convergence statements are given
in [28, 29] using Sobolev compactness estimates for bounded domains, and using techniques from the theory of
wave equations in [9] for unbounded domains. The additional correction term 1

2 (∇ ·uα)uα in (1.2)2 ensures that

classical solutions dissipate the sum of kinetic energy and the potential contribution α(pα)2/2. We discuss the
requirement for the correction term in Section 7. Most important, the structure of the artificial compressibility
approximation allows to use methods from the field of hyperbolic evolution equations to understand the first-
order sub-system (obtained by setting ν to be zero) in (1.2). This has in particular consequences for the
numerical simulation. One can employ numerical methods for systems of hyperbolic evolution laws to discretize
this sub-system of (1.2). In such a way also convection-dominated flow regimes can be handled on the numerical
level, see e.g. [16, 23,24].
In this note, we focus on the dynamics of incompressible two-phase flows and aim at developing a framework that
transfers the artificial-compressibility approach into this realm. We consider as a model problem a simplified
version of the Navier–Stokes–Cahn–Hilliard (NSCH) equations as originally proposed in [18]. The NSCH model
couples the Navier–Stokes equations with the fourth-order convective Cahn–Hilliard equation for the phase
dynamics. Thus, it belongs to the class of diffuse-interface (or phase-field) approaches, see [2]. The major
challenge to approximate the NSCH system using a first-order system is therefore the treatment of the coupled
convective Cahn–Hilliard equation. We refer to [8,12] for approximation techniques for the pure Cahn–Hilliard
evolution. In this work, we rely on a friction-type approximation that mimics the structure of Euler-Korteweg
systems which have been considered as approximations of the Cahn–Hilliard equations in, e.g., [22,26]. Roughly
speaking, the fourth-order operator in the Cahn–Hilliard equation is substituted by a third-order Korteweg
term. The last step to obtain a first-order evolution system (always ignoring the viscous part of the stress
tensor which is not touched) is the use of the relaxation technique from [25]. We present our new approximative
system with a first-order sub-system in (4.1).
The remainder of the paper is structured as follows: In Section 2, we give a short outline of the NSCH system
and its thermodynamical structure. In Section 3, we propose the friction-type approximation of the NSCH
system and we show that it is a thermodynamically consistent system of evolution equations. In Section 3.1, we
introduce our new approximative system and show that it obeys a natural energy dissipation rate (see Theorem
4.2). Moreover, we show under fair conditions in one spatial dimension that it involves a hyperbolic first-order
sub-system similar to the one in the artifical-compressibility approximation (1.2). For the one-dimensional sub-
system, we present a numerical characteristic analysis to understand the qualitative behaviour of the eigenvalues
of the flux Jacobian. In Section 5, we present extensive numerical results for the one-dimensional version, i.e.,
the system (4.7) below.

2. The Navier-Stokes-Cahn-Hilliard system

In this section, we review a simplified version of the Navier–Stokes–Cahn–Hilliard (NSCH) system as originally
introduced in [18]. In view of the approximations which we will introduce in the sequel, we recall the energy
dissipation equation for solutions of the initial boundary problem for the NSCH system. Finally, we mention a
result on the existence of strong solutions in two space dimensions.
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The domain of the flow is the bounded open set Ω ⊂ Rd, d ∈ {2, 3}, with boundary ∂Ω. The outer normal of
∂Ω will be denoted by n ∈ Sd−1. For some end time T > 0, we define the space-time domain ΩT = Ω × (0, T ).

2.1. Formulation of the NSCH system

Let us consider the dynamics of two incompressible and immiscible fluids at constant temperature. There are
two approaches to model such two-phase flows: the sharp-interface approach and the diffuse-interface approach.
In the sharp-interface ansatz, one obtains a free-boundary value problem which separates the two bulk domains
by a well-defined phase boundary as codimension-1 manifold. We focus here on the diffuse-interface (or phase-
field) approach, where the phase boundary is smeared out with an interfacial width γ > 0, see Figure 2.1. If

Figure 2.1. Sketch of a diffuse-interface configuration with phase boundary of width γ.

the parameter γ tends to zero, one expects that an appropriate sharp-interface model is attained in the limit.
Here, we are not interested in the sharp-interface limit and therefore fix the parameter γ throughout the entire
note.
As a meanwhile well-known diffuse-interface approach, we start from the classical Navier–Stokes–Cahn–Hilliard
(NSCH) system, which can be traced back to [18]. It is a combination of the incompressible Navier–Stokes
equations for the hydromechanical dynamics and the Cahn–Hilliard equation for the two-phase dynamics. The
governing partial differential equations are given by

∇ · u = 0,

ut + (u ·∇)u+∇p = −c∇µ(c) + ν∆u,

ct + ∇ · (cu)−∇ · (∇µ(c)) = 0,

µ(c) = W ′(c)− γ∆c

in ΩT . (2.1)

The hydromechanical unknowns in (2.1) are the pressure (perturbation) p = p(x, t) ∈ R and the velocity field

u = (⃗x, t) ∈ Rd. Furthermore, we search for the phase-field variable c = c(x, t) ∈ [−1, 1] which acts as phase
indicator (see Figure 2.2). For later use, we define the state vector U = (p,uT , c)T ∈ U with the state space U
given by

U =
{
(p,uT , c)T ∈ R× Rd × R | c ∈ [−1, 1]

}
.

We denote the given fixed viscosity parameter by ν > 0, implicitly assuming that the viscosity is independent
of the phase-field variable c. Moreover, we assumed that the densities of the two fluids are the same and
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equal to 1. The quantity µ(c) in (2.1) represents the chemical potential which involves the free energy function
W : [−1, 1] → R. Note that we consider here a special version of the Cahn–Hilliard equation where the mobility
is supposed to be constant (equal to 1).
Concerning the free energy function W , we choose in this paper the quartic polynomial

W (c) =
1

4
(c2 − 1)2 ∀ c ∈ [−1, 1], (2.2)

which has a double-well structure with two minima in the pure phase states, see Figure 2.2. A physically more
grounded alternative is the Flory-Huggins logarithmic potential

W(c) =
θ

2
[(1 + c) ln(1 + c) + (1− c) ln(1− c)]− θ0

2
c2 (0 < θ < θ0). (2.3)

For the connection of the quartic potential in (2.2) to the Flory-Huggins logarithmic potential, we refer the
reader to [14] and the references therein. The fourth-order polynomial W and the logarithmic form W are
depicted in Fig. 2.2. Here, the red curve corresponds to the polynomial potential in (2.2) and the blue to the
logarithmic potential in (2.3) for θ = 0.4 and θ0 = 1.0.

Figure 2.2. Graphs of the logarithmic free energy W (red) and the quartic free energy W (blue).

To close the NSCH system (2.1), we assume homogeneous Dirichlet boundary condition for u and homoge-
neous Neumann boundary conditions for c and µ(c), which are

u = 0, ∇c · n = 0, ∇µ(c) · n = 0 on ∂Ω × (0, T ). (2.4)

Appropriate initial conditions for u and c have to be added.

