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SMOOTHING EFFECT AND QUANTUM-CLASSICAL CORRESPONDENCE
FOR THE SCHRODINGER EQUATION WITH CONFINING POTENTIAL

ANTOINE PROUFF!

Abstract. The smoothing effect states that solutions to the Schrédinger equation in the Euclidean
space have, for almost-every time, a local-in-space improved regularity (gain of half a derivative in
Sobolev spaces). In this note, we show that, for the Schrédinger equation with a sub-quadratic confining
potential, the smoothing effect is equivalent to an escape rate estimate on the associated classical flow.
The proof relies on an Egorov theorem proved in [Pro24].

Résumé. L’effet régularisant énonce que les solutions de I’équation de Schrodinger dans I’espace
Euclidien ont, pour presque tout temps, un gain de régularité local en espace (gain d’une demie dérivée
dans les espaces de Sobolev). Dans cette note, on montre, pour ’équation de Schrodinger avec potentiel
confinant sous-quadratique, que 'effet régularisant est équivalent & une estimée du taux de fuite des
trajectoires de la mécanique classique sous-jacente. La preuve repose sur un théoréme d'Egorov tiré
de [Pro24].

1. INTRODUCTION

The simplest instance of smoothing effect for the Schrédinger equation, also know as Kato smoothing effect
or 1/2-smoothing effect, is the following: consider the Schrédinger equation in R, d > 1,

Ot = Ay (1)

and denote by ¢ — e~ %2y the unique solution issued from (0, ) = u € L2(R?). Then it holds

2
. 2 md —v 1 AN1/4 —itA 2 _ 2
Yo >1/2,3C > 0: Yu € LA(RY), /R H(:c) (1— A)e “HLQ(W) dt < O [[u)22zay  where (o) = \/1+ o>

(2)
In particular, one has e~ **u € L?(R, Hllo/f (R?)). This is a purely L2-based estimate, as opposed to Strichartz
estimates, that quantify dispersion on the scale of Lebesgue spaces LP, p € [1, 00]. We refer to lecture notes by
Yajima [Yaj90] and to the survey paper of Robbiano [Rob13] for a thorough exposition of the Kato smoothing
effect, its variants and generalizations, and an exhaustive list of references. Although the smoothing effect could
be seen as an artifact of dispersion, variations of (1) are available in a greater generality, including for operators
having eigenvalues, in place of the Laplacian. One of the most striking results was given by Doi [iD05], who
proves an estimate similar to (2) with a Laplace-Beltrami operator associated to a non-trapping metric on
R? as well as smooth magnetic and electric potentials with a sub-linear and sub-quadratic control at infinity
respectively.
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1.1. Smoothing effect for Schrédinger operators with confining potential

In this note, we consider the Schrédinger equation with a sub-quadratic potential:
10 = P, P= —%A + V(z), (3)

still in the d-dimensional Euclidean space.

Assumption 1.1. The potential V' is of class C*, non-negative, and satisfies for some m € (0,1]:

Ly —c<v) <o

¢ (4)
Va e N, 3C, > 0:Vz e RY,  |0°V(2)] < Cy (2)®™ 1

3C > 0: VY € RY,

Denote by t — e~ "y the unique solution to (3) issued from v(0,) = u € L?(R?). In this setting, Doi’s
result reads as follows:

Theorem 1.2 (Theorem 2.8 in [iD05]). For any v > 1/2 and all T > 0, there exists €y > 0 such that

T 2
2 md —v 1/4\ —itP ‘
Vu € LA(RY), /0 H(x) Op ((1 +p) ) L

dt < € [lulf2 g, - (5)

Here Op((1 + p)/*) is the Weyl quantization of the symbol (1 + p)*/* with p(z,&) = $|¢|* + V(z) (see Subsec-
tion 2.1).

The method of Doi involves the construction of an escape function and a positive commutator argument, which
were used later by Robbiano and Zuily [RZ08] to generalize (5) to super-quadratic potentials (see also [RZ09]
for exterior domains). This strategy is generally understood as a way to formalize the fact that singularities
propagate at infinite speed, and relies on the fact that the underlying metric is non-trapping (which is obviously
the case for the flat Laplacian).

The purpose of this note is to recover Theorem 1.2 as an explicit consequence of the quantum-classical corre-
spondence principle. Our alternative proof relies on the so-called Egorov’s theorem, which relates the quantum
evolution ruled by (3) to the underlying classical dynamics naturally associated with our problem (see the fol-
lowing Subsection 1.2). Although the method that we propose here seems to be less suitable for generalizations,
it gives an interpretation of the smoothing effect as the quantum analogue to an estimate quantifying the ability
of trajectories of the underlying classical dynamics to escape compact sets (see Proposition 1.3 and Remark 1.4
below).

