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CONTINUUM LIMIT OF THE DISCRETE NONLINEAR KLEIN-GORDON
EQUATION

QUENTIN CHAULEUR!

Abstract. We study the convergence of solutions of the discrete nonlinear Klein-Gordon equation
on an infinite lattice in the continuum limit, using recent tools developed in the context of nonlinear
discrete dispersive equations. Our approach relies in particular on the use of bilinear estimates of the
Shannon interpolation alongside controls on the growth of discrete Sobolev norms of the solution. We
conclude by giving perspectives on uniform dispersive estimates for nonlinear waves on lattices.

Résumé. On étudie la convergence de solutions de I’équation de Klein-Gordon non-linéaire discréte
sur une grille infinie dans la limite continue, en utilisant certains outils récents développés dans
le contexte des équations dispersives discrétes. Notre approche repose notamment sur l'utilisation
d’estimations bilinéaires de l'interpolation de Shannon ainsi que sur le contréle de la croissance des

normes de Sobolev discrétes de la solution. Des perspectives sont données autour d’estimations de
dispersion uniformes pour les ondes non-linéaires sur des grilles.

INTRODUCTION

We consider the discrete nonlinear Klein-Gordon equation
02— Apu+u+ |[ulPlu=0 (DNLKG)

on a lattice hZ? of step size h > 0 with initial condition u(0) = ug and 9;u(0) = u;. Here

he; — he;) =2
Apufa) = 3 10T eﬂ)+“(h“2 @) = 2ua) e g,

j=1
denotes the usual discrete Laplace operator which accounts for nearest neighbor interactions, with (e;)1<;<a
the canonical basis on R?. We restrict our attention to the dimensional cases 1 < d < 3.

Nonlinear waves in lattices [Kev11] has received a lot of interest since the seminal investigation of Fermi, Pasta
and Ulam [FPU74] on the FPUT model alongside the development of soliton theory and integrable systems
such as the Toda lattice [Tod89] or the Ablowitz-Laddik equation [AL75]. Discrete Klein-Gordon equations also

naturally arise in the physics literature in order to describe Fluxon dynamics in one dimension parallel array of
Josephson junctions [UCM93], or as a model for local denaturation of DNA [PB89]. Equation (DNLKG) enjoys
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the following energy conservation law
B(t) = g0l + 5195 uls + Slhuls + 2L = E(O) 1)
g NHRILE T g NV R PILG T g WHILE Ty e '
Our analysis will be performed on a particular set of parameters p and d satisfying

1<p ford=1,2,
{ (param)

1<p<3 for d = 3,

which will imply from energy conservation the uniform bound ||(u, Oyu)|| g1 2 < Cg with respect both to the
time ¢ > 0 and the size of the lattice h > 0, a feature that we will extensively use throughout this work. In
particular, we will be interested in the limit A — 0 of equation (DNLKG), usually referred as the continuum
limit. From this perspective, equation (DNLKG) can also be seen as a finite difference scheme for the numerical
simulation of the well-known nonlinear Klein-Gordon equation

00— Ad+o+]0P Mo =0, (NLKG)

and one can reasonably ask in which framework and at which rate solutions of the discrete equation (DNLKG)
converge to the ones of the continuous equation (NLKG). We emphasize that in view of the set of parameters
(param), both equations (NLKG) and (DNLKG) admits unique and global solutions (see [GV85,GV89]). We
briefly recall that equation (NLKG) is a fundamental model in mathematical physics and has been extensively
studied in a large amount of literatures. It has been used as the equation of classical neutral scalar mesons, but
also to study bosonic phases in massive stars in connection with Bose-Einstein condensation [MTTD22]. It also
appears as a superfluid model to describe the creation and dynamics of quantized vortices in galaxies [MZZ20].
We finally mention its link with nonlinear Schrodinger equations in the non-relativistic regime [MN02, MNOO02].