2.2. Energy dissipation for the NSCH system (2.1)

A major step towards well-posedness of a system of evolution equations in continuum mechanics is the
verification of an energy dissipation estimate. This can also be understood as thermodynamical consistency,
i.e., a statement on the validity of the second law of thermodynamics.
For the NSCH system, we define the energy expression

E[uT , c,dT ] =
1

2
|u|2 +W (c) +

γ

2
|d|2

(
u ∈ Rd, c ∈ [−1, 1], d ∈ Rd

)
,

which is just the classical van der Waals energy if the velocity vanishes and d is identified with the gradient of
the phase field variable. Then we have the following statement on thermodynamical consistency.
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Theorem 2.1 (Energy dissipation for (2.1)). Let ν, γ > 0 and let U = (p,uT , c)T : Ω̄T → U be a classical
solution of the initial boundary value problem for (2.1) with the boundary conditions from (2.4).
Then, we have for all t ∈ (0, T ) the energy dissipation rate

d

dt

∫
Ω

E[uT , c, (∇c)T ](x, t) dx = −
∫
Ω

(
|∇µ(c(x, t))|2 + ν|∇u(x, t)|2

)
dx ≤ 0, (2.5)

The energy statement (2.5) is well-known. We recall here its proof to enable a comparison with the proofs of
the Theorems 3.2, 4.2 below that contain corresponding statements for approximative models.

Proof (of Theorem 2.1). We derive the energy inequality (2.5) for the NSCH system by multiplying (2.1)2 with
u. Integration over Ω leads to

d

dt

∫
Ω

1

2
|u|2 dx+

∫
Ω

((u ·∇)u) · u dx+

∫
Ω

∇p · u dx = −
∫
Ω

c∇µ(c) · u dx+ ν

∫
Ω

∆u · u dx.

The use of the theorem of Gauß, the divergence constraint ∇ · u = 0 and the boundary condition on u from
(2.4) imply

d

dt

∫
Ω

1

2
|u|2 dx = −

∫
Ω

c∇µ(c) · u dx−
∫
Ω

ν|∇u(x, t)|2dx. (2.6)

Now, we multiply (2.1)3 with µ(c) and get after integration by the definition of µ the equation

d

dt

∫
Ω

W (c) +
γ

2
|∇c|2 dx+

∫
Ω

∇ · (cu)µ(c) dx = −
∫
Ω

|∇µ(c(x, t))|2dx. (2.7)

For the last line, we used the Neumann boundary conditions in (2.4). The result (2.5) follows now from adding
up (2.6) and (2.7) using once again the boundary conditions (2.4). □

We see that the energy E decreases in time along solutions of the NSCH system. The dissipation rate is
driven by the gradient in the chemical potential and the gradient in the velocity times the viscosity parameter.
We consider equation (2.5) as an a-priori estimate on solutions of the NSCH system which is the ground for
any well-posedness result. For the sake of completeness, we note a recent result on the existence of strong
global-in-time solutions proven in [14]. By a strong solution we mean a triple (p,uT , c)T : Ω̄T → U such
that all equations in (2.1) hold almost everywhere in ΩT . To formulate the result, we introduce the Hilbert
spaces Vθ and Hθ, which are the closures of C∞

0,θ(Ω) with respect to the L2(Ω)-norm and with respect to the

H1
0 (Ω)-norm, respectively. Thereby, C∞

0,θ(Ω) is the space of divergence-free vector fields in C∞
0 (Ω). The space

C([0, T ]; (W 2,q(Ω))w) consists of all functions f ∈ L∞([0, T ];W 2,q(Ω)) such that t 7→ ⟨φ, f⟩ is continuous for
all ϕ in the dual space of W 2,q(Ω).
We adopt the following theorem from [14] for our initial boundary value problem.

Theorem 2.2 (The existence of strong solutions of the NSCH system). Let Ω be a domain with C3-boundary
in R2. Assume that initial data u0 ∈ Vθ(Ω) and c0 ∈ H2(Ω) are given such that ∇c0 · n = 0 holds on ∂Ω and
such that µ0 = W ′(c0)− γ∆c0 is in H1(Ω) with W from (2.2).
Then, there exists a strong solution (p,uT , c) of the initial boundary value problem for (2.1), (2.4) satisfying

p ∈ L2(0, T ;H1(Ω)),

u ∈ C([0, T ];Vθ) ∩ L2(0, T ;H2(Ω)) ∩H1(0, T ;Hθ),

c ∈ C([0, T ]; (W 2,q(Ω))w) ∩H1(0, T ;H1(Ω)),

for any q ∈ [2,∞).
The boundary conditions (2.4) on the phase-field variable hold almost everywhere in ∂Ω × (0, T ).

We conjecture that analogous well-posedness results can be derived for the approximative systems which we
will introduce in the next two sections.
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3. A friction-type approximation of the Navier-Stokes-Cahn-Hilliard system

In this section, we introduce an approximative system for the NSCH system (2.1). We localize the Navier–
Stokes part of (2.1) by employing the artificial compressibility approximation in the sense of [4]. The coupled
fourth-order Cahn–Hilliard equation in (2.1) is substituted by a friction-type system. This approach exploits
the variational structure of Euler–Korteweg systems which has been established in, e.g., [22] or in homoge-
nization approaches for two-phase flows, see e.g. [26]. We present the complete description of the friction-type
approximation in Section 3.1, and we provide an associated energy-dissipation result in Theorem 2 of Section
3.1.

3.1. Formulation of the friction-type approximation

For the approximate system, we introduce two small parameters, namely the artificial-viscosity parameter α > 0
and the friction parameter δ > 0. We collect both in the parameter vector ϵ = (α, δ)T . Let the state space be
given by

Ũ =
{
(p,uT , c,vT )T ∈ R× Rd × R× Rd | c ∈ [−1, 1]

}
.

We search for the pressure pϵ = pϵ(x, t), the velocity uϵ = uϵ(x, t), the phase field variable cϵ = cϵ(x, t) and the

flux variable vϵ = vϵ(x, t) such that U ϵ = (pϵ, (uϵ)T , cϵ, (vϵ)T )T : ΩT → Ũ satisfies the evolution equations

pϵt +
1

α
∇ · uϵ = 0,

uϵ
t + (uϵ ·∇)uϵ +

1

2
(∇ · uϵ)uϵ +∇pϵ = −cϵ(∇(W ′(cϵ)− γ∆cϵ)) + ν∆uϵ,

cϵt + ∇ · (cϵuϵ) +∇ · vϵ = 0,

vϵ
t +

1

δ
∇(W ′(cϵ)− γ∆cϵ) = −1

δ
vϵ

in ΩT . (3.1)

The free energy W and the parameters ν, γ are chosen as in Section 2.
Appropriate initial data have to be prescribed. We impose the boundary conditions

uϵ = 0, ∇cϵ · n = 0, vϵ · n = 0 on ∂Ω × (0, T ). (3.2)

In comparison with the NSCH system (2.1), the friction-type approximation (3.1) contains only differential

operators up to order three. However, the state space Ũ is now (2d+ 2)-dimensional.