Notice that under Assumption 1.1, the operator P has compact resolvent, hence its spectrum is made of
eigenvalues. Thus the word “dispersion" is not really appropriate in this context; it is better to think of
Theorem 1.2 as a statement related in a quantitative way to the unbounded speed of propagation of energy.
Beyond propagation of singularities, Egorov’s theorem allows to describe propagation of energy. This more
precise information allows to establish a parallel between the quantum smoothing estimate (5) and the classical
dynamical estimate (8) below, and clarifies the appearance of specific scales in (5) (namely the powers in
(1+p)*/* and (z)~1/2).

1.2. The underlying classical dynamics

The operator P = —1A + V(z) can be seen as the quantization (see Subsection 2.1) of the smooth function
p(x,€) = 5[€]* + V(x) on the phase space R** = RY x R¢. The latter function is called the symbol of P. The
Hamiltonian flow (¢!);cr acting on R?? is the group of diffeomorphisms

¢t ZRQd N ]RQd7 ¢t o ¢$ _ ¢t+s7 Vt,s c R,
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% @ - (—V‘g/t(xt)>' (6)

Thus ¢ — ¢'(x,€) is the trajectory in phase space of a point mass subject to a force field F(z) = —VV (),
given by Newton’s second law of classical mechanics. This flow preserves the energy, namely

defined as ¢'(z,&) = (at, &), where

po ¢t =p, vt e R. (7)

1.3. Smoothing and escape rate of classical trajectories

In [Pro23], we showed with elementary computations the following estimate at the level of classical mechanics.

Proposition 1.3 (Subsection 1.6 (1.34) in [Pro23]). Suppose V is subject to Assumption 1.1 and let p(z,§) =
316> +V(x). Fiz T >0 and v > 1/2. Then there exists Co > 0 such that

y T dt
V(z, &) € R*, m/o ((moot)(x, €

)>21/ < C07 (8)

where 7 : R — R? is the projection onto the position variable (x,&) — .

This estimate was proved by exploiting the particular structure of the symbol p, and in particular the fact that
A is the flat Laplacian on R?. It quantifies the ability of flow trajectories to escape compact sets. We claim that
this is the classical counterpart to the smoothing inequality (5). Such an inequality appears already in previous
works as a quantitative version of the non-trapping condition. See for instance the paper of Burq [Bur04, (1.4)]
on the Schrédinger equation with free Laplacian in an exterior domain. Our goal in Section 2 is to show that (8)
on the classical side and (5) on the quantum side can be deduced from each other through Egorov’s theorem.

Remark 1.4 (see [Pro23, Remark 2.7]). Proposition 1.3 is a consequence of the more elementary estimate
[Pro23, Corollary 2.6]:

VE > Eo,¥r > 0,Y(z,€) € {p = E}, Leb ({t € [0,T] : (w0 ¢")(2,&) € B.(0)}) < 0/%. (9)

To understand the scaling of the variables r and E in (9), one can argue as follows: for fixed r, writing
¢t (z, &) = (2%, £Y), we have in the high-energy limit F > 1:

(mo¢')(z,§) =a' € B,(0) = = E=p&)=p(¢'(z8) =3¢+ V(') =3 +0),

which means that the velocity of the trajectory is of order |¢!| ~ v/2E. Therefore, the curve ¢ — x! can stay in
B,.(0) for a time of order at most r/v/E. Going from (9) to (8) is a simple consequence of Fubini’s theorem, seeing
the radial map = +— (z)~2 as a weighted superposition of indicator functions of balls; see [Pro23, Subsection
1.6].

1.4. Main result

The proof of the equivalence of Theorem 1.2 and Proposition 1.3 relies on Egorov’s theorem. Introducing
a semiclassical parameter R > 1, we obtain as a by-product estimates which relate the constants involved in
R-dependent versions of the smoothing inequality (5) and of the escape rate estimate of the flow (8). Thus for
any R > 1, we introduce two constants which quantify the classical escape rate estimate on the flow and the
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smoothing inequality respectively:

Co(R) = sup VEZFp@,) /0 G ar (10)

(a,€)€R24 Lmo¢t)(z, &)
1

C(R) := sup 7) /OT H<aj/R>_VOp ((R2 -|-p)1/4) e_itPu’ 2

. dt. (11)
werz®i)\ {0} 1U]I72ga L2(R9)

Our main result reads as follows.