Other the past ten years, there have been many recent advances in the study of the continuum limit for
dispersive equations since the work of Kirkpatrick, Lenzmann and Staffilani [KLS13|, where the authors show
the L? weak convergence of solutions of the discrete nonlinear Schrédinger equation (DNLS) in the continuum
limit. The L? strong convergence of such solutions were then achieved by Hong and Yang in [HY19a] alongside
precise convergence rates in h, a result which was recently extended by Choi and Aceves [CA23] to the fractional
nonlinear Schrédinger equation. However, to the best of the author’s knowledge, no results are known for the
continuum limit of the discrete nonlinear Klein Gordon, which is the main purpose of this paper.

This work follows from the conference CJC-MA which held in CentraleSupelec in September 2023, during
which the author presented his recent study on discrete nonlinear Schrodinger equations [Cha23], and announced
that the strategy developed in this paper can be used for other dispersive equations. Note that contrary to this
prior work, no uniform dispersive properties such as Strichartz estimates are used throughout the forthcoming
proof, and comments about this feature will be developed at the end of this paper.

This paper is organized as follows. In section 1, we give some notations for discrete functional analysis and
we state our main result Theorem 1. Section 2 is devoted to the proof of uniform bounds on the growth of
discrete Sobolev norms of solutions to (DNLKG), and Theorem 1 is then proven in section 3. We conclude
this work with section 4, where we survey recent advances in nonlinear dispersive lattice equations and give
perspectives.

1. DISCRETE FRAMEWORK AND MAIN RESULT

We denote respectively by LP(hZ?), for 1 < p < oo, and L>(hZ?) (or sometimes more compactly L} and
L$° in mathematical mode) the discrete Lebesgue spaces induced by the norms

lgliy =h" D" lg(@)l” and |gllLz = sup |g(a)l.
" a€hZ? a€hz?



ESAIM: PROCEEDINGS AND SURVEYS 19

One can also define the forward discrete gradient

gla+ he;) —g(a
Vi) = LD IO g (gr o)

for any a € hZ9, as well as the discrete gradient

g(a + he;) — g(a — hej) Vi= Vi, Vhd)T'

Vh,j9(a) = 5 )
The discrete Fourier transform of a function g € L?(hZ%) and its inversion formula are given by
, 1 .
~ __1d —ia-& _ = ta-§
9= 3 gl and g(0) = g [ G0

a€hZd
for ¢ € T¢ = R?/(22Z%) and a € hZ?, defining an isometry from L?(hZ) to L?(T{). One can also define

discrete Sobolev spaces H®(hZ?) (or H}) for any s € R with the norm

s
d

2 = L 1y (hfﬂ)z a6’ d
loll; = oy / () ) ot

]

Note that these norm are equivalent to the one defined with finite differences for s = n € N, namely

n
lgll%, = ((=An)"g.9)1z sothat |lgllZ, ~ > lglF.
k=0

where (-, -) denotes the usual scalar product on L?(hZ?) defined by

(f,9) =" > fla)g(a).

a€hZ?

In order to compare discrete and continuous functions, we need to define a projection operator on the grid
and an interpolation operator to lift a discrete function on the continuous space. We denote the mean projection

mhe(a) = % /a+[—h o[t o(z)dz

for all a € hZ?. We also define the Shannon interpolation of a function u : L?(hZ%) — C by
Spu = F! (LE‘,fa) ,
which allows to extend a discrete function into a real function whose Fourier transform is compactly supported

in T¢, and where F defined by
F1©) = [ swe S

for all ¢ € R? denotes the usual Fourier transform on R?. We now state our main result:
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Theorem 1. Let s € N* with (p,d) satisfying (param). Let ¢ € C(R; H**2(R%)) be the unique solution of
(NLKG) with initial condition (¢o, ¢1) € H*T2(RY) x H*TH(R?), and let u be the unique solution of (DNLKG)
with initial condition (ug,u1) = (Tpdo, Tho1). Then