Remark 3.1. (i) We expect that solutions U ϵ of the initial boundary value problem for (3.1) converge to
a solution U of the initial boundary value problem for (2.1) as |ϵ| tends to 0.
Let us first consider the passage α → 0. If we ignore the term −cϵ(∇(W ′(cϵ)− γ∆cϵ)) from the right
hand side of (3.1)2, we get the classical artificial-compressibility approximation of the incompressible
Navier–Stokes system. If we then resolve (3.1)4 for vϵ and plug the result in (3.1)3 we obtain

cϵt +∇ · (cϵuϵ)−∇ · (∇(W ′(cϵ)− γ∆cϵ)) = δvϵ
t .

If the friction parameter δ tends to zero we (formally) attain in the limit the convective Cahn–Hilliard
equation as in (2.1)3.

(ii) In view of (3.1)4 one might substitute the term ∇(W ′(cε)− γ∆cε) in (3.1)2 by vϵ to obtain

uϵ
t + (uϵ ·∇)uϵ +

1

2
(∇ · uϵ)uϵ +∇pϵ = cϵvϵ + ν∆uϵ.

In this way the momentum equations would get considerably more simple first-order evolution equations
with a source term (ignoring the viscous part of the stress tensor). However it is not clear whether for
this system of evolution equations an energy dissipation rate like in Theorem 2.1 below for (3.1) holds.
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3.2. Energy dissipation for the friction-type system (3.1)

The friction-type system (3.1) obeys a natural energy dissipation law. To formulate it we introduce the energy
term

Eϵ[p,uT , c,vT ,dT ] =
α

2
p2 +

1

2
|u|2 + δ

2
|v|2 +W (c) +

γ

2
|d|2

(
(p,u, c,v,d) ∈ R× Rd × [−1, 1]× Rd × Rd)

)
.

Note that all terms in the energy Eϵ are quadratic expressions except the free energy function W .

Theorem 3.2 (Energy dissipation for (3.1)). Let ν, γ > 0. For ϵ ∈ (0,∞)2 let U ϵ : Ω̄T → Ũ be a classical
solution of the initial boundary value problem for (3.1) with the boundary conditions from (3.2).
Then we have for all t ∈ (0, T ) the energy dissipation rate

d

dt

∫
Ω

Eϵ
[
(U ϵ)T , (∇cϵ)T

]
(x, t) dx = −

∫
Ω

(
|vϵ(x, t)|2 + ν|∇uϵ(x, t)|2

)
dx ≤ 0. (3.3)

The estimate (3.3) renders the friction-type approximation to be thermodynamically consistent. Note that the
energy dissipation rate coincides in the limit |ϵ| → 0 with the rate for the NSCH model in (2.5).

Proof (of Theorem 3.2). Define µϵ = W ′(cϵ)−γ∆cϵ. We multiply the equations in (3.1) with the components of
the (variational) derivative of the energy Eϵ, that are αpϵ, uϵ, µϵ, δvϵ, respectively, and obtain after summing
up in a straightforward way

d

dt

[
(U ϵ)T , (∇cϵ)T

]
+∇ · (pϵuϵ) +

1

2
∇ ·

(
uϵ|uϵ|2

)
+∇ · (cϵµϵuϵ) +∇ · (µϵvϵ) = −vϵ · vϵ + ν∆uϵ · uϵ.

From this equation we get the energy dissipation rate (3.3) by integration over Ω and integration by parts
exploiting the boundary conditions (3.2). □

As noted above the system (3.1) is still of third order and we aim –neglecting the viscosity operator– for a
final first-order approximation of the NSCH system (2.1). Moreover, in view of the non-monotone shape of W ′,
it is not likely that the first-order operator in the friction-type approximation results in a hyperbolic system.
Therefore, we come up with yet another approximation in the next section.

4. The relaxed friction-type approximation of the
Navier-Stokes-Cahn-Hilliard system

We proceed with the presentation of the final approximative system for the NSCH system (2.1). We employ
a relaxation technique from [25] (see e.g. [7, 21] for more recent work in this direction) to obtain a first-order
approximation that is constrained by a linear elliptic equation for a further unknown variable. The relaxed
friction-type approximation (4.1) will be given in Section 4.1. We present then an energy-dissipation result
in Theorem 4.2 of Section 4.2, and conclude with a (partly numerical) hyperbolicity analysis of the first-order
operator in Section 4.3.

4.1. Formulation of the relaxed friction-type approximation

For the relaxed friction-type system we need next to the artificial-viscosity parameter α > 0 and the friction
parameter δ > 0 a relaxation parameter β > 0. All approximation parameters are summarized in the vector
ε = (α, δ, β)T . As before we introduce a state space

Ū =
{
(p,uT , c,vT , ω)T ∈ R× Rd × R× Rd × R | c ∈ [−1, 1]

}
.
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We search for the pressure pε = pε(x, t), the velocity uε = uε(x, t), the phase-field variable cε = cε(x, t), the
flux variable vε = vε(x, t) and the relaxation variable ωε = ωε(x, t) such that U ε = (pε, (uε)T , cε, (vε)T , ωε)T :
ΩT → Ū solves

pεt +
1

α
∇ · uε = 0,

uε
t + (uε ·∇)uε +

1

2
(∇ · uε)uε +∇pε + cε∇

(
W ′(cε) +

1

β
cε
)

=
1

β
cε∇ωε + ν∆uε,

cεt + ∇ · (cεuε) +∇ · vε = 0,

vε
t +

1

δ
∇

(
W ′(cε) +

1

β
cε
)

= −vε

δ
+

1

δβ
∇ωε,

−γ∆ωε +
1

β
ωε =

1

β
cε

in ΩT . (4.1)

The free energy W and the parameters ν, γ are chosen as before. We complete the initial boundary value
problem for the system (4.1) by appropriate initial data and the boundary conditions

uε = 0, vε · n = 0,∇ωε · n = 0 on ∂Ω × (0, T ). (4.2)

Note that the Neumann conditions for the phase field variable in (3.2) are transferred to the relaxation variable
ωε.

Remark 4.1. We expect that solutions U ε of the initial boundary value problem for (4.1) converge to a solution
U of the initial boundary value problem for (2.1) as |ϵ| tends to 0. In Remark 3.1 we discussed already the
partial limits α, δ → 0. Let us therefore fix α, δ and consider the relaxation limit β → 0. We set u ≡ 0 and obtain
–ignoring the index ϵ and setting δ = 1– from the decoupled equations (3.1)2 and (3.1)3 the one-dimensional
model problem

ct + vx = 0,

vt + (W ′(c))x = −v + γcxxx.
(4.3)

The corresponding relaxed approximation writes as

cβt + vβx = 0,

vβt + (W ′(cβ))x = −vβ +
1

β
(ωβ − cβ)x,

−γ∆ωε +
1

β
ωε =

1

β
cε.

(4.4)

For β → 0 we expect that |ωβ − cβ | tends to zero, and that β−1|ωβ − cβ | approaches ∆cβ . These formal limits
have been verified in e.g. [10, 13], where the relaxation limit for a viscous version of (4.3) has been analyzed.