Proposition 1.5. Fiz T > 0 and v > 1/2, and let V satisfy Assumption 1.1. Then there exists a constant
c=c(T,V,v) such that the following inequalities hold:

c\ 1 c
Co(R) (1 + E) < €(R) < Co(R) (1 n R) . (12)
Remark 1.6. Notice that the quantity Co(R) is non-decreasing in R. Estimating €y(R) for fixed R (say R = 1),
without considering an asymptotic regime such as R — 400, seems more delicate and could possibly involve a
combination of a quantitative analysis of high energies, using for instance the quantity

T dt
C*:=1 1
0T moae Y ﬂ’(“)/o (7o 6h)(m, ©))>

and low energies, using quantitative unique continuation. We refer to the paper of Laurent and Léautaud [LL16]
for a study of related questions concerning observability cost and optimal observation time in the setting of
the observability of the wave equation in compact Riemannian manifolds. See also the discussion in [Pro23,
Subsection 1.2] in the context of the observability of the Schrodinger equation in the Euclidean space.

1.5. Smoothing effect and observability

As already mentioned in [Pro23, Subsection 1.6], smoothing inequalities associated with some operator P are
related to understanding which subsets of R? fail to observe the Schrodinger equation, in a quantitative way.
We recall that a (measurable) subset w C R? observes the Schrédinger equation (3) in time 7' > 0 if

T
, 2
90> 0:Vu e L2RY),  ullage < c/ e Pul2, ., dt. (13)
0

The meaning of this observability inequality is that the set w captures a fraction of the energy of the solution
t — e~y over the time interval [0, T, uniformly with respect to the initial state u. This inequality is somewhat
similar to the smoothing inequality (5): the indicator function 1,(x), seen as a function on phase space, plays
the role of p(x,&)"/*(x)~". The major difference of course is that the smoothing inequality (5) goes the other
way around compared to the observability inequality (13).

2. QUANTUM—CLASSICAL CORRESPONDENCE PRINCIPLE AND PROOF OF PROPOSITION 1.5

The main ingredient of the proof of Proposition 1.5 is a slightly non standard version of Egorov’s theorem,
a result at the core of the quantum-classical correspondence principle. See [Zwo12, Chapter 11] for a general
introduction to Egorov’s theorem in the semiclassical setting, or [Tay91, Section 6], [Tay96, Chapter 7, Section
8] for a microlocal version. See also [Pro24] and references therein.
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2.1. Quantization

Microlocal analysis relies on the concept of quantization, that is to say a correspondence between (smooth)
functions on phase space (classical observables or symbols), and operators acting on L2(RY) (quantum observ-
ables). Here we work with the Weyl quantization: for any function a in the Schwartz space S(R?¢), the Weyl
quantization of a is defined as the operator

[Op (a) u] (z) = (27) ¢ /Rd /Rd G (x—;—y7§> u(y) dy d¢, zeRue SRY.

Such operators are called pseudo-differential operators. Classical references are [Hor85, Mar02, Ler10] in the
microlocal setting, or [Zwol2, DS99] in the semiclassical setting. The quantization procedure a +— Op(a) is
linear and can be extended to a € S'(R??). Intuitively, it behaves as follows: classical observables a depending
only on the x variable are mapped to the operator of multiplication by a, while symbols depending only on the
£ variable are mapped to the corresponding Fourier multiplier. For general a depending on both position and
momentum variables, the operator Op(a) interpolates as much as possible between the two previous situations.
Notice that we have in particular P = Op(p).

Symbols are generally considered as elements of a symbol class, a Fréchet space that collects symbols with
specific growth or decay properties.

Definition 2.1 (Order function). We say a function f: R?? — R is an order function, if it satisfies

3C > 0,N 2 0: (20, &), (2.€) € R*, flao +x,& +&) < Of (x0,0)((z, €)™ (14)

The constants C' and N are called the structure constants of f.

The following symbol classes are not standard in semiclassical or microlocal analysis, but they fit in the
Weyl-Hormander calculus framework [Ler10].

Definition 2.2 (Symbol classes). Let f : R?® — R* be an order function. We say a smooth function a : R*¢ — C
belongs to the class S(f) if

Va € N?¢ 3C, > 0:V(z, &) € R*, 10%a(x, €)| < Cof(z,8).

The space S(f) is equipped with a Fréchet space structure with the seminorms

\a|(e) = max  sup Pa(z,¢) ’ .
S acNZd (z,6)eR2d f(xv 5)
0< || <2

Remark 2.3. In the sequel, we will write a € S(f) for a vector-valued or matrix-valued function a to mean
that all its components belong to S(f).

Classical results of microlocal analysis are recalled in the Appendix A. They concern the composition of
pseudo-differential operators (i.e. pseudo-differentiential calculus, see Proposition A.1), the L? boundedness
properties of these operators (Calder6on—Vaillancourt theorem, see Proposition A.2), and the sharp Garding
inequality (Proposition A.3).

