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A RIGHT-INVARIANT SUB-RIEMANNIAN SETTING FOR LARGE
DEFORMATION MODELS

THOMAS PIERRON!

Abstract. The Large Deformation Diffeomorphic Metric Mapping (LDDMM) framework introduced
in [BMTYO05, Tro95, DGM98]| is a widely recognized method in shape analysis and computational
anatomy. It aims at finding a diffeomorphism that deforms optimally a given shape into another
one using tools from Riemannian geometry. It was acknowledged in Arguillére’s Ph.D. thesis [AT17,
Arg20,ATTY15,Argl5] that this approach amounts to endowing the group of deformations Diﬂfc(;)c (R)
with a strong right-invariant sub-Riemannian structure.

In this paper, we extend these ideas to the category of half-Lie groups and we study right-invariant
strong sub-Riemannian metrics on them. Several illustrative examples are discussed.

INTRODUCTION

The theory of shapes spaces plays a central role in many applications including computational anatomy,
medical imaging, biology, etc. A main goal of this field is to define computable metrics between shapes in order to
compare them and develop statistical tools. The approach taken in the Large Deformation Diffeomorphic Metric
Mapping (LDDMM) framework [BMTY05, Tro95, DGM98] is to deform a source object into a target object and
to study this deformation. The deformation is given by a flow of diffeomorphisms of finite regularity generated
by a time-dependent vector field, and the registration problem is induced by the minimization of a functional
penalizing the kinetic energy of the deformation. This setting allows to adapt to the group of diffeomorphisms
classical results from the theory of right-invariant metrics on Lie groups [Arn66, EM70, MR94, Youl9].

The emergence of new datasets, imaging techniques and problems has led to the necessity of extending the
classical framework [Argl5] that was focusing on diffeomorphisms to address new situations involving more
general infinite dimensional groups. In order to keep a Banach structure, we are forced [Omo78,0mo97] to deal
with topological groups such that the right translations are smooth, namely half-Lie groups [MN18, BHM23].
In most examples, the left translations and the inverse mapping may fail to be smooth so that the groups are
not Lie groups.

In this paper, we summarize and report on the authors’s results in [PT24] which studies right-invariant
sub-Riemannian metrics on more general groups. In particular, we derive a Hamiltonian formulation for the
geodesic equations.
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1. HALF-LIE GROUPS

1.1. Definitions

The category of Banach half-Lie groups gives a natural framework to deal with differentiable groups with a
Banach manifold structure. Riemannian geometries on such spaces were recently studied by Bauer, Harms, and
Michor in [BHM23]:

Definition 1.1 (Half-Lie group). A Banach (right) half-Lie group is a topological group with a smooth Banach
manifold structure, such that the left multiplication Ry : g — gg¢’ is smooth.

In the LDDMM framework, the most common example is the group of C* diffeomorphisms that vanish at
infinity, and whose derivatives also vanish at infinity:

Diff cx (R?) = (id + Cf (R, R?)) N Diff* (RY).

In Arguillére’s Ph.D. thesis [Arg20,AT17], LDDMM is performed on the group Diff ;7= (M) of Sobolev diffeomor-
phisms on a finite-dimensional manifold M of bounded geometry. This space is also a half-Lie group [BHM23]
and has a Hilbert structure, and was thus highly studied in the context of infinite-dimensional geometry and
fluid dynamics [EM70].

The main issue with dealing with half-Lie groups is that we lose the smoothness of the right multiplication and
the inverse, and we therefore cannot define the classical objects from Lie group theory such as the exponential
map and the adjoint representation. However, following [BHM23, MN18], we can gain regularity on the right
by adding an extra assumption on the considered half-Lie groups.

Definition 1.2 (Right-invariant local addition). Let G be a Banach half-Lie group, and denote g : TG — G
its tangent bundle. A right-invariant local addition on G is a smooth map 7 : V C TG — G, where V is an
open subset of T'G, such that

e for every g € G, we have 0, € V and 7(04) = g, where 0, denotes the zero section of TG

e the mapping (7g,7) : V — G X G is a diffeomorphism onto its range.
e for gec G, TRy(V)=V and ToTR; = RgoT

Example 1.3. The mapping (z,7) € R? x R?  x + 7 is a local addition on R? (it is the exponential map of
the canonical Riemannian metric on R?) and it induces the following right-invariant map on Diffcg (R%)

TDiffcp(RY)  — id + CF(RY,RY)
(pucg) = ¢+ucd

Since Diff o (R9) is open in id + C¥ (R4, R?), for u € C§(R? R?) close enough to 0, the map ¢ + u o ¢ is in
Diff o (R?). Therefore, there exists some subset V C T Diff o (R?) such that the restriction of the previous map
is a right-invariant local addition.