IShu(t) = ¢(B)|| 1o may < ChePUHH",
where B and C are constants depending on d, p, s and |[(¢o, 1) grs+2(ra)x mgs+1(rd) -

2. GROWTH OF DISCRETE SOBOLEV NORMS

In this section we adapt the strategy of Pampu [Pam21] to infer upper bounds on the growth in time of
Sobolev norms for the nonlinear Klein-Gordon equation to our discrete setting. This proof relies on the use of
modified energies, a strategy that has proved useful in various contexts and which have very little dependence
on the underlying geometry of the problem, making it very appealing from the discrete point of view. Note
that this strategy was already used by the author for the discrete nonlinear Schrodinger [Cha23], inspired by
the work of Planchon, Tzvetkov and Visciglia [PTV17]. Also note that the effective growth of Sobolev norms
for particular low-frequency supported initial data of equation (DNLKG) has very recently been proven in the
work of Pasquali [Pas24].

Let T > 0, and (u,0u) € C([0,T]; H? x H}) be the solution of equation (DNLKG) with initial condition
(ug,u1) € H? x H}. We give all the following proves in dimension d = 2 with 1 < p < oo, but the same
arguments work in the three dimensional case d = 3 (which is actually performed in [Pam21]) with nonlinearity
1 < p < 3 relying on the Sobolev embedding H}L C L} for all 1 < ¢ < 6. Note also that the proof is a bit simpler
in the case d = 1, as we have H} C L{°.

In view of equation (DNLKG) and conservation of energy (1) alongside discrete Sobolev embeddings, we see
that 02u € C([0,T]; L}) and that [Pam21]

107w — Awul| 2 < C (2)
where C' = C(d, E(0)) > 0. We now define the modified energy
£(t) = 5 (I07u013; + 195002, + 19(t)]3; ) 3)
for all t € [0,T]. In particular differentiating with respect to time we infer that
SE0) = ~@u(ul ™ ), 0.
d¢

Now integrating in time between 0 and 7', we get by Hdélder’s inequality that

5 / Z|u|p 1‘8tu||82u| </ ||up—1H 2(2:;") ||atUHLi+n||8t2u||Li

hzd Ly,

for any small 7 > 0 yet to be fixed. Then from interpolation in discrete Lebesgue spaces alongside discrete
Sobolev embedding H} C L} for all ¢ > 1, we get that

T 2 7,27,+1 9 n271+1) 5
E(T) - £(0) S/O el sta oy el 5 - [[O¢ul| 11”1 105 ull 2 S TNOsull oy 197 ullLge 12
Lh "

so denoting € = 2n(n+1)/(2 +n) > 0 as small as needed, we infer in view of (3) that

E(T)—E0) ST sup E(t) >
t€(0,T]
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This last equation will be useful to prove the following bound on the growth of the H? x H}-norm of (u, dyu),
using the equivalence between the H? x H} norm of (u,d;u) and E(t).

Proposition 1. Let (u,d;u) be solution to (DNLKG) with (ug,u1) € H? x H}, then for all € > 0,
1+7T) ifd=1,
sup || (u, Opu) ()| 2wy S § U+ T)™=5 ifd =2,

t€[0,T) 2
A+T)%  ifd=3.

Proof. As before, we restrain the proof to the two-dimensional case d = 2, the cases d = 1 and d = 3 (with
1 < p < 3) being proven similarly. Let us first write that from equation (4), we have for all 7 > 0 that

sup &(t) < £(0) + C7 sup E(t)lgg,
te[0,7] tc(0,7]

so for T small enough we get that

sup E(t) < £(0) + 1.
te(0,7]

Going back to equation (4), this provides that
E(T) <E0)+C(E0) +1),

hence denoting a,, = 1 + £(n7), the sequence (a,,),>0 satisfies

17175
ant1 < ap+Cayp 2,

which leads by induction that o, < Cn%, or rewriting in terms of £(¢) that

sup E(t) < C(L+T)T=.
t€[0,T]