2.2. Egorov’s theorem

The key argument of this note consists in applying a suitable version of Egorov’s theorem, which roughly
asserts that
e Op (a) e ~ Op (ao ). (15)
The version of Egorov’s theorem that we use is deduced from [Pro24].
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Theorem 2.4. Suppose V is subject to Assumption 1.1. Fiz T > 0 and let f : R?? — R* be an order function.
Assume that f o ¢t is an order function with uniform structure constants (see Definition 2.1) with respect to
t € [0,T]. Then the following holds: for all a € S(f), we have

e"POp (a)e ™™ = Op (a o + Ra(t)) , t € 10,7,

where ao ¢' € S(f o @'), Ra(t) € S(f o ') for all t € [0,T] and

V0 eN,3C, > 0,3k e N:Vt € 0,7, a0 ¢[§) o < CelalSy) (16)
Ve N,3C, > 0,3k e N: V¢ € [0, 7], Ra(8)]§ oy < Ce|ValSy, (17)

The constants Cy depend on f only through structure constants (Definition 2.1).

This result relies on a general version of Egorov’s theorem in the Weyl-Hérmander framework of metrics on
the phase space, whose proof is quite involved. In fact, the key point of Theorem 2.4 is that the conjugated
operator ¢ Op(a)e~"" is a pseudo-differential operator, whose symbol lies in a symbol class associated with
the initial order function composed by the flow. We now briefly give a proof of Theorem 2.4 from [Pro24], using
the notation in that reference.

Proof of Theorem 2.4 from [Pro2/]. We apply [Pro24, Proposition 1.25] with A = 1, § = 0 and the potential
V which is sub-quadratic in the sense that V*V is bounded for all £ > 2. This shows that the assumptions
of [Pro24, Theorem 1.15] are verified, so that we have a version of Egorov’s theorem in the symbol class
S(f) = S(f, geuc) (With geues = dz? + d&? the standard Euclidean metric), in a time window [0, 7] with fixed
T > 0. Then [Pro24, Theorem 1.15] states that

e Op(a)e™F = Op(a o ¢') + Op (R4(t)),

with the estimates (16) and (17) provided f o ¢ is an admissible weight with respect to the metric geyc- This
is equivalent to saying that f o ¢! is an order function with uniform structure constants in the time interval
t € [0,T], which we assume in the statement of Theorem 2.4. This finishes the proof. O
2.3. Technical results

We collect several technical results about the Hamiltonian flow and the symbolic properties of powers of
R? + p with R > 1. We first recall known estimates on the derivatives of the Hamiltonian flow.

Lemma 2.5 (Lemma 2.10 in [Pro23]). Suppose V is subject to Assumption 1.1 and fix T > 0. Then for all
k € N\ {0}, the k-th differential d*¢' satisfies:

sup sup H qubt(:z,f)H < oo.
te[0,T] (z,£)€ER2d

In particular, the map ¢' : R — R24 s Lipschitz with a constant uniform in t € [0,T). In addition, the
following holds:

VT > 0,Ya € N**\ {0},3C,.r > 0:Va € S(1),Vt € [-T,T), 10%(ao ¢ oo < Car max 10° ) so-
BEN

1<[BI<] o

In the sequel, we will consider a specific order function, namely

fr:=(x/R)"*\/R2 + p, v>1/2, R>1. (18)
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We observe that it blows up at infinity in £, which is why we need the refined version of Egorov’s theorem given
in [Pro24]. In addition, the extra parameter R > 1 plays the role of a semiclassical parameter and allows us to
gain smallness in the remainder of Egorov’s theorem. Let us prove that fr above satisfies the assumptions of
Theorem 2.4, uniformly with respect to R > 1.

Lemma 2.6. Suppose V is subject to Assumption 1.1. Then for any v € R, the map (R? + p)? is an order
function in the sense of Definition 2.1. The map fro¢' with fr defined in (18) is an order function. Structure
constants are uniform with respect to t in any compact time interval and R > 1.

Proof. We denote phase space points by p = (,£) € R??, and we set f(p) = (7(p))~2". Recall that (z)2" 4 (£)?
is an order function [Zwol2, 4.4.1. Examples|. Since one can check from (4) that

2 (@74 (67) < 1Hp< O () +(6)?).

for some large enough constant C' > 0, we deduce that R? + p is an order function with uniform structure
constants with respect to R > 1. The result for (R? + p)” follows.