This will allow to gain some regularity for the left translation, as shown in [BHM23]. For k € N, define
G* as the set of C*-elements ¢ € G such that Ly : G = Gand Lg-w 1 G — G are C*. Equivalently,
denoting Diff -« (G)€ the set of C* right-invariant diffeomorphisms on G, the set G* can be defined through the
identification:

GF — Diffox(G)¢
D W
g > Iy

The following result [BHM23| shows the regularity gained with such a construction :

Proposition 1.4 (Differentiable elements). Let G be a Banach half-Lie group with a right-invariant local
addition, and define the family of subgroups of differentiable elements {G* k € N*} as before. Then, the groups
G* are Banach half-Lie groups, and satisfy the following properties:
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(G.1): G**1 is a subgroup of G* with smooth inclusion and, for | >0, G**! is a subset of (G*)'.
(G.2): Forl >0, the induced multiplication

GHlx Gk — Gk
g,9) +— 4y

is C' and C*° in the first variable g’ for g fized.
(G.3): Forl >0, the induced left infinitesimal action

T.GF x GF — TGF
(u,9) w9 =0y(9'9)|g=e(u) = TeRy(u) € T,G*

is a C' mapping, and C> with regards to the first variable.

Proof. The proof is mostly included in the work of Bauer, Harms, and Michor [BHM23, Theorem 3.4] and uses
the identification (1). O

We finish this part by introducing equivalents of the adjoint representation and of the Lie bracket on half-Lie
groups. For g € G, the interior automorphism int, : G — G, h — ghg~! is C'. We can thus define the adjoint
representation:

Ad - 7.6 — T.G
9 v — Ady(v) =T.int,(v) = (T.Ry) "' o T.Ly(v)

Following [BHM23], we can also define an analogous of the Lie bracket [-,] : T.G' x T.G' — T.G by
[u,v] = Tea(v) — Teo(u)

where, for w € T,G", the mapping @ : G — TG is the C'-right-invariant vector field induced by w, defined
by w(g) = TeR4(w) = wg. The equality has to be understood in charts. This bracket product satisfies many
properties of usual Lie brackets:

Proposition 1.5 (Lie bracket). The Lie bracket [-,-] : T.G' x T.G' — T.G satisfies

o [T.G*TY T.G**] C T.G* and coincides with the bracket product [-,-]x on G*
o [, is a skew-symmetric continuous bilinear mapping and satisfies a Jacobi identity:

Yu,v,w € T,G?, [u, [v,w]] + [v, [w,u]] + [w, [u,v]] = 0. (2)

e The inverse of the adjoint representation Ad;l(v) = Adg-1 v induces a C* mapping Ad™" : G2xT.G' —
T.G and

Vu € T.G? Vv € T.G', T, (Ad_l(v)) (u) = —[u,v]. (3)

1.2. Regularity and evolution map

In this part, we deal with regularity properties of half-Lie groups, in the sense that under some regularity
conditions, there will exist a unique global flow associated with a right-invariant vector field. Suppose G is
a Banach half-Lie group equipped with a right-invariant local addition so that we can define the groups G*
as previously. Let I C R be a compact interval, and suppose G* is modeled on the Banach space B¥. Let
ACr»(I,G*) be the set of continuous curves in G* that are absolutely curves in local charts (see appendix A
for some results on the space of absolutely continuous curves, and [Gl615] for a more complete exposition of
absolutely continuous curves in infinite dimensional spaces)
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Proposition 1.6 (Regularity of Banach half-Lie groups). Let to € I, and u € LP(I,T.G*). Then, the ordinary
differentiable equation:
{ gr = ug - gy = Te Ry, (ut) (4)
Gto = €
has a unique global (i.e. defined on I) solution g € ACp»(I,G").

Sketch of Proof. The proof is contained in [PT24], and in [BHM23] for the special case where u € C*°(I, T.G*).
The local existence and uniqueness follow from an application of the Picard-Lindeldf theorem, and the solution
can be extended on the whole interval I using invariance properties. O

Proposition 1.6 allows to define the evolution map for any time-dependent vector field v € LP(I, T.G**+1).

Definition 1.7 (Evolution map). We denote by Evolgr : LP(I,T.G*) — ACL»(I,G*) the evolution map
associating to any time-dependent vector field u € LP(I,T,G*) the solution g € ACr»(I,G*) of the ODE (4).

We can prove that the evolution map has some regularity, depending on the space where u lives:

Proposition 1.8 (Derivative of the evolution map). Suppose I is a compact interval.