196 ESAIM: PROCEEDINGS AND SURVEYS

4.2. Energy dissipation for the relaxed friction-type system (4.1)

As for the models discussed in Sections 2, 3, we can prove an energy-dissipation rate for the relaxed friction-type
system (4.1) that ensures its thermodynamical consistency. We start from the energy term

Eϵ[p,uT , c,vT , ω, eT ] =
α

2
p2 +

1

2
|u|2 + δ

2
|v|2 +W (c) +

1

2β
(c− ω)2 +

γ

2
|e|2(

(p,u, c,v, ω, e) ∈ R× Rd × [−1, 1]× Rd × R× Rd)
)

and provide

Theorem 4.2 (Energy dissipation for (4.1)). Let ν, γ > 0. For ε ∈ (0,∞)3 let U ε : Ω̄T → Ū be a classical
solution of the initial boundary value problem for (4.1) with the boundary conditions from (4.2).
Then we have for all t ∈ (0, T ) the energy dissipation rate

d

dt

∫
Ω

Eε
[
(U ε)T , (∇ωε)T

]
(x, t) dx = −

∫
Ω

(
|vϵ(x, t)|2 + ν|∇uϵ(x, t)|2

)
dx ≤ 0. (4.5)

Proof. As in the proofs of Theorems 2.1, 3.2, we multiply the evolution equations in (4.1) by the following
components of the variational derivative of Eε:

αpε, (uε)T ,W ′(cε) +
1

β
(cε − ωε), δ(vε)T .

After summing up these results and using the product rule we get

d

dt

(
α

2
(pε)2 +

1

2
|uε|2 +W (cε) +

δ

2
|vε|2

)
+

1

β
cεt (c

ε − ωε)

+ ∇ · (pεuε) +
1

2
∇ ·

(
|uε|2uε

)
+ ∇ ·

(
cε

(
W ′(cε) +

1

β
(cε − ωε)

)
uε

)
+ ∇ ·

((
W ′(cε) +

1

β
(cε − ωε)

)
vε

)
= − vε · vε + ν∆uε · uε.

(4.6)

In turn we multiply the elliptic constraint (4.1)5 by ωε
t to deduce

γ

2

d

dt
|∇ωε|2 −∇ · (ωε

t∇ωε) +
1

β
ωε
t (ω

ε − cε) = 0.

The addition of the last line and (4.6) directly provides after integration and using the boundary conditions
(4.2) the result (4.5).

□

4.3. A hyperbolic sub-system of the relaxed friction-type approximation (4.1)

In the preceding Section 4.2, we proved that the relaxed friction-type system (4.1) is thermodynamically consis-
tent. In view of its numerical discretization another property is even more important. Let us restrict ourselves
to the case d = 1 and introduce the reduced state space

Q =
{
(p, u, c, v)T ∈ R4 | c ∈ [−1, 1]

}
.
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Skipping the index vector ε and using x = x1 the equations (4.1)1 − (4.1)4 can be rewritten for Q : ΩT → Q in
the form

Qt + f(Q)x = S(Q, ω), (4.7)

with

f(Q) =



1

α
u

3

4
u2 + p+G(c)

cu+ v

1

δ

(
W ′(c) +

1

β
c

)


, S(Q, ω) =



0

1

β
cωx + νuxx

0

1

δ
v +

1

δβ
ωx


.

The function G is supposed to satisfy

G′(c) = cW ′′(c) +
1

β
c.

We will prove that the closed homogeneous system of conservation laws given by

Qt + f(Q)x = 0 (4.8)

is hyperbolic in Q. That means that the flux Jacobian Df , which is given by

Df(Q) =



0
1

α
0 0

1
3

2
u G′(c) 0

0 c u 1

0 0
1

δ

(
W ′′(c) +

1

β

)
0


, (4.9)

satisfies for all Q ∈ Q the spectral conditions

λ1(Q), . . . , λ4(Q) ∈ R, span{r1(Q), . . . , r4(Q)} = R4.

Here we denote for i ∈ {1, . . . , 4} by λi = λi(Q) and ri = ri(Q) the eigenvalues and corresponding eigenvectors
of Df(Q), respectively.
Hyperbolicity of (4.8) would ensure that one can use standard numerical methods for hyperbolic conservation
laws to discretize the corresponding sub-system in (4.7) in a robust manner. Note that the evaluation of the
non-conservative products involving cωx in the right-hand-side term S in (4.7) pose no problems because ω is
a more regular function as a solution of the linear elliptic constraint (4.1)5. The following theorem ensures the
hyperbolicity for β chosen sufficiently small. To formulate it we need the notion of an entropy/entropy-flux
pair. The pair (η, q) : Q → R2 is called entropy/entropy-flux pair for (4.8) iff η is convex and the compatibility
relation

(∇η(Q))TDf(Q) = (∇q(Q))T (4.10)

holds for all Q ∈ Q.

Theorem 4.3 (Hyperbolicity of (4.8)). Let α, δ > 0 and let β satisfy

β < −
(

min
c∈[−1,1]

{
min{W ′′(c), 0}

})−1

, (4.11)
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Then, the pair (η, q) : Q → R2 with

η(Q) =
α

2
p2 +

1

2
u2 +W (c) +

1

2β
c2 +

δ

2
v2,

q(Q) = pu+
1

2
u3 + c

(
W ′(c) +

1

β
c

)
u+

(
W ′(c) +

1

β
c

)
v.

(4.12)

is an entropy/entropy-flux pair for (4.8).
The system of first-order conservation laws (4.8) is hyperbolic in Q.

Proof. The Hessian matrix Hη of η from (4.12) is given by

(Hη)(Q) = diag(α, 1,W ′′(c) + β−1, δ) ∈ R4 (Q ∈ Q).

Thus, the condition (4.11) ensures the (strict) convexity of η.
The flux Jacobian Df(Q) has been given in (4.9). We obtain

(∇η(Q))TDf(Q) = (αp, u,W ′(c) + β−1c, δv)Df(Q) =


u

p+
3

2
u2 + c(W ′(c) + β−1c)

uG′(c) + (W ′(c) + β−1c)u+ v(W ′′(c) + β−1)

W ′(c) + β−1c



T

.

With the definition of G we observe that the last vector in the last line is the transpose of ∇q. We have proven
(4.10).
The hyperbolicity of (4.8) is now a consequence of the existence of an entropy/entropy-flux pair, see e.g.
[11, 15]. □

Theorem 4.3 ensures the hyperbolicity of (4.8) but does not give any insights on the exact form of (real)
eigenvalues of the flux Jacobian Df .
In order to find the eigenvalues of (4.7), we need the Jacobian of the flux, given by Df(Q) in (4.9). We proceed
to compute the characteristic polynomial for Df(Q) denoted by p = p(λ;Q). We get

p(λ;Q) = det(Df (Q)− Iλ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−λ
1

α
0 0

1
3

2
u− λ G′(c) 0

0 c u− λ 1

0 0
1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (4.13)

Eliminating the first column and the first two rows to develop the determinant we get from (4.13) the relation

p(λ;Q) = −λ

∣∣∣∣∣∣∣∣∣∣

3

2
u− λ G′(c) 0

c u− λ 1

0
1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣∣

1

α
0 0

c u− λ 1

0
1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣∣∣∣∣
. (4.14)
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Using the co-factors of 3
2u−λ and c in the first determinant and the co-factor of α−1 in the second determinant

in (4.14) we arrive at

p(λ;Q) = −λ

(
3

2
u− λ

) ∣∣∣∣∣∣∣
u− λ 1

1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣− c

∣∣∣∣∣∣∣
G′(c) 0

1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣
− 1

α

∣∣∣∣∣∣∣
u− λ 1

1

δ

(
W ′′(c) +

1

β

)
−λ

∣∣∣∣∣∣∣ .
We calculate the determinant of each (2× 2)-matrix and are led to

p(λ;Q) =

(
λ2 − 3

2
uλ− 1

α

)(
λ2 − uλ−

(
1

δ
(W ′′(c) +

1

β

))
− c G′(c)λ2.