Now we check that fr o ¢! is an order function. We use the fact that (a + b) < 2(a)(b) together with the
Lipschitz property of the flow (Lemma 2.5) to have

(o 0)0n) ) = (o @) on) + gm0 0)(pa) =m0 6(om) ) < 2{ (0 0)(on) ) (6 (pa) = ')
<200 (o s (s = o).

with a constant Cr > 0 uniform in t € [T, T]. Taking the power —2v, we obtain for any p1, po € R?¢:

—2v

(e ¢f)<m>>_2” < @er (Fmod)em) (=)™ (19)

Multiplying (19) by (R? + p)'/2, which is an order function invariant by the flow (7), it follows that fg o ¢' is
an order function with uniform structure constants with respect to t € [-7,7] and R > 1. g

Next we give some properties of the symbols relevant to this problem.

Lemma 2.7. Suppose V is subject to Assumption 1.1. For all v € (—00,1/2], we have
1
(R*+p) €S((R*+p)?) and V(R*+p)es ((32 +p)7—1/2) cs (R(R2 +p)7> , o (20)

uniformly with respect to R > 1.

Proof. Tt is sufficient to check the desired estimate (20) on V(R? + p)Y. We see (R? + p)? as the composition of
s+ (R? +5)7 with p. From the Faa di Bruno formula, for any non-zero oo € N2?, the derivative 0%(R? +p)” is
a sum of terms of the form

J J
(R*+p) 7 [[0%p,  with je{1,2,....|a|} and Y By =a, B € N*\ {0}, VE, (21)
k=1 k=1

up to combinatorial constants. In view of Assumption 1.1 on the potential V, we have |0°p| < Cs(1 + p)'/2 for
any 3 € N2¢\ {0} (notice that m < 1 in (4) is important here), so that terms of the form (21) are bounded by

V3i+p 7 2 —(1/2— 1
< (R 1/2-7v) < —(R? g 22

(B2 4+ p)=9(1 4 p)i’? = (R + p)" (
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(we used that j > 1 from (21) in the first inequality). Therefore V(R? + p)” belongs to the desired symbol
class (20). O

2.4. Reduction step

The norm squared in the left-hand side of (5) can be rewritten as

/T (u, P op ((1 —|—p)1/4> (z)?"Op ((1 —|—p)1/4) efitpu) dt,

0 L2

where (e,0)12 is the L? inner product. Our first step is to rewrite the operator in the middle as a genuine
pseudo-differential operator, up to a bounded operator. Recall that we are concerned with an R-dependent
version of (5) (see (11)). So from now on, we write for convenience

Q= Q= Op (B2 +p)"/*). (23)

Lemma 2.8. Suppose V is subject to Assumption 1.1. For any R > 1, there exists a bounded self-adjoint
operator Agr such that

Q(z/R)™*Q = Op (ngfz;;f) + %AR, (24)

as operators acting on S(RY), with Ar bounded uniformly with respect to R > 1.

Proof. We first apply the pseudo-differential calculus (Proposition A.1 (40)) to have

—2v __ (R2 +p)1/4
Qa/my> = op (UE ) 0p ). (25)
where 71 € S(%(R?+p)~'/4), since Lemma 2.7 implies
VR +p) 4 € S(R2+p) %) and  V{(z/R)™ € 5(%).

Now we wish to compose (25) on the right with ). We have

(R )™ o (B D) r
or (V7 ) @ =0 (Y ) + onta

where ro € S(1/R), uniformly with respect to R > 1, since on the one hand
V(B +p)t € S(E +p)7,
in virtue of Lemma 2.7, and on the other hand

(RZ +p)1/4

V@R

= (@/B) V(R + ) (R 4 p) x (Vo)) (2/R)
es (]1%(1?? +p)1/4) . (26)

Another application of Proposition A.1 (40) yields

Op(r1)Q@ = Op(b)



SMOOTHING EFFECT FOR THE SCHRODINGER EQUATION 91

with b € S(1/R) since
1
71 ES(E(RQ—Fp)_l/‘l) and (Rz—i-p)l/4 GS((R2+p)1/4).

In conclusion, we have

-y (R*+p)'/?
Q(x/R)~*'Q = Op <W+T2+b ;
where r9 + b € S(1/R). The Calderén—Vaillancourt theorem (Proposition A.2) gives the result. O

We now apply Egorov’s theorem (Theorem 2.4). The (large) parameter R > 1 will be useful to justify that
the remainder in Egorov’s theorem (which is a priori an unbounded operator) is in some sense smaller than the
leading term.