(1) The mapping Evolgr : LP(I,T,G*) — ACL»(I,G*) is locally bounded and the restriction Evolgr :
LP(I, T,G* 4 — ACL» (I, G*) with 1 > 0 4s C'.

(2) For u,6u € LP(I, T.G*'*) its derivative 6g = T, Evolge(du) € ACLy»(I < g}, TG") is the unique
solution of the linear Cauchy problem:

0g(t) = 89(T6Rgut)|g:g(t)5g(t) + au(TeRgtuMu:u(t)éu(t), dg(0) =0 (5)

where g(t) = Evolgr (u)(t).

Sketch of Proof. In local charts, the mapping C : (g,u) — (go, §: — TeRgu) is differentiable and its derivative
0,C : TyAC»(I,G*) — T.G x LP(I,T.G*) is a Banach isomorphism. The result follows from the implicit
function theorem. A complete proof of this result can be found in [PT24]; it uses ideas from [AT17,Gl615]. O

2. STRONG RIGHT-INVARIANT SUB-RIEMANNIAN METRICS

2.1. Generalities

The LDDMM framework uses a space of velocity fields V' that is a Reproducing Kernel Hilbert Space (RKHS),
continuously embedded in CiT2(R%,RY) = Ty Diffcgn(]Rd). This induces a right-invariant sub-Riemannian
metric on the group Diff o (R9), as described in [AT17,ATTY15,Argl5]. We use this example to define strong
right-invariant sub-Riemannian metrics on G.

Let V be a Hilbert space continuously embedded in 7.G*. We define, as in [Arg15,AT17], the sub-Riemannian
structure (G, G x V,T. R, (-,)v) where (-, )y denotes the scalar product inducing the Hilbert structure on V,
and T, R is the derivative of the right multiplication

GxV — TG
TER'{ gu  +— T.Ry(u)

By (G.3) in Proposition 1.4, the mapping T, R is C*. The induced mapping g € G — T.R, € L(V,T,G) is only
C*=1 [Omo97, Theorem 5.3], meaning T, R defines a C*~! bundle morphism (in the sense of [Lan01]), hence
the sub-Riemannian structure is only C*~1.

Let us now recall some vocabulary from sub-Riemannian geometry. An absolutely continuous curve g : I — G
is said to be horizontal if there exists a continuous lift ¢ — u(¢) € V such that

g(t) = Te Ry (u(t)) for ae. t € I.
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We call horizontal system such a couple (g, u) that belongs to ACr»(I,G) x LP(I,V). In this right-invariant
setting, if g € ACr»(I,G) is a horizontal curve, there can only exist a unique v € LP(I, V') such that (g,u) is a
horizontal system. The length and energy of a curve (g,u) € ACp1(I,G) x L*(I,V) are given by

1
Ligw)= [l and  E(gu) =3 [ fult)fpr
I I
Hence, G becomes a metric space with the following sub-Riemannian distance
dv (g0, 91) = inf{L(g,u), (g,u) is a L' horizontal system joining go to g1 }.

Properties of the sub-Riemannian distance are summed up in the following proposition.

Proposition 2.1 (Sub-riemannian distance). The sub-Riemannian distance dy is a true right-invariant distance
and it is also equal to the infimum of the energy on horizontal L? systems, i.e. for go, g1 € G

dv(go,g1) = inf{\/2E(g,u), (g,u) is a horizontal system joining go to gi}.

A horizontal curve between two points of minimal length is called a minimizing geodesic. Its length is then
equal to the distance between the two endpoints. Since the sub-Riemannian distance is also found by minimizing
the energy, any horizontal system that minimizes the energy is also a minimizing geodesic and is parameterized
with constant speed. Conversely, any minimizing geodesic (g, u) with constant speed also minimizes the energy,

and we have
L(g,u) = /2E(g,u).

We end this section with a little discussion on the different types of sub-Riemannian geodesics as well as on the
differences with the Riemannian case and the sub-Riemannian finite-dimensional case (as described in [Mon02]).
This was described for the infinite-dimensional case in [AT17, Arg20]. Let us first define the endpoint mapping

vy — G
End.{ U —  Evolg(u)(1)

The main difficulties will come from the fact that the endpoint mapping End is not a submersion and the space
of horizontal curves with fixed endpoints therefore might not be a manifold. More precisely, let g; € G, and let
(Gopts Uopt) € ACr2(I,G) x L?(I1,V) be a minimizing curve for the energy, such that g,p:(1) = g1. Then, the
mapping (E,End) : v — (E(u), End(u)) cannot be a submersion at w,y; otherwise the map (E, End) would be
locally surjective from a neighborhood of wu,y; to a neighborhood of (E(uept), End(uep:)) [Lan01, Proposition
2.2]. This leads to two different cases:

(1) (dE(uopt), dEnd(uept)) has closed range.