After some algebraic calculations and substituting the definition of G′ from (4.7), we finally obtain p(·;Q) as

p(λ;Q) = λ4 − 5

2
uλ3 +

(
3

2
u2 −

(
W ′′(c) +

1

β

)(
1

δ
+ c2

)
− 1

α

)
λ2

+

(
3u

2δ

(
(W ′′(c) +

1

β

)
+

u

α

)
λ+

1

αδ

(
W ′′(c) +

1

β

)
.

(4.15)

Although p(·;Q) depends on c and u only (but not on the ”linear-flux”-unknowns p, v), we have not been able
to determine all four roots of p(·,Q) for arbitrary Q ∈ Q, but only for very specific states. Instead of focusing
on these states we present some numerical experiments for the spectrum of Df(Q).

Example 4.4 (Eigenvalue computations). In view of the absence of an explicit eigenvalue formulae, we alter-
natively present numerical calculations of the roots of p(·;Q) for varying values of the parameters α, δ, β and
the variables u and c. Throughout the example, we fix β = 0.01 satisfying (4.11).
To visualize the behavior of the roots we show in all figures a color plot of the sign of the characteristic polynomial
over λ: The yellow (magenta) color corresponds to positive (negative) values of p(·;Q).

Static velocity: First, in two numerical experiments we analyze the impact of α and δ on the roots for the
static choice u = 0 and c = 1. Figure 4.3 illustrates for fixed δ, that p(·;Q) has four real roots for any choice

Figure 4.3. Color plot of sgn(p(.;Q))
for fixed δ = 0.09 and α ∈ [0.001, 0.01]
on the vertical axis.

Figure 4.4. Color plot of sgn(p(.;Q))
for fixed α = 0.01 and δ ∈ [0.01, 0.1] on
the vertical axis.

of α. Interestingly, the bigger roots in absolute values seem not to depend on α whereas the inner pair of roots
explodes with α → 0 and might, eventually, cross the outer ones. Note also that the roots are symmetric with
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respect to the horizontal (λ = 0)-axis, see the effect of setting u = 0 in (4.15).
In Figure 4.4 we display the results for fixed α, varying now δ. Again p(·;Q) has four (symmetric) real roots
for any choice of δ. Now the outer roots depend sensitively on δ, exploding for δ → 0.
The observations on the asymptotic behaviour confirm just that solutions of the limit problem (2.1) exhibit the
inifinite-speed-of-propagation property. The major challenge for the numerical simulation based on the relaxed
friction-type system (4.1) will be therefore the treatment of the fast wave-speeds.

Non-zero velocity: Now we keep all data but change the velocity, first to u = −15.

Figure 4.5. Color plot of sgn(p(.;Q))
for fixed δ = 0.01 and α ∈ [0.001, 0.01]
on the vertical axis.

Figure 4.6. Color plot of sgn(p(.;Q))
for fixed α = 0.01 and δ ∈ [0.01, 0.1] on
the vertical axis.

Like in the previous setting, we detect four real and distinct roots in Figure 4.5 for any α having the same
asymptotic behaviour. However, the roots are not symmetric anymore, but shifted to the left, see e.g. the small
absolute-value pair. In Figure 4.6 we observe the analogous behaviour when varying δ.
To confirm the expected shift effect for positive velocity u = 12 in positive direction we display the corresponding
results in Figures 4.7 and 4.8.

Figure 4.7. Color plot of sgn(p(.;Q))
for fixed δ = 0.01 and α ∈ [0.001, 0.01]
on the vertical axis.

Figure 4.8. Color plot of sgn(p(.;Q))
for fixed α = 0.01 and δ ∈ [0.01, 0.1] on
the vertical axis.

The numerical experiments up to now indicate that the roots of p(·;Q) are arranged in two pairs: one pair
depends on α but not on δ; the other pair shows reverse behaviour. We believe that this property holds in the
entire state space.
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Effect of c-variation: Finally we stress that the qualitiative behaviour of the root locations is not effected
by the choice of c which is not surprising in view of the dominating effect of β−1. In Figures 4.9 and 4.10 we
display the results of the same parameter choices as before, but with c = −0.5.

Figure 4.9. Color plot of sgn(p(.;Q))
for fixed δ = 0.01 and α ∈ [0.001, 0.01]
on the vertical axis.

Figure 4.10. Color plot of sgn(p(.;Q))
for fixed α = 0.01 and δ ∈ [0.01, 0.1] on
the vertical axis.

5. Numerical Experiments

In this section, we present numerical experiments for the first-order relaxed friction-type approximation (4.1)
of the NSCH system in one spatial dimension (see (4.7)). These experiments are on the one hand designed to
prove numerically that the presented first-order relaxed friction-type model is able to accurately approximate
the solution of original Navier–Stokes–Cahn–Hilliard system in the limit of |ε| → 0 and on the other hand
to illustrate the wave structure of its hyperbolic sub-system. To this end, besides the full set of equations of
the first-order friction-type model in (4.7), we additionally investigate two reduced versions of it. For the first
sub-system, we only consider the hyperbolic part of (4.7). Hence, we omit any contributions due to the source
terms or the elliptic constraint for ωε. The second system is also based on the hyperbolic sub-system however
with the additional contribution of the friction-type source term −v

δ taken into account. In the following, these
three systems are denoted as the relaxed friction-type model, the hyperbolic sub-system without sources and the
hyperbolic sub-system with friction, respectively.
The considered numerical experiments are organized as follows, first, we discuss results for the hyperbolic sub-
system with and without sources with Riemann initial data and different choices of the relaxation parameters
ε in Section 5.1 and 5.2. This is followed by different numerical results obtained with the relaxed friction-type
model for a stationary droplet, a spinodal decomposition and a setup which features the phenomena of Ostwald
ripening in Section 5.3. Finally, to illustrate the robustness of the relaxed friction-type model, we revisit the
setup with the Riemann initial data and perform simulations with the full system.
We end this introductory section on the numerics with some remarks regarding the inter-connected choice of the
parameters α, δ, β. The parameter β has to satisfy (4.11) as a necessary condition for hyperbolicity. In Section
5.3 we show that the influence of β on the overall behaviour remains mild. The influence of the parameters
α and δ is more intricate as Sections 5.1 and 5.2 show. In fact it turns out that they should be chosen such
that the eigenvalues of the Jacobian in (4.9) remain separated, i.e., that the system (4.8) is strictly hyperbolic.
Right now there is no further criterion how the parameters should be related to each other asymptotically in
the limit of vanishing relaxation.
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5.1. The relaxed friction-type model without source terms

The present section is devoted to the numerical investigation of the hyperbolic sub-system of (4.7). For this,
we considered two different types of Riemann initial data, first, a compression-like initial condition, given by