Lemma 2.9. Fiz T > 0 and v > 1/2. Then for any R > 1 and for all t € [0,T], there exists a bounded
self-adjoint operator Agr(t) (bounded uniformly int € [0,T] and R > 1) and cgr(t) € S(fr o ¢') such that

) . 1 1
ethQ<x/R>—2UQe—th _ Op (fR o ¢t) + ROP (CR(t)) + EAR(t)7 (27)
where
(0)
V¢ e N, }s%lg |CR<t)|S(fRo¢t) < o0.
t€[0,T)

Proof. We conjugate (24) by the Schrodinger propagator to obtain:

. . . . 1 . .
eltPQ<x/R>—2VQe—th _ ethOp (fR) e—th =+ EeZtPARe_ZtP~ (28)

To prove (27), it remains to apply Egorov’s theorem (Theorem 2.4) to the first term in the right-hand side
of (28). Theorem 2.4 applies here with a = fr € S(fr). Notice that fr o ¢’ is an order function with structure
constants uniform in ¢ € [0,7] and R > 1 in virtue of Lemma 2.6. We have

e""Op (fr)e™™" = Op (fro ¢' + R(t)) (29)
where fr o ¢! lies in a bounded subset of S(fr o ¢*) by (16) and

() ©
sup |R(t n < Ce|V : 30
te[o}oT]l Dl s(rrosty < CelVIRs(1n) (30)

The computation (26) shows that V fr € +S(fr), uniformly with respect to R > 1 (a consequence of Lemma 2.7
applied with v = 1/2). This proves ultimately that R(t) € £S(fr o ¢'), uniformly with respect to ¢ € [0,7]
and to the parameter R > 1.

Combining (28) and (29), we obtain

€itPQ<(E/R>_2VQ6_itP _ Op (fR o ¢t) + Op (R(t)) + %eitPARG_itP.

We obtain the thought equality (27) by setting Ar(t) = e Age~"¥ which is uniformly bounded in ¢ € R and
R > 1, and cg(t) = RR(t), which belongs to S(fr o ¢') uniformly in R > 1 and ¢ € [0,T]. O
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2.5. Proof of Proposition 1.5

With Lemma 2.9 at hand, we can proceed with the proof Proposition 1.5, namely the quantitative version
of the equivalence of Theorem 1.2 and Proposition 1.3. We set

/
(2, €) M/ R2+p12dt /fRqudt (31)

7TO§Z5t 2v

where fr is defined in (18).

Proof the right-hand side of (12). By definition, the symbol ar defined in (31) is bounded by the constant
Co(R), defined in (10). Our goal is to deduce the smoothing inequality with parameter R (see (11)) through
Egorov’s theorem. In view of Lemma 2.9, we have

/OT e Oop ((32 + p)Y/*(x/R) " (R? +p)1/4) e P dt = Op (/OT (fR ot + —CR( )) dt) + /OT %AR(t) dt

with Ag(¢) bounded uniformly with respect to ¢ € [0,7] and R > 1 and fo cr(t)dt € S(ar) (uniformly in

R > 1). Thus, all we need is to check that the symbol ag = fo fro ¢! dt belongs to the symbol class S(Co(R))
as well (uniformly in R > 1), and the smoothing inequality will follow from the sharp Garding inequality
(Proposition A.3). We know from Egorov’s theorem (Theorem 2.4) that the seminorms of fg o ¢! in S(fr o ¢")
are bounded uniformly with respect to ¢t € [0,7] and R > 1. Integrating in time, we deduce that for all
(z,6) € R?? and all R > 1,

T T
o° / (frod") (e, &) di| < Carr / (fr 0 ¢)(@,€) dt < CarCo(R),
0 0

by differentiating under the inegral sign. This means that the symbol ag defined in (31) is indeed in S(Cy(R))
uniformly with respect to R > 1. From (26), we recall that V fr € S(+ fr) uniformly with respect to R > 1, so
we deduce from Lemma 2.5 that

V(frod') € S(5frod"), (32)
uniformly with respect to R > 1 and ¢ € [T, T]. Thus the sharp Garding inequality (Proposition A.3) applied
to Co(R) — ag yields

T C
Op(ar) = Op (/o frod dt) < Co(R) + ECO(R)a

for some constant ¢ independent of R. Furthermore, the Calderén—Vaillancourt theorem (Proposition A.2)
applied to fo cr(t)dt € S(Co(R)), allows us to conclude that

/T ¢ Op ((R2 +p)Y 4z /R)"2 (R +p)1/4) e P At < Co(R) + % (1+Co(R)),
0

hence €y(R) < Co(R)(1+ O(%)). O

Proof the left-hand side of (12). Our goal is to establish an estimate on the R-dependent classical averages of
the flow in (10) in terms of €(R) defined in (11). We apply Lemma 2.9 to rewrite the left-hand side of the
smoothing inequality of Theorem 1.2 as:

’ itP R)"2 Op—itP dt — T o b4 1 1A d
| (wer@em @) = [ (wop(fmed + gent + 3 R<t>)u>L2 '
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for all u € L2(R?), and we obtain by definition of (11):

T
1 1
| (0w (frost + et} u) at< e+ s IArOhoss | Il 39
0 R L2 R p>1
te[0,T7]
with cg(t) € S(fr o ¢') uniformly with respect to R > 1 and ¢ € [0, 7.