(ii) (dE(uopt), dEnd(uep:)) has dense range in R x Ty, G.
By the closed range theorem, case (i) is equivalent to the adjoint mapping (dFE(uept),d End(uep))” being not
injective, meaning there exist non-zero Lagrange multipliers (\,p) € R x Ty, G such that

AdE (uopt) + (dEnd(uept))"p = 0 (6)

which is the classical case of finite dimension. It separates into two subcases: horizontal curves that satisfy (6)
with A # 0 (in this case we can simply choose A = —1) are called normal sub-Riemannian geodesics, or simply
normal geodesics. In particular, minimizing geodesics that are regular curves for the endpoint map are normal
geodesics. We will derive those geodesic equations in the next section. If A = 0, the geodesics are singular curves
for the endpoint map. Such geodesics can also be characterized by an abnormal geodesic equation [Mon02]. In
case (ii), nontrivial Lagrange multipliers do not exist. Such geodesics are called elusive geodesics [Arg20|, and
can occur only in infinite dimension. In the next section, we will only focus on the normal geodesics.
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2.2. Normal geodesics and Euler-Poincaré equations

In this section, we study the normal geodesic equation associated with a strong right-invariant sub-Riemannian
metric, and we show that this equation is equivalent to a reduced geodesic equation in the dual of the Lie algebra
(the Euler-Arnold equations). We recall that V < T,G* is a Hilbert space, and we suppose for the rest of
this section that k& > 2. We denote by K : V* — V the inverse of the Riesz canonical isometry. For | < k,
let i; : V — T.G' denote the smooth inclusion, and i Te*Gl — V™ be its adjoint. The mapping 4] is not
necessarily injective unless V is dense in 7.G" (which is usually the case in the context of LDDMM). We also
denote by K'! : T/G' — V the composition K! = K o if. This mapping induces a vector bundle morphism,
which we also denote by K': T*G! — T'G! and which is defined as

. [ T*G! — TG
K: Kl
(9,p) — Kb,

where K é =T.Rjo K Lo T, R;. This mapping defines the cometric for the sub-Riemannian structure induced
by V on G', for | < k. We now define the normal sub-Riemannian Hamiltonian as

) { ™G — R
(9,p) — 3(p|KJp) = 5|IK°T.R;pl},
This Hamiltonian can be derived from the pre-Hamiltonian H : T*G x V. — R defined as H(g,p,u) =
(p|T.Ry(u)) — 3|ul} by the problem
H(g,p) = sup H(g, p, u)
ueV

whose supremum is attained for u(g,p) = KOTeR;p.

This normal Hamiltonian is C! whenever k > 2, i.e. if V is embedded in T,G?. Let us compute its derivatives.
We work in local coordinates ¢ : U C T*G — ¢(U) x B* where ¢(g,p) = (¢(g),dp(g)*p) with ¢ : U — ¢(U) C B
is alocal chart and U = 7+ (U) is an open subset of G. In these coordinates, we compute the partial derivative
OpH(g,p) € T**G:-

d,H (g,p)op = (0p| Kp),

so that we actually have 0,H(g,p) = Kgp € TG C T**G. Therefore, we can define the symplectic gradient
of the normal Hamiltonian with respect to the canonical weak symplectic form (the exterior derivative of the
Liouville form):

V“H(g,p) = (0,H(g,p), ~0,H(g,p)) = (KJp, — (0,Kp)" p). (7)

Proposition 2.2 (Hamiltonian flow). Let g € AC12(I,G) be an horizontal curve. Then, g; is a normal geodesic
if and only if it is the projection onto G of a curve (g,p) € ACp2(I,T*G) satisfying the Hamiltonian equations:

(9:p) = V¥H(g,p). (8)
Proof. Let p € T, G*, and let F : L*(I,V) — R be the mapping
F(u) = E(u) — (p| End(u)).

For w € L*(1,V), let also p“(t) € ACp=(I,T*G) be the unique curve such that p“(1) = p and p¥ =
—9yH(g(t),p"(t),u(t)). A computation then shows that for du € L?(I,V),

AP (u)ou = — /1 OuH(g(t), p"(£), u(t))Sudt.