On the other hand, we infer thanks to equation (2) and equation (3) that

1w, ) ()2 g = M1, D) (7)1 12 + [ ARu(T) 172 + V5 Beu(7) 7
< C + 2/|0pu(r) — Apu(r) |72 +2E(7)
< C+2&(1),
which ends the proof for d = 2. O

To estimate higher discrete Sobolev norms Hft* x HF for k > 2, one can define the higher modified energies

1
en(t) i= 5 (108 w3 + IV Oku(t)2; + 0Fu(t)2;)

which enjoys the same way that

d _

SE(t) = — (O (jul M), 0w,
However, as in proof of [Pam21, Proposition 5], one can show by induction on & that for any dimension 1 < d < 3
(with 1 <p<3ifd=3),

E(T) — Ex(0) ST sup E(t)%,
t€[0,T]

which is a better estimate than equation (4) and leads to the following result:
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Proposition 2. Let (u,dyu) be solution to (DNLKG) with (ug,uy) € Hy T x Hf for k > 2, then

sup ||, dpae) (O s g S (14T,
t€[0,T]

Proof. The proof follows the exact same lines as the one given through [Pam21, Section 4] as no dispsersive
estimates are used throughout the proof. (|

Remark 1. As emphasized in [Pam21, Remark 3], the key argument in the proof of Proposition 2 compared
to the one of Proposition 1 is that we directly get from both equation (DNLKG) and Proposition 1 that for
j=0,1,2 and for all T > 0, there exists C = C(T) > 0 such that

sup [0 u(t)] 2 < C,
t€[0,T) h

in particular that the LS norm of u is bounded by the Sobolev embedding H? C L$° (as 1 < d < 3).
3. STRONG CONVERGENCE IN THE CONTINUUM LIMIT

From Duhamel’s formula, denoting K}, (t) = % and Kj,(t) = cos(ty/1— Ay), we write

w(t) = Kn(tyuo — Kn(t)us — /0 Kn(t —7) (JuP ") (r)dr

for any u solution of (DNLKG), and analogous formulas hold for K(t), K(t) and ¢(t) solution of (NLKG)
following the notations from [GV85,GV89]. We will decompose our analysis on the following integrals

1Shu(t) = ¢()| mrsray < IIShER (E)uo — K (£) ol g (ray + ShKn(t)ur — K (£)ol| s (ma
+/0 ||(ShKh(t) - K(t)Sh) (|u|p*1u) (T)HH*(]Rd) dr
t wlP~ ) (r) — ulP " Spu) (7 T 5
+ [ s =ty ) = (18P S (), 0 )

He(R)
[ (™ Sw) ) = (010 )
=: J1(t) + Ja2(t) + J3(t) + Ja(t) + J5(¢).

Hs(R4)

3.1. The linear flow

It is quite direct (see for instance [HY19a, Lemma 5.1]) that for ¢ € H*(R?), ||mnella: < llollms, which is
known as the boundedness property of the discretization 7;,. We now deal with the error made by consequently
projecting then interpolating a function ¢, as it may not be explicitly written in the literature.

Lemma 1. Let s > 0 and ¢ € L?(R?), then for all € € ']I“fb,
d he;
7(©) = 7o) [T sine (52 ).
j=1

Proof. From inverse Fourier transform property we compute that for all a € hZ9,

1 1z _ 1 ia- d L\
mpla) = g | e | emeFagae = o [ (e [ e 0;/2) de



ESAIM: PROCEEDINGS AND SURVEYS

On the other hand we know that
1 o
II = — fa-d] d
@) = (g [ I
which gives the result.
Estimates on J; and Jy will be a direct consequence of the following statement:

Proposition 3. Let ug = mp¢o and uy = wpp1, then for all s >0,

S K (t)uo — K (t) o e < Ch(1+ 1)1

me < Ch(1+1)]¢ol

stz and ||SpKp(t)ur — K(t)o1]

Hs+2 .
Proof. We focus on the first estimate, as the second one can be proved similarly. We write that
S (t)uo — K ()dolle < |1SnEn(yuo — K (©)Suuolls- + 1K (1) (Snuo — do)ll - = L(1) + La(0).