Now we apply the inequality (33) to a particular wave function, namely the Gaussian wave packet microlo-
calized near a phase space point (z¢,&p) € R?4:

_ 2 .
u(z) =7 Y exp <_|m2xo|) et x € R%

It is normalized ||u||Lz = 1 and a standard computation [Fol89, Proposition (1.48)] shows that for any symbol
a € S(f) (where f is any order function), it holds

(00 (@) =7 [ ol 0,6 + ) exp (1) dode,
R2
Taking a := fOT(fR o ¢! + £cg(t))dt, one deduces from (33) that for all (zo,&) € R,

[ aw 0,6+ )n~dexp (<I(2, ) dod€ < €lR) + 5 sup |Ar()oy (34)
R2d R>1

te[0,T)
Yet the left-hand side can be written as:
T
/R?d a(z + 20,& + &)m Texp (f|(x,§)|2) dx d¢ :/0 (fr o ¢")(wo, &) dt (35)
T 1
w [ ] ] VURe @t sogot s6)- (@O exp (<|(. ) dsdedgdr (30
o Jr2d Jo
+1/T/ cr(t)(zo + z,& + &) Yexp (—|(x,€)?) dzdédt (37)
R o 2 R 0 » SO b ) .

The last term (37) in the right-hand side is controlled as follows: since cg(t) € S(fr o ¢') and fr o ¢ is an
order function with structure constants uniform in ¢ € [0,7] and R > 1 (Lemma 2.6), we deduce that

T
/0 /RM cr(t)(zo+x,& + g)ﬂ-*d exp (—|($,§)|2) de d¢ dt

T
< C/O /R2d(fR o) (zo+ z,& + E)m Lexp (~I(z, €)?) dzde dt
T
¢ /0 /R (fro0") (@, &)m™U(@, )Y exp (~|(, €)°) dwdedt
T
<c” /O (fro ") (xo, &) dt, (38)

with a constant C” independent of R > 1. Now we handle the second term (36) as follows: we recall that
V(fro¢') € S(Efro¢") uniformly with respect to R > 1 and ¢ € [T, T] (see (32)). Once again we use the
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fact that fgo @' is an order function with structure constants uniform in R > 1 and ¢ € [T, T to obtain

R

1
/ V(fr 0 ') (w0 + s, €0 + 5€) - (1, )~ exp (—|(, €)?) ds da de dt
2d 0

T 1
= Q/ /R2d/0 (fr o ¢")(zo,&0)|s|N (2, ) TN r~ T exp (—|(z,€)[?) dsdxdé dt

CI; (fr © ¢") (0, &) dt. (39)

Going back to (35), (36), (37), we conclude that

/Rw a(x + 20, & + &) Yexp (—[(z, ) dwdé = (1 10 (;)) /OT(fR o ¢) (0, &) dt

and the constant involved in the O notation is independent of (g, &) € R??. Plugging this into (34), we finally
obtain

/OT(fR 0 ¢")(x0, o) dt < W = &(R) (1 +0 (11%)) .

Therefore Cy(R) < €y(R)(1 + O(1/R)), which concludes the proof of Proposition 1.5. O
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A. TOOLBOX OF MICROLOCAL ANALYSIS

Proposition A.1 (Pseudo-differential calculus, see [Pro23, Proposition B.5|). Let f1, fo be two order functions.
Then for all ay,as € C®(R%?) such that Va, € S(f1) and Vay € S(f2), we have

Op (a1) Op (az) = Op (a1a2) + Op (Ri(a1,a2)),

where
Ve N, dJk e N,3C, > 0: |R1(a1,a2)|5 Fif2) _C’g|Va1|S \Va2|s(f2) (40)

We refer to [Pro23, Appendix B] for a proof. Notice that the statement of [Pro23, Proposition B.5] is slightly
different from the above since it works for symbols (a1, a2) € S(f1) x S(f2). However, the proof remains valid
for symbols a; and ag such that Va; € S(f;), 7 = 1,2. The operators Op(a;) are properly defined since
aj € S8'(R??); see [Ler10, Definition 1.1.9].