ESAIM: PROCEEDINGS AND SURVEYS 75

In particular, u is a critical point of F if and only if 9, H(g(t), p*(t), u(t)) = 0, in which case the curve (g(¢), p“(¢))
satisfies by construction the normal equation. This concludes the proof. O

The normal Hamiltonian is right-invariant, that is to say invariant by the cotangent action, H o TRy = H.
This means that, for any (g,p) € T*G,
H(g,p) = he om(g,p)
where h(v) = H(e,v) = $|v|}., for v € T*G, and m : T*G — TG is the momentum map defined as

(m(g,p) [u) = (p| TeRy(u)) .

This momentum map and this new Hamiltonian give rise to another dynamic, which has been particularly
studied for Riemannian geometry in infinite dimension [Arn66, EM70,BBM13,MM13b]| and for sub-Riemannian
metrics on diffeomorphism groups [AT17].

Proposition 2.3 (Sub-Riemannian Euler-Arnold equation). Let g € AC2(I,G) be a horizontal curve, with
up = Grg; - = (T.Ry,)"'g:. Then, g; is a normal geodesic if and only if there exists a momentum map m; € TG,
that is ACp> in the space TG, such that K°m; = u; and that satisfies the equation (in T*G') :

mt + adzt my = 0. (9)

In such case, the covector p(t) = (T R},)~'m(t) defines a curve (g,p) € ACL>(I, T*G) that satisfies the normal
Hamiltonian equation (8).

Remark 2.4. In this case, since K%m; = u; a.e., the curve g, satisfies the Cauchy problem
gt = TeRg, (K° Ad;;l(mo))7 go = €G- (10)

The proof of this result in the context of half-Lie groups (and more general graded group structures) can be
found in [PT24]. We propose in the next section a reformulation of this computation using Lie-Poisson reduction
theory.

2.2.1. Lie-Poisson reduction

Proposition 2.3 can be reformulated using reduction theory in infinite-dimensional manifolds. This was highly
studied ( [MR94] for example) for right-invariant Hamiltonians on finite-dimensional Lie groups leading to the
standard Lie-Poisson and Euler-Poincaré reductions (see also [MMO™07]). In infinite-dimensional geometry, it
gets a little bit trickier to define Poisson structures as the spaces we are dealing with are often non-reflexive
and the symplectic form and Poisson brackets are therefore only weak [OR03,NST14]. Another issue here is
that the tangent space at identity 7.G of G is not a Lie algebra: it is not stable by the Lie brackets defined
previously. We can still adapt some of these constructions in this half-Lie group setting and use the language
of Poisson geometry. As previously, the cotangent bundle T*G is naturally endowed with a weak symplectic
structure by the canonical symplectic form w. In local coordinates, we have

wgp(0g,0p,89",0p") = dp(dq") — op'(0q).

We can then associate to this symplectic form a weak Poisson structure (Ar-g, {-, - }.) as in [NST14, Proposition
2.18], where

AT ={H € C*(T*G), H admits a symplectic gradient}
is a subalgebra of C*°(T*G). Here, admitting a symplectic gradient means that there exists a (Hamiltonian)
vector field Xy such that for any smooth vector field X € I'(T*G) on T*G, the following holds:

dH(X) = w(Xg, X).
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This can be rewritten using the interior product dH = ix,w. The Poisson bracket is then defined on Ar-g as
{F,H}y = w(Xp,Xn) =dH(XFp) = —dF(Xn).

If Hy(g,p) = 3(p| K[p) is a Hamiltonian coming from a right-invariant metric induced by the Hilbert space V,
it belongs to the algebra Arp-, and its symplectic gradient coincides with the vector field Xy, so that its flow
preserves the Poisson bracket {-,-}..

Now, we can also endow the dual of the “Lie” algebra T7G with a weak Poisson structure. We define the
subalgebra

Ar:ge = 1{h € C*(T;G*), dh € C=(T; G, T.G™)}.

Here, the space T.G™ is the space of vectors X € T.G such that the induced right-invariant vector field
X: g — T.Ry(X) is smooth, so that the space T.G™ is stable by the bracket defined in section 1.1 and then
turns into a Lie algebra [BHM23]. Note that T.G* C T.G is a Fréchet space and we equip its dual T;G>
with the Hausdorff locally convex weak-* topology, so that T.G* identifies with the bidual T*G>. Here
C>(TFG™) is the space of Gateaux smooth functions of TG (as in [Kel74,NST14]), and the algebra Ar-ge
may be strictly included in C*°(T*G*°). We can thus define the smooth natural Poisson bracket

{h, f}+(m) = (m|[dh(m), df (m)])

for any m € T;G*°. Each f € Ar-ge admits a corresponding Hamiltonian vector field Xf € C®(TrG™,TXG*>)
such that Xf ~h={h, f}4 for any h € A+, and given by:

X(m)=— ad g () M-

The classical result from reduction theory [MR94,NST14, OR03| gives that the momentum map m : T*G —
Ty G, defined by m(g,p) = TeR;p is a Poisson map between the weak Poisson structures (T*G, A%. 4, {; }w)
and (Te*GC’O,ATgGoo, { }+) This means that for any right-invariant mappings H, F' € A¥., the following
equality holds:

{H,F}, ={h f}+ (11)
where h, f € Ar:ge are such that hom = H and fom = F. In particular, this implies that, if (g,p) €
C>(I,T*G) is the flow of a Hamiltonian vector field Xy = V*H where H = hom € Ar:ge is right-invariant,
the momentum m; = m(gy, p;) € TG is the flow of X}, i.e. solves the reduced Lie-Poisson equation:

mt + ad;h(m) m = 0

This construction is not yet applicable to Hamiltonian functions coming from the strong right-invariant sub-
Riemannian metrics defined previously. Indeed the Hilbert space V is only assumed to be embedded in T.G*
for a certain £ € N. This means one has to deal with non-smooth Hamiltonians, and momentum maps have to
belong to T*G*. However, these Poisson brackets can be extended on the algebras

Al = {H € C(T*@), H admits a symplectic gradient}

and

Ar-cgi i={h € C*(T;G"), dh € C™(T;G', T.G")}.
These algebras are not stable but satisfy {Aljth,Athlg}w c Ab.; and {Arsgrer, Arsgrea b+ C Agsi. The
C'=1 co-restriction of the momentum map m : T*G — T*G' sends Ar-qi to Alflg and satisfies again:

VhafeATg‘Gl7 {h7f}+:{hom,fom}.
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In the particular case h(m) = %|K Yml|2, for m € T}G!, we get the previous subriemannian Euler-Arnold
equation.

2.3. Completeness

In infinite-dimensional Riemannian geometry, the Hopf-Rinow theorem does not hold anymore [Atk75,Lan01],
even with strong metrics. For right-invariant strong Riemannian metrics defined on Banach half-Lie groups,
we can still recover most of the completeness properties [BHM23]. We prove similar results for the strong
sub-Riemannian metrics we have defined in previous sections.

Theorem 2.5 (Completeness properties). Let G be a right-invariant half-Lie group carrying a right-invariant
local addition. Let V — T.G be a Hilbert space, and dy : G x G — R U {oco} the induced sub-Riemannian
distance. Then, the following properties hold:

(1) The space (G, dy) is metrically complete.

(2) Assume that the endpoint mapping End : L?(I,V) — G is weakly-continuous with regards to some
Hausdorff topology on G. Then, for any g,q' € G such that dy(g,g’) < oo, there exists a minimizing
geodesic connecting g and g'.

(3) Assume V is continuously embedded in T.G?. Then, for every py € TS G, there exists a unique global
curve (g,p) € ACr2(I, T*G) satisfying the normal geodesic equation. In other words, the normal Hamil-
tonian geodesic flow is well-defined and global.

(4) AssumeV is continuously embedded in T,G?. Then, the Euler-Arnold equation (9) is globally well-posed,
i.e. for any mo € TG, there exists a unique solution of the equation

mt + ad;t mey = 0
Komt = Ug¢.

3. EXAMPLES AND APPLICATIONS TO LDDMM MODELS

3.1. LDDMM, inexact matching, and induced quotient metrics

In this section, we come back to the LDDMM framework. We introduce a Banach manifold of shapes Q, a
Banach half-Lie group G endowed with a right-invariant local addition, and a Hilbert space V — T,G?. We
assume that G acts continuously on the left on Q. Let A(g,q) = g - ¢ denote this left action, where g € G and
g € Q. Given a source object gs and a target g7, we want to find the best deformation g € G matching ¢s and
qr, and we consider the following inexact problem

inf dy (e, g) +b(g - qs) (12)
geG

with b : @ — Rt a data attachment term that measures the discrepancy between the deformed object g - gg
and the target object gr. Using the definition of the distance dy, we can reformulate the matching problem
(12) and optimize the functional J : L?(I,V) — RT defined as

J(u) = E(u) + b(End(u) - ¢g). (13)

If we assume, as in Theorem 2.5, that the endpoint mapping End : L?(I,V) — G is weakly continuous with
regards to some Hausdorff topology on G, and that b is continuous for the same Hausdorff topology, then there
exists u € L?(I,V) such that J(u) is minimal [AT17,PT24].