As cos and /1 + - are 1-Lipschitz and as |5 Z‘;:l sin(h&;/2)? — |€)?| < h2E* for £ € TY,

2

d 2
Il(t)2:/w(1+|§|2)s cos t\ll+:2zsin (fﬁﬂ) —cos(ty/1+ |€2)| [ao(&)|?d¢
J

h j=1

(14 ]¢?)s+2

< $2p2 1 2ys1¢14 10 (6) 12 d 2y

) /55&%( e H/T”h’:ﬂ{lfbfz} (1 e e

5t2h2/ (1+ [g*)=+2 Iqu(€)|2d£+h2/ 1+ [€?)*+2 [ao(€)]? de,
= TaNlé1> 7

which gives the first bound as ||U0HHf+2 < |l¢ol| gs+2. Now note that from Lemma 1,

— 2
IS ome — el = [ (1+167)° [7ud© - FRO| dg+ [ (L4 16P) IFr©P dg

T¢ R4\ T
2

d
2\ S 2 in . _ (]‘+ ‘£|2
< [ @iy 1Fr@r [t 1) des [ SR

)S+2

\FF(E)I de

h j=1

<t / (14 1E12)° 1€* |F£()2 de + b / (14 J612)" 2 |Fo(o)? e,
T} RA\T

as |H‘;:1 sinc(h€;/2) — 1| < h?[€|? so for I we directly get that

L(t) < ||Spuo — dollas S B [|dollmere,

which gives the result as h < 1.

3.2. Linear flow on the nonlinearity

To estimate J3, we temporary denote F = |u(7)|P~1u(7), so that

Js(t) < / (1Sn Fn (7)(F — 7Sy F)|

e+ (S ()7 — K(7))ShF || me) dT = I3(t) + La(t).

23
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A bound on I can be directly derived using Proposition 3, so that

<h/ (147 \F\|Hs+2d7'<h/ + 1) ||ul?

He+2

as s +2 > d/2 since 1 < d < 3. On the other hand, as ||Shp|m: < [l¢llz; (see [Cha23, Lemma 5]),
t t
05 [ 1KaE = mSiF)gar £ [ IF = miSuFllgdr,
0 0

and from Lemma 1 we know that @(5) =u(f) H;Ll sinc(hg;/2) so by Jensen inequality

s 2
d

I3(t)% < (271011 /Ot /Td 1+Zsln(h§j> ‘ﬁ(f)r 1—j1isinc(h§j/2) dédr

t
N h4/ HF” °+2dT S h4/ ||u||HS+2
0

as |¢2 < ”72 Zj:l 7= sin(h&;/2)? for all € € T{. Combining the bounds on I3 and 14, we get that

J3(t) S h/o (1+ 7‘)Hu(7‘)||H5+2dT < h(1+ )@Y (6)

using Proposition 2 since s € N* so s +2 > 3.

3.3. Aliasing and Gronwall argument

A straightforward bound on Jy can be derive the exact same way as in [Cha23, Section 5.2], which relies on the
bilinear estimate satisfies by the Shannon interpolation [Cha23, Proposition 6] stating that for f, g € H?(hZ%)
with § > g and for 0 < s < §, we have