(pε, uε, cε, vε)(x, 0) =

(0,+1, 1, 0) : x ≤ 0,

(0,−1, 1, 0) : x > 0,
(5.1)

and second, a expansion-like initialization, defined as

(pε, uε, cε, vε)(x, 0) =

(0,−1, 2, 0), x ≤ 0,

(0,+1, 2, 0), x > 0.
(5.2)

The naming of the test cases as compression and expansion-like is chosen in analogy to the compressible Euler
equations and only due to convenience. To ensure the hyperbolicity of the investigated sub-system, instead of
the double-well potential defined in (2.2), we utilize a convex free-energy function, given as W (c) = c−1. For
both initial conditions, different choices of relaxation parameters are investigated, namely α ∈ {0.5, 0.1, 0.05}
and δ = 0.0625. The simulations are performed with a classical second-order finite volume MUSCL-Hancock
scheme on the space-time domain ΩT = (−1, 1)× (0, 0.15). For the slope limiting the minmod limiter is utilized
and the numerical fluxes at the cell edges are approximated by the use of a Rusanov flux. The spatial domain is
discretized with N = 104 cells and the time step size is computed based on the CFL-condition with CFL = 0.9.
At the boundaries non-reflecting boundary conditions are employed.
The results of the compression-like test case in (5.1), with different choices of the relaxation parameters are
depicted in Figure 5.11. As expected, overall four waves can be observed in the simulation results, corresponding
to the existence of four real eigenvalues. In the case of the initial Riemann data, defined in (5.1), this results in
two inner shock waves and two outer rarefaction waves. The position of the inner shocks is strongly dependent
on the relaxation parameter α, while the speed of the outer rarefaction waves is almost unaffected by the
choice of α. However, the plateau values of all conserved quantities are heavily affected by the choice of α. A
completely different observation can be made for the compression-like test case in (5.2), depicted in Fig. 5.12.
Here, depending on the choice of α, two inner rarefaction waves and two outer shocks can be observed or, in the
case of α = 0.05, four rarefaction waves. Moreover, for this setup, a strong dependence of all four wave speeds
on the relaxation parameter α can be observed.

5.2. The relaxed friction-type model with friction source term

While the previous section was devoted to the conservative hyperbolic sub-system of (4.7), in the following,
the previous investigation is extended by taking into account the additional contribution of the friction-type
source term in the balance equation of the artificial velocity. Similarly to the previous section, the Riemann
initial data in (5.1) and a spatial and temporal discretization based on a MUSCL-Hancock scheme are utilized.
However, in contrast to the previous investigations, the relaxation parameter α is fixed at α = 0.05 and the
relaxation parameter δ varies within δ ∈ {0.0625, 0.01, 10−4, 10−6}. Moreover, the domain size is extended to
Ω ∈ [−2.5, 2.5].
The results for the the different choices of relaxation parameters are depicted in Figure 5.13. Incorporating the
friction source term significantly affects the overall structure of the solution. Moreover, the solution rapidly
converges in all conserved variables to a final profile with decreasing values of δ.

5.3. The relaxed friction-type approximation of the NSCH system

Finally, we consider numerical experiments with the full relaxed friction-type model for the NSCH system. The
goal of these test cases is on the one hand to illustrate numerically the convergence of the approximate model



ESAIM: PROCEEDINGS AND SURVEYS 203

−1 −0.5 0 0.5 1

1

1.2

1.4

1.6

x [−]

cε
[−

]

α = 0.5 α = 0.1 α = 0.05

−1 −0.5 0 0.5 1

−2

0

2

x [−]

v
ε
[−

]

−1 −0.5 0 0.5 1

−1

0

1

x [−]

u
ε
[−

]

−1 −0.5 0 0.5 1

0

2

4

x [−]

p
ε
[−

]

Figure 5.11. Comparison of the pressure p, the velocity u, the flux v and the phase-field variable c for
the compression-like test case and different choices of the relaxation parameters, α ∈ {0.5, 0.1, 0.05}
and δ = 0.0625 at t = 0.15.

towards the one-dimensional NSCH equations and on the other hand to discuss the sensitivity of the results on
the choice of the approximation parameters ε. For this, three different types of one-dimensional test cases are
considered, namely the relaxation of a droplet to equilibrium, a spinodal decomposition and a one-dimensional
Ostwald ripening. Finally, to highlight the robustness of the relaxed friction-type model, we revisit the previously
used Riemann data and show results obtained with the approximate formulation of the NSCH system.
If not stated otherwise, in the following, the relaxed friction-type model is discretized with a conservative second-
order finite-differences scheme. The time stepping is fully implicit by utilizing an implicit Runge-Kutta method
of the Radau IIA family of fifth-order. The domain is discretized with N = 1000 points and periodic boundary
conditions are employed. A more detailed description of the numerical scheme is given in Algorithm 1. A
low-order discretization is chosen by purpose to demonstrate that a stable and accurate approximation of the
proposed relaxed friction-type model for the NSCH system can already be achieved with a moderate resolution
in space. An extension to a state of the art higher-order discretization would be straight-forward, e.g., by the
use of an appropriate higher-order conservative finite-differences approximation. Moreover, for the temporal
discretization, a computationally more efficient discretization based on an appropriate implicit-explicit (IMEX)
splitting could be used instead of the current fully implicit approach. However, this is out of the scope of the
present paper and subject of future research.
In addition to the presented friction-type approximation for the NSCH system, also the original NSCH system
are considered as a reference. However, since only one-dimensional setups with a uniform velocity field are
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Figure 5.12. Comparison of the pressure p, the velocity u, the flux v and the phase-field variable c
for the expansion-like test case and different choices of the relaxation parameters, α ∈ {0.5, 0.1, 0.05}
and δ = 0.0625 at t = 0.15.

Algorithm 1 Finite-differences approximation of the relaxed-friction-type approximation of the NSCH system

Discretize the space-time domain ΩT with N solution points in space and NT = tend−t0
∆t solution points in

time with ∆t = 10−5

Initialize the model parameter γ and the relaxation parameters α, β, δ
Pre-compute and invert the coefficient matrix A ∈ RN×N used to solve the linear elliptic constraint in (4.1)
Initialize the solution vector U = {p, u, c, v}T ∈ R4×N at t0
while t < tend do

Perform one time step with the 5th order Radau IIA Runge–Kutta method
For each Us,n with n = 1, 2, 3 in each Runge–Kutta stage s:

Solve for the order parameter with the linear elliptic constrained via ω = A−1 · c
Approximate the gradient of the order parameter ωx ≈ ωi+1−ωi−1

2∆x

Compute the fluxes f(U) ∈ R4×N

Compute the source terms S(U,ωx) ∈ R4×N

Approximate the time derivative ∂U
∂t ≈ − fi+1−fi−1

2∆x + S
Solve the resulting nonlinear system with a Newton-type iterative solver

Update time with t = t+∆t
end while
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Figure 5.13. Comparison of the pressure p, the velocity u, the flux v and the phase-field variable
c for compression-like test case and different choices of the relaxation parameters, α = 0.05 and
δ ∈ {0.0625, 0.01, 10−4, 10−6} at t = 0.15.

investigated, the original NSCH equations reduce to the Cahn-Hilliard (CH) equations under these circum-
stances. Hence, instead of the NSCH system, the CH equation are solved as a reference. For this, we utilized
a conservative fourth-order finite-differences discretization as proposed in [8]. The same time stepping strategy
as for the friction-type approximation model is utilized. Concerning the physical parameters, the double-well
potential in (2.2) is considered and the capillary parameter is fixed to γ = 0.001 over all simulations.