In the following, we assume some regularity conditions on the action of G on Q and endow Q with a sub-
Riemannian metric induced by G. We also assume that for all ¢ € Q, the mapping 4, = A(,q) : g — g-qis
C*, and we denote by &, = £(-,q) = 9, A(g, q)|g=e its continuous differential in e. Furthermore, we assume that
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for every k > 0, the mappings

i E'{ T.GFxQ — TQ

' (u, @) — &u)=u-q
are C%. The triple (Q x V,€,(-,-)y) now defines a sub-Riemannian structure on Q: it defines a horizontal
distribution A C T'Q and each horizontal space A, = £,(V) can be endowed with a Hilbert structure by
defining a scalar product (-, -):

. -1 -1
<X7X>q = uEV,HﬁlfuzX<u7u>V = <§q X, Eq X>V

where ¢! is the inverse of the restriction &, : (ker &)~ — A,, and (ker&,)* is the orthogonal of ker¢, in V.
As in section 2.2, this sub-Riemannian structure defines a cometric

KQ.{ "9 — TQ
| (ep) = K2p=¢KvE

and a normal Hamiltonian Hg(q,p) = (K2p, K2p),. Reduction theory can be applied again and we introduce
a momentum map mg(q,p) = §;p € V*. Since the metric on Q comes from the right-invariant metric on G,
normal geodesics on Q can be lifted as normal geodesics on GG. Horizontal curves in Q are absolutely continuous
curves ¢ : I — Q such that ¢ € A, (a.e.). For such curves, we can define the corresponding minimal lift
g € AC(I, Q) as the only curve satisfying

go=¢€
gr = TeRgt (5;1%)

Note that there can exist other horizontal lifts in G of the same curve in Q, and the minimal lift is the lift that
minimizes the energy:

Proposition 3.1 (Normal geodesics in Q). Let ¢ € ACL2(I,TQ) be a normal geodesic in Q, and let g €
ACp2(I, TG) be its minimal lift. Then, q: is a normal geodesic if and only if g+ is a normal geodesic in G.
Moreover, if t — (g¢,p%) and t — (g, p2) satisfy the normal Hamiltonian equations, with starting condition

me(g0,p§) = mo(qo, p§) (14)

then g; is the minimal lift of ¢ and the momentum maps are equal:

vt € I7 mQ(%‘,,th) = mG(ghpf)'

This tells us that studying the sub-Riemannian normal geodesics in Q is in a way equivalent to studying
the sub-Riemannian normal geodesics in G. Furthermore, if we come back to the inexact problem (12), and we
assume the data attachment term b : @ — RT to be C!, we see that the critical points u € L?(I,V) of the
functional J satisfy

dJ(u) = dE(u) + db(¢q1)d Endg, (u) = 0. (15)

This means that the critical points of J are normal geodesics of the sub-Riemannian structures on Q, with
covector p(1) = dg (¢(1)).
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3.2. Combining rotations and diffeomorphisms

In classical LDDMM, a first step is often performed to align source and target objects through rigid motions.
In the multi-scale setting [MTT22,PT24], one can include the rigid motion alignment as a coarse first layer.
In [BV17], authors develop an equivalent formulation of multi-scale registration through an iterated semi-direct
product. We adapt their idea to include the rigid motion. We introduce the group of affine isometries of R?

Isom(RY) = RY x SO(d)

with the product law given by (7, R)(7', R") = (7 + R7’, RR’). This allows us to associate any element (R, 7) of
the Lie group Isom(R%) with the rigid deformation (R, 7) : # € R? + Rz + 7. We consider the following right
action of Isom(R?) on Diff o (R9) by conjugation,

Sxp=S5""pS,

where S = (1, R) € Isom(R%). This action is well defined, continuous, and we can thus consider the group
H* := Isom(R?) x Diff ;4 (R?) with the following composition law:

(S.0) - (S, ¢") = (88", 8" S 0 ). (16)
This group H” is a half-Lie group and can be equipped with a right-invariant local addition, so that we simply
have (H*)! = H**! for [ > 0.

We now want to endow the group H* with a right-invariant sub-Riemannian metric. The group of affine
isometries is equipped with a bi-invariant Riemannian metric induced by the metric on isom(R%) = R? @ s0(d):

{(0,4), (0", A))isom = (0,0 )ga — tr(AA")

where 0,0’ € RY, and A, A’ € so(d) are skew-symmetric matrices. Furthermore, if V C CFT?(R4, RY) is a
Hilbert space, the metric on T, H* = isom(R%) @ Tiq Diff o (R9) is defined as

<(8’ u)v (S/a u/)> = <S, 8/>i50m + <u7 u/>V-

Suppose we want to perform shape registration in a Banach manifold Q and that both groups Isom(R%) and
Diff o (R?) act continuously on the left on Q. This defines a left action of H* on Q by