[Sh(£9) — SnfSngllers < ho~*|ISuf |l a5 |Shg |l s

This directly gives in our setting (using Proposition 2) that

t t
05 [ IS ynadr S [l adr S 1201+ 02 @

Turning now to Js, using the well-known identity || f[*~'f — |g[*~ g| <p (If] + 19])P 2 f — g| we can write that
for all 7 € (0,¢),

| (18w~ Sur) (7) = (W~ 10) ()| S (ISwu(D)les + 19D ) ISnu(r) = 67l

as s +2>d/2, so
J5(t) S /O (1 +7) PV Spu(r) = ¢(7)|| =dr. (8)

Using respectively the bounds on J; and J from Proposition 3, as well as the ones on J; (6), on Jy (7) and
on Js (8) in estimate (5), we get the result of Theorem 1 by Gronwall lemma. Note that the polynomial terms
(14-t) for any a > 0 can absorbed by the exponentially growing term eZ(1+%)” taking a larger constant B > 0.
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4. DECAY ESTIMATES FOR DISCRETE WAVE EQUATIONS

One may wonder if it would be possible to obtain continuum limit properties such has Theorem 1 for more
general cases, for instance in the cubic case p = 3 in the three-dimensional case d = 3, which appears as a
limiting case in Proposition 1. In order to follow the proof of [Pam21], this would require the use of Strichartz
estimates so one can trade space regularity for time integrability in Holder’s inequality application to estimate
equation (4). It is now a standard argument since the work of Keel and Tao [KT98] that Strichartz estimates
are deduced from a bounded L?-estimate of the associated linear semi-group (usually derived from conservation
laws) alongside a time decay estimate of the L*°-norm of such linear flow. In fact, the derivation of decay
estimates for discrete dispersive equations has drawn some attention through the last decades, and we survey
some of these results in a unified framework.

4.1. Dispersive estimates on lattices

Consider a discrete dispersion relation of the form

d

2
wp(§) = | m? + % jz:sin (hgj>

)

associated to the linear flow Uy, (t) = exp(—it(m? — Ay)2). This covers several interesting models:

e The case m = 0 and o = 1 corresponds to the discrete wave equation.
e The case m = 0 and o = 2 corresponds to the discrete Schrédinger equation.
e The case m = 1 and a = 1 corresponds to the discrete Klein-Gordon equation.

The evolution of an initial state ¢ of discrete Fourier transform 7 under the linear flow Uy (t) is given by the
oscillatory integral

I(t,a,m) = / etlersmtentn(e)de. (9)
T3,

for any a € hZ% 1In the case of the Schrédinger flow, as performed in the seminal work of Stefanov and

Kevrekidis [SK05], one can separate variables in order to reduce the problem to the d = 1 case, and an

application of the well-known Van der Corput lemma gives that

i C
€% el < g lellor o

for any initial data ¢ € L'(hZ?), which is proven to be sharp [Ign07]. Such a dispersive estimate has to be
compared with the usual decay in =% in the continuous free case on R%. It displays a weaker dispersion estimate
than the continuous case, a pathological behavior induced by critical points and a lack of convexity of the symbol
of the discrete operator Ay,

From now on we fix h = 1 to introduce the forthcoming results, and we denote £>(Z%) := L>(hZ?) in order
to match the notations of these papers. One-dimensional decay of the discrete Klein-Gordon flow was also
derived in [SK05] from the same techniques, which can be written as

He—it\/l—Ah 1

Plle=@zy < \ﬂé el (z)-

However, wave dispersion relations (for a # 2) fail to have this separation-of-variables property, leading to more
involved analysis as dimension increases. Back in 1998, Schultz proved in his breakthrough work [Sch98] that
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for the discrete wave equation in dimensions d = 2, 3,

—itv/— A1 _2
e V=210 poo (z2) < C(1 + [t]) 73,
&=V =21 0|l poo 23y < C(1 + [t]) 5,