Proposition A.2 (Calderén—Vaillancourt, see [CV71]). There ezist an integer k and a constant C > 0 depend-
ing only on the dimension d such that the following holds: for any a € S(1), the operator Op(a) extends to a
bounded operator on L2(R?) with

10p (a)lp2 12 < C|a\s(1 (41)

Proposition A.3 (Sharp Garding inequality — [Pro23, Proposition B.6]). There ezist a constant cq > 0 and
an integer kg > 0 depending only on the dimension d such that the following holds. For any real-valued symbol
a € S(1) satisfying a > 0, one has

Op(a) > —cq|Hess a|g€(ﬁ)



[Bur04]
[CV71]
[DS99]
[Fol89]

[Hor85]
[iD05]

[Ler10]
[LL16]

[Mar02]
[Pro23|

[Pro24]
[Rob13]
[RZ08]

[RZ09]

[Tay91]
[Tay96]
[Yajoo]

[Zwo12]

SMOOTHING EFFECT FOR THE SCHRODINGER EQUATION 95

REFERENCES

Nicolas Burg. Smoothing effect for Schrédinger boundary value problems. Duke Mathematical Journal, 123(2):403-427,
2004.

Alberto P. Calder6én and Rémi Vaillancourt. On the boundedness of pseudo-differential operators. Journal of the Mathe-
matical Society of Japan, 23(2):374-378, 1971.

Mouez Dimassi and Johannes Sjostrand. Spectral Asymptotics in the Semi-Classical Limit, volume 268 of London Mathe-
matical Society Lecture Note Series. Cambridge University Press, 1999.

Gerald B. Folland. Harmonic Analysis in Phase Space, volume 122 of Annals of Mathematics Studies. Princeton University
Press, 1989.

Lars Hormander. The Analysis of Linear Partial Differential Operators III. Springer-Verlag, 1985.

Shin ichi Doi. Smoothness of solutions for Schrédinger equations with unbounded potentials. Publications of the Research
Institute for Mathematical Sciences, 41(1):175-221, 2005.

Nicolas Lerner. Metrics on the Phase Space and Non-Selfadjoint Pseudo-Differential Operators. Birkhduser Verlag, 2010.
Camille Laurent and Matthieu Léautaud. Uniform observability estimates for linear waves. ESAIM: Control, Optimisation
and Calculus of Variations, 22(4):1097-1136, 2016.

André Martinez. An Introduction to Semiclassical and Microlocal Analysis. Universitext. Springer-Verlag, 2002.

Antoine Prouff. Observability of the Schrédinger equation with subquadratic confining potential in the Euclidean space.
arXiv preprint arXiv:2307.00839, 2023.

Antoine Prouff. Egorov’s theorem in the Weyl-Hoérmander calculus. arXiv preprint arXiv:2412.04320, 2024.

Luc Robbiano. Kato smoothing effect for Schrédinger operator. In Studies in Phase Space Analysis with Applica-
tions to PDEs, volume 84 of Progress in Nonlinear Differential Equations and Their Applications, pages 355—369.
Birkh&user/Springer, 2013.

Luc Robbiano and Claude Zuily. Remark on the Kato smoothing effect for Schréodinger equation with superquadratic
potentials. Communications in Partial Differential Equations, 33(4-6):718-727, 2008.

Luc Robbiano and Claude Zuily. The Kato smoothing effect for Schrédinger equations with unbounded potentials in
exterior domains. International Mathematics Research Notices, 2009(9):1636-1698, 2009.

Michael E. Taylor. Pseudodifferential Operators and Nonlinear PDE, volume 100 of Progress in Mathematics. Birkhduser
Boston, 1991.

Michael E. Taylor. Partial Differential Equations II: Qualitative Studies of Linear Equations, volume 116 of Applied
Mathematical Sciences. Springer-Verlag, 1996.

Kenji Yajima. On smoothing property of Schrodinger propagators. In Functional- Analytic Methods for Partial Differential
Equations (Tokyo, 1989), volume 1450 of Lecture Notes in Mathematics, pages 20-35. Springer, 1990.

Maciej Zworski. Semiclassical Analysis, volume 138 of Graduate Studies in Mathematics. American Mathematical Society,
2012.



	1. Introduction
	1.1. Smoothing effect for Schrödinger operators with confining potential
	1.2. The underlying classical dynamics
	1.3. Smoothing and escape rate of classical trajectories
	1.4. Main result
	1.5. Smoothing effect and observability

	2. Quantum-classical correspondence principle and proof of Proposition 1.5
	2.1. Quantization
	2.2. Egorov's theorem
	2.3. Technical results
	2.4. Reduction step
	2.5. Proof of Proposition 1.5

	A. Toolbox of microlocal analysis
	References