(S, 9) - q = S(pq)

where ¢ € Q and (S, ) € H*. For ¢s,qr € Q source and target objects, we can therefore define the following
inexact matching problem

. 1 2 2
(s,u)eislglrf(Rd)xV 5/[ (|S‘isom(Rd) + |u‘V> dt + brigid (Slqo) + b((sl’ 901) ’ QO)- (17)

3.3. Extensions of diffeomorphism groups

In this part, we give another example of a half-Lie group equipped with a right-invariant sub-Riemannian
metric. We follow ideas from [MTT22,PT24] that study actions on varifolds, and that keep track of the change
of weights induced by the action of diffeomorphisms during the dynamic. We consider here the split extension:

L* = Diff o xC§~ (R, Rso)
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where the group operation is given for all (¢,w), (¢’,w') € L* by
(0, w) - (¢',w') = (9o’ ,wo'w).

The group LF is also equipped with a right-invariant local addition, and (L¥)! = L*+! The diffeomorphism
group Diff oy (R?) is a subgroup of H* through the smooth inclusion

o { Diff o (RY) —» L*
L @ — (o, J¢l)

where |Jy| is the Jacobian determinant of ¢. Let V < CST2(R? R?) be a Hilbert space, endowing Diff (RY)
with the previous right-invariant sub-Riemannian metric. Since V is also embedded in T, LF*2, the group L*
is also endowed with a right-invariant metric, which is equivalent to the metric induced by the left action of
Diffcg)c (R?) on L*. In particular, according to the discussion of section 3.1, any curve t — (¢, P;) satisfying
the normal Hamiltonian equations with starting point (id, Py) € C§(R?, R?) x C¥(R4, R%)* defines a normal
geodesic ik (¢r) = (¢1,|Jee]) in LE. To get a solution (iLk(cpt),pth) of the normal Hamiltonian equations
in L, with pF* = (pf,p¥) € CE(RE,RY)* x CF1(RY,R<0)*, one needs to find an initial covector satisfying
Py =dit,pl", ie.

ps — Vg = . (18)
In this case, the covectors will satisfy, for all ¢ € I,

p? = |Jel (dp™") VP = P (19)

One can immediately take p§ = P, to get pf = P, for all ¢ € I. However, the idea of this construction is to add
variables in the optimization problem in order to gain regularity. Indeed, since the covectors are in the dual,
one can hope that the relation (18) may hide some singularities of Py in the (weak) gradient of p§, making
the couple (pf,py) a bit more regular. An example is given in particular in [MTT22,PT24] in the context of
matching of images.

Acknowledgements. The author thanks Théo Dumont and Guillaume Sérieys for several useful discussions and
corrections that improved this paper.

A. THE SET OF ABSOLUTELY CONTINUOUS CURVES ON A HALF-LIE GROUP

In this part, we define the set of absolutely continuous curves and expose its differentiable structure. A more
complete exposition of absolutely continuous curves and their properties in infinite-dimensional manifolds and
in Lie groups can be found in [G1615]. The differentiable structure of this set is given in [Kri72, GP21,PT24].

Let I C R be a compact interval, and tg € I, and p > 1. Let B be a Banach space. We define the vector
space AC»(I,B) of continuous curves 7 : I — B such that there exists v € LP(I,B) verifying for any ¢t € T

This is equivalent to saying that 7 is almost everywhere differentiable with ' € LP(I,B). The space ACL»(I,B)
is equipped with a Banach structure with the norm |9|ac,, = |n(to)|s + |7’|z» and is continuously included in
C(1,B). Assume now G is a Banach half-Lie group modeled on the Banach space B. The space of absolutely
curves ACr» (I, @) in the group G is defined as the set of continuous curves 7 : I — G, such that for any local
charts (U, ¢) and any a < b such that n([a,b]) C U, the curve p on : [a,b] — B is in ACL»([a,b],B). The
manifold structure of this space is given in the following proposition.
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Proposition A.1 (Banach manifold structure of AC1»(I,G)). Assume I = [a,b] with a <b € R.

(1) The space ACr»(I,G) is a Banach manifold.
(2) Fort € I, the evaluation

o { ACL(1,G) —
b n — n(t)

s smooth.
(8) The tangent bundle TAC»(I,G) is identified with the vector bundle ACL»(I,TG) — ACLr(I,G). For
g € AC1»(1,G), we therefore have

T,ACL(I,G) = ACL»(I + ¢*TG)

where ACL» (I <= g*TG) = {y € ACL»(I,TG), ~(t) € TyyG, Vt € I}.
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