5.3.1. Stationary Droplet

The first test case which we consider is a liquid droplet in its vapor which relaxes to its equilibrium state.
This test case is chosen to investigate the influence of the relaxation parameter β on the obtained results. For
this, β is varied in between β ∈ {0.1, 0.01, 0.001} while the remaining relaxation parameters, α = 10−4 and
δ = 10−8, remained fixed. The simulations are performed on the space-time interval ΩT = (−1, 1)× (0, 1). The
initialization of the droplet in terms of the phase-field variable is given by

c(x, 0) = cε(x, 0) = − tanh (10(|x| − 0.5)). (5.3)

This corresponds to a droplet with radius r = 0.5 whose center is initially located at xini = 0. The pre-factor
of 10 in the tanh-function is used to diffuse the phase interface of the droplet in comparison to its equilibrium
profile for the given free energy potential, in (2.2), and the chosen capillary parameter γ. Moreover, for the the
relaxed friction-type model, the artificial pressure and the velocity are both initialized as pε(x, 0) = uε(x, 0) = 0.
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Figure 5.14. Comparison of the phase-field variable cε, the artificial velocity vε, the integral L2

difference between the phase-field variable and the order parameter and the evolution of the total
energy per unit volume Eε over time, for α = 10−4 and δ = 10−8, γ = 0.001 and β ∈ {0.1, 0.01, 0.001}.

Finally, the flux variable at t = 0 is defined as vε(x, 0) =
(
W ′(c) + 1

β (cε − ωε)
)
x
, where for the sake of clarity,

the dependence of cε and ωε on space and time is omitted. Since for the evaluation of v(x, 0) the additional order
parameter ωε is required, the elliptic constraint in (4.7) has to be solved for ωε in advance. For this, a second-
order central finite-differences discretization is utilized. Due to the linear nature of the elliptic constraint, the
corresponding coefficient matrix can be inverted once at the beginning of the simulation and reused afterwards
during each time step.
The results of the equilibrated droplet at t = 1 are depicted in Figure 5.14. Based on the visualization of the
phase-field variable cε no significant dependence of the simulation results on the relaxation parameter β can be
observed. Moreover, all results obtained with the relaxed friction-type model coincide well with the reference
solution of the original CH equations indicated by the square symbols. The near zero flux variable vε, which is
according to (3.1) an approximation of the gradient of the chemical potential, indicates that the droplet reached
its equilibrium state. This is also supported by the evolution of the total energy per unit volume Eε, depicted in
the bottom right of Figure 5.14. Furthermore, a monotonic decrease in the total energy can be observed. This
underlines the thermodynamical consistency of the model. In this plot, a slight difference in the evolution of the
energy with different choices of the relaxation parameter β can be reported. Moreover, with decreasing values
of β, convergence of the solution obtained with the approximate formulation to the CH equations is reached.
Finally, in the bottom left, the expected first-order convergence of the order-parameter ω to the phase-field
variable cε with decreasing values of β is shown.
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Figure 5.15. Comparison of the phase-field variable cε at different time instances for α = β = 10−4,
γ = 0.001 and δ ∈ {10−2, 10−4, 10−6}.

5.3.2. Spinodal Decomposition

As a second test case, we consider a one-dimensional spinodal decomposition triggered by an initially disturbance
in the phase-field variable. This setup is adopted from [8] and given as

c(x, 0) = cε(x, 0) =

{
+0.01

(
sin (10π(1 + x))− sin

(
10π(1 + x)2

))
: x ≤ 0,

−0.01
(
sin (10π(1− x))− sin

(
10π(1− x)2

))
: x > 0.

(5.4)

The remaining solution variables are initialized similar to the stationary droplet test case. Since this numer-
ical experiment features a strong variation of the phase-field variable over time, we use it to investigate the
dependence of the simulation results on the relaxation parameter δ. For this, different choices are investigated,
namely δ ∈ {10−2, 10−4, 10−6}. To avoid any disturbance due to the remaining relaxation parameters, those are
kept fixed with α = β = 10−4. The simulations are performed on the space-time domain ΩT = (−1, 1)× (0, 4).
The results obtained for the phase-field variable cε at the time instances t ∈ {0, 0.02, 0.1, 0.95, 0.96, 4} are
depicted in Figure 5.15. A fast convergence of the relaxed friction-type model to the original model can be
observed for decreasing values of δ. However, distinct differences in the phase-field variable cε can be observed
at t = 0.95 and t = 0.96 for the choice of δ = 10−2 or δ = 10−4 and lower. This is due to the fast merging
of four droplets into two droplets. In the end, overall three droplets remain independent of the choice of the
relaxation parameter δ.

5.3.3. Ostwald Ripening

As a final validation case, we consider the phenomenon of the so-called Ostwald ripening, where two distinct
bubbles, each in non-equilibrium, are initialized. Due to the non-local character of the underlying CH equation,
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Figure 5.16. Comparison of the phase-field variable cε at different time instances for α ∈
{10−1, 10−2, 10−3}, β = 10−4, γ = 0.001 and δ = 10−8.

the smaller of the two bubbles will eventually vanish and the larger one will grow until an equilibrium state
is reached although they are not in contact. We use this numerical experiment to investigate the impact of
the relaxation parameter α on the simulation results. Similar to the previous investigations we fix the other
relaxations parameters to β = 10−4 and δ = 10−8 and varied α ∈ {0.1, 0.01, 0.001}. The setup is adopted
from [8,17,21], where the initial distribution of the phase-field variable is given as

c(x, 0) = cε(x, 0) = −1 +

2∑
i=1

tanh

(
|x− xi| − ri√

2γ

)
, (5.5)

and where the initial droplet positions and radii are given as x1 = 0.3, x2 = 0.75 and r1 = 0.12, r2 = 0.06,
respectively. The remaining solution variables of the relaxed friction-type model are initialized similar to the
previous investigations. All simulations are performed on the space-time interval ΩT = (0, 1) × (0, 0.3). The
domain is discretized with 500 grid points.
The simulation results for the phase-field variable cε at the time instances t ∈ {0.1, 0.2, 0.3} with the different
choices for the relaxation parameter α are depicted in Figure 5.16. Good agreement with the reference data of
the CH equations is obtained for all choices of the relaxation parameter and time instances. A slight difference
of the results obtained with α = 10−1 to the remaining simulations at time t = 0.2 can be observed. The
velocity and the pressure at time t = 0.2 as well as the evolution of the energy over time are depicted in Figure
5.17. Here, a consistent convergence of the velocity to a constant value of zero with decreasing values of α can
be reported. A similar behavior can be observed in the pressure which counteracts any disturbances in the
velocity field. Finally, similar to the previous investigations, a monotonic decrease of the total energy per unit
volume can be observed, which again underlines thermodynamical consistency.
To exploit the fact, that the considered relaxed friction-type model is also able to consider non-zero velocity
distributions, we modify the previous Ostwald ripening test case in the sense that we superimpose a constant
velocity of uε = (0.3)−1 which causes an additional advection of the two bubbles over time. Due to the specific
choice of the velocity, the final profile of the phase-field variable at t = 0.3 should coincide with the one of the
zero velocity setup. The simulation results for the phase-field variable cε at the time instances t ∈ {0.1, 0.2, 0.3}
with the different choices for the relaxation parameter α are depicted in Figure 5.18. The advection of the two
and finally single bubble is clearly visible. At the final time t = 0.3, the advected bubble coincides well with
the overall position of the non-moving simulation. However, a minor mismatch in the position of the bubble is
present. This can be attributed to the inherent dispersion error of any numerical scheme, especially low-order
schemes. This observation is supported by additional simulations performed with even coarser grid resolutions.
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Figure 5.18. Evolution of the phase field cε over time for α ∈ {10−1, 10−2, 10−3}, β = 10−4, γ = 0.001
and δ = 10−8 and the modified Ostwald ripening setup.