[}

where C' = C(p) > 0, a result that have only been very recently extended to the fourth dimensional case d = 4
in [BCH23| which states the sharp bound

e =B oo 20y < C(1+ [¢]) = log(2 + [2]),

where the proof relies on the analysis of Newton polyhedra. For the discrete Klein-Gordon equation, Borovyk
and Goldberg proved in [BG17] that in dimension d = 2,

le™™V1=2 o] oo 22y < C(1+ [£)) 75,
a result which was extended a few years later by Cuenin and Ikromov [CI21]

e VIR0 oo 25y < C(1+|t]) 7%,
e VTR0 0| oo iy < C(1 + |t]) ™ 2 log(2 + |1]),

so that in dimension 3 and 4 the discrete Klein-Gordon and wave equations share the same decay rates, whereas
in the two-dimensional setting d = 2 the dispersion of the wave flow is a bit slower than the one of the Klein-
Gordon equation.

For higher dimensions d > 5, the Klein-Gordon flow is conjectured in [CI21] to decay as

||6_itMSD||Z°°(Zd) <C(1+ |t|)_2d% log(2 + [t))4*,

whereas the wave flow is conjectured in [BCH23] to behave like

_2d+1

le™ VB0 joo gy < CAHE)) "5

4.2. Uniform Strichartz estimates for the discrete Klein-Gordon equation

Decay estimates of Section 4.1 are inherently not uniform with respect to the mesh size h > 0, making them
a priori useless in the study of the continuum limits of such discrete systems as h — 0.

Several works of Ignat and Zuazua for the discrete Schrodinger equation [IZ09,17212] and Audiard [Aud13]
for the discrete critical Korteweg-de Vries use Fourier filtering methods alongside two-grid algorithm in order
to remove the bad behavior frequencies from the discrete operator Aj,. This strategy allows to recover modified
Strichartz estimates which are uniform with respect to h, that can be described as follows in the Schrédinger
setting: denote by II;, the piecewise linear extension operator II;, : L?(4hZ%) — L?(hZ?), then one recovers that

||€itAh'Hh<P4h||L‘§(R;Lr(hzd)) < C(d, T’)||Hh<ﬂ4h||L2(th)
for all p*" € L?(4hZ%) and h > 0, and for any set of Schrédinger admissible pairs

2 d d

6+;:§a 2§Q7TSOO7 (Q7r7d)7é(2aooa2)'
Such kind of strategy was also used by Killip Ouyang Visan and Wu [KOVW23] in the study of the continuum
limit of the Ablowitz-Ladik model, where frequency-localized Strichartz estimates [KOVW23, Proposition 4.3]
were also derived in order to infer compactness on low-regularity discrete solutions.
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Another approach was recently considered by Hong and Yang in [HY19b], where the authors showed that
such h-dependence in equation (10) can be removed paying fractional derivatives on the right hand side of
Strichartz estimates, which compensates the lattice resonances. The proof relies on harmonic analysis tools
such as Littlewood-Paley inequality, Calderon-Zygmund theory and the Hérmander-Mikhlin theorem adapted
on the discrete setting. This implies a uniform Strichartz estimate of the form

HeitAhQOHL‘Z(R;L}"L) Slell 1 (11)
Hh

for any set of discrete Schridinger-admissible pairs (q,r) satisfying

2+§:§, 2<qr<oo, (qrd) #(20,3). (12)

Note that this kind of discrete Strichartz estimates with loss were also recently proved by Choi and Aceves [CA23]
for fractional-type discrete Schrédinger equations in the two-dimensional case, and are of course reminiscent of
the situation occurring on compact manifolds like in the seminal work of Burq, Gérard and Tzevtkov [BGT04].