5.3.4. A Two-phase Shock Tube Problem

Finally, to demonstrate the robustness of the relaxed friction-type model and the discretization, we revisit the
compression- and expansion-like test cases in (5.1) and (5.2). For this, we use a modified double-well potential,
given as

W (c) = (c− 1)
2
(c− 2)

2
, (5.6)

which guarantees stable equilibrium states at cε = 1 and cε = 2. We again used a MUSCL-Hancock scheme for
the discretization, however, now for the complete relaxed friciton-type model. The domain is discretized with
2000 cells and for the time step restriction CFL = 0.9 is chosen. The relaxation parameters and the capillary
coefficient are defined as α = 0.5, β = 10, γ = 10−4 and δ = 0.0625, respectively. All simulations are performed
on the space-time domain ΩT = (−1, 1)× (0, 0.15). We want to stress that this initialization is not physical and
only serves the purpose to highlight the robustness of the model and the discretization. Moreover, we would like
to highlight that simulations with coarser mesh resolutions would also allow for stable simulations. However,
this would come with the price of a higher numerical diffusion and hence, more diffused shock and rarefaction
wave profiles.
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Figure 5.19. Evolution of the phase field cε, the velocity uε and the pressure pε at t = 0.15 for
α = 0.5, β = 0.1, γ = 10−4 and δ = 0.0625 for the compression-like setup.
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Figure 5.20. Evolution of the phase field cε, the velocity uε and the pressure pε at t = 0.15 for
α = 0.5, β = 0.1, γ = 10−4 and δ = 0.0625 for the expansion-like setup.

The results of both test cases are depicted in Figures 5.19 and 5.20, respectively. In the case of the compression-
like test case, the nucleation of a droplet in the center of the domain, clearly visible in the phase-field variable,
can be observed. A different result is obtained with the expansion-like setup, where the nucleation of a bubble
is triggered. For the velocity and the pressure of both test cases, a qualitatively similar however, mirrored
behavior can be reported.

6. Conclusions and Outlook

In this paper we investigated the diffuse-interface approach for incompressible two-phase flows based on the
widely used NSCH system (2.1). We provided a novel approximative system that basically consists of a first-
order sub-system, see (4.1). As our main results, we proved that the entire system is thermodynamically
consistent and that the first-order sub-system is –at least in one space dimension– hyperbolic in the relevant
state space. For exemplary cases we could showcase a numerical characteristic analysis. Finally, we presented
numerical results for the spatially one-dimensional version (4.7).
This note contains partial results of a forthcoming paper which addresses more general NSCH models and
the numerical solution of the relaxed friction-type system (4.1) in multiple space dimensions [20]. The major
challenge in this regard is the development of an asymptotic-preserving scheme that employs an implicit-explicit
time discretization to overcome the inherent stiffness of the three-parameter problem (4.1). The question of the
convergence of solutions U ε of the initial boundary value problem for (4.1) to solutions U of the corresponding
solution of the initial boundary value problem for the limiting NSCH model (2.1) remains open. Possibly it
can be done using the ideas for a two-parameter problem as in [19]. We only considered a simplified version of
the Navier-Stokes-Cahn-Hilliard class. It would be interesting to explore whether c-dependent mobilities can be
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introduced, whether fluids with different densities and viscosities could be handled [1], or even systems involving
more than two phases [3, 27].

7. Appendix

As mentioned in Section 1, when we approximate the incompressible Navier–Stokes equations by the artificial
compressibility method, we need a correction term, 1

2 (∇ ·uα)uα. Its requirement can be clarified by discussing
the energy dissipation law for the approximate system for incompressible Navier–Stokes equations in (1.2). The
artificial compressibility method eliminates the non-locality in (1.1). Let us define the energy expression for
(1.2), Eα

NS , by

Eα
NS [p

α,uα] =
1

2
α(pα)2 +

1

2
|uα|2 (pα ∈ R,uα ∈ Rd).

Theorem 7.1. (Energy dissipation for the system (1.2)). Let us assume (pα,uα) be a classical solution of the
initial-boundary value problem for (1.2) with the boundary condition uα = 0.
Then, we have for all t ∈ (0, T ) the energy dissipation rate

d

dt

∫
Ω

Eα
NS [p

α,uα](x, t) dx⃗ =
d

dt

∫
Ω

1

2

(
α(pα)2 + |uα|2

)
dx = −ν

∫
Ω

|∇uα(x, t)|2 dx ≤ 0. (7.1)

Proof. We multiply (1.2)1 by pα and (1.2)2 by uα. Integration over Ω gives

1

2

d

dt

∫
Ω

(α(pα)2 + |uα|2) dx+

∫
Ω

∇ ·
(
1

2
uα|uα|2 + pαuα

)
dx = −ν

∫
Ω

∆uα · uα dx. (7.2)

Thanks to focusing on the requirement of the correction term, we only write the flux term in (7.2) for∫
Ω
(
(
uα ·∇)uα · uα + 1

2 (∇ · uα)uα · uα
)
dx.∫

Ω

(uα ·∇)uα · uα dx =

∫
Ω

1

2
uα∇ · |uα|2 dx, (7.3)

∫
Ω

1

2
(∇ · uα)uα · uα dx =

∫
Ω

1

2
|uα|2∇ · uα dx. (7.4)

If we sum up (7.3) and (7.4), we find the first term of the energy flux in (7.2).
For the left hand side, we apply the divergence theorem with the boundary condition uα = 0. For the right
hand side, integration by parts with uα = 0 gives (7.1). □

The incompressible Navier–Stokes equations represent a dissipative system with respect to the kinetic energy
only. Moreover, it decreases in time proportional to the viscosity coefficient times the squared gradient of the

velocity, as in (7.1). Moreover, in the weak formulation of (1.1), we only have a flux term

∫
Ω

∇ · (pu) dx.

On the other hand, the flux term in (7.2) is different due to the artificial compressibility method because∫
Ω

((u ·∇)u · u) dx = 0 is not possible for (1.2). Thanks to the correction term, we can write (7.2). Therefore,

it guarantees the dissipativity for the approximate system (1.2).
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