To the best of the author’s knowledge, no such techniques have yet been used in order to derive uniform
Strichartz estimates for the multidimensional discrete Klein-Gordon equation. In the following we elaborate on
this point. Making the change of variables

£ = TZE, v=— (13)
in (9), one is reduce to estimate the oscillatory integral
Jo,c= [ e
]Rd

for any v € R? in the limit 7 — oo, where ( € C°(R?) and @, (&) = v - &€ — v, (£) with

d
(€)= | h2+2) cos(&))

=1

denoting the dispersion relation. Note that in the two-dimensional case, on the lattice Z? (with h = 1), the
work [BG17] provide a decay rate in 74 for |Jp, c|. However, at the limit h — 0 we observe that 7, tends

to the dispersion relation of the discrete wave equation, which would suggest a slower decay rate in 773 of the
oscillatory integral in view of [Sch98]. Comments on this pathological behavior are also given in [BG17, Section
2.2], but not from a continuum limit perspective, and we suggest the following conjecture:

Conjecture 1. For any ¢ € C*(R?),

sup | Jo, | < C(O)(1 + |7[)~5.
veERE

Assuming Conjecture 1, one can derive uniform Strichartz estimates for (DNLKG) for d = 2 the following
way. Let ¢ : R? — [0,1] be a smooth even compactly supported function such that ¢ = 1 for £ € [—7r,7r]d
and ¢ = 0 for & € R\ [—2m,27]%. Let n(¢) = ¢(|¢]) — ¥(2/¢]). We then define for dyadic integers N € 2% the

Littlewood-Paley projections given by
h
PN = ]:_1’[7 (§> F.

N
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==z

Since € € ']I‘ﬁ, Py is a smooth projector onto the set 75 < [{] < 27r%, and the (Py)n resolves the identity

>

N<1

=Id.

P

Note that the sum has an upper bound as h§ = O4(1). Denoting
Kt,N,h(a') =1 (t’ a77l(h : /N)) )

we infer that
le™ V=2 Pyl e = 1 Kpnvn % @lloe < [1Kennllzgllel sy

by Young’s inequality. Making the change of variable (13) we get that K¢ n(a) = h™%Jg, ,(/N), so from
Conjecture 1 we write that

Cn(-/N)), 2 N\©E
1K Nl Lo < %M 3 <(C <h) It~ 3,

which implies as d = 2 that
4
— — AN _2
e Pglaz < (F) 10 el

for any p € L'(hZ?) and N < 1. Once such a bound has been obtained, it is then straightforward to derive the
Strichartz estimates for the linear evolution by averaging in ¢ and N ,see for instance [CA23, Remark 3.4]. In
fact, denoting Uy (t) = e~®V1=2» and defining as in [COX11, p.1127]

~ N2t

where Py = Pyy2 + Py + Pan, we can show that (Un (t))ser satisfies the hypothesis of [KT98, Theorem 1.2]
which implies that

[Un(t) Py el

4(1 1
N 5(5_?) 401 1
Ly S (h) 1Py ellze(nzey = [PxIVRIE Gl e,

Squaring on both side and summing over N < 1, this gives that

2 2

401 _ 1
10 Oells@eg S | D N0 OPNelRs@ny | S | 2 1PN IVAFE Do),
N<1 N<1

4(1_ 1
SIVAlEGE o) 2,

N

which would finally provides in our case a uniform Strichartz estimate with loss of the form

Y gy < Ol 3 .

in view of the admissible condition (12). Note that this estimate still give a gain of regularity compared to the
trivial estimate induced by the Sobolev embedding H*(hZ?) C L"(hZ?) with o = 1 — 2/r, which would imply

aHa (hZ%)-norm in the right hand side of estimate (14) in view of (12).
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To conclude this monograph, we point out that uniform discrete Strichartz with loss can also be derived on
compact sets, which is in agreement with effective numerical simulations. Adapting the work of Vega [Veg92] on
the discrete setting, these kind of estimates were derived for the discrete Schrodinger flow on the discrete torus
T? in [HKNY21| or in a large box limit in dimension d = 2,3 in [HKY23|, and very recently for the discrete
fractional Schrédinger equation on Tj, in [Cho24]. Note that contrary to those on hZ¢ [HY19a], these discrete
Strichartz on compact sets are not proved to be optimal or not yet.
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