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REMARKS ON VARIABLE LEBESGUE SPACES AND FRACTIONAL
NAVIER-STOKES EQUATIONS

GASTON VERGARA-HERMOSILLA !

Abstract. In this work we study the 3D Navier-Stokes equations, under the action of an external
force and with the fractional Laplacian operator (—A)® in the diffusion term, from the point of view of
variable Lebesgue spaces. Based on decay estimates of the fractional heat kernel we prove the existence
and uniqueness of mild solutions on this functional setting. Thus, in a first theorem we obtain a unique
local-in-time solution in the space LP) ([0, 77, L9(R?)). In a second theorem we prove the existence of

a unique global-in-time solution in the mixed-space ﬁ;(‘g_l (R3, L°°([0, T]))-

1. INTRODUCTION

1.1. General setting

In this paper we consider the fractional incompressible Navier-Stokes equations defined in R3, namely the
system

= —

i = —(=A)i — (@-V)i+ VP + f,
div(if) = 0, (1.1)
4(0,x) = dp(x), div(idp) =0, z € R3,

with a €]1/2,1] and (—A)® is the fractional Laplacian operator, which is defined at the Fourier level by the
symbol |¢|>*. Considering the traditional notation, the vector field i : [0, +00[xR? — R? denotes the velocity
of a viscous, incompressible and homogeneous fluid, P : [0, +00[xR3 — R is its pressure and iy : R — R3,
f : [0, +00[xR?® — R3 stand for a given initial data and a given external force, respectively.

This system is of interest by several reasons. For instance, it can be seen as a natural generalization of the
classical incompressible 3D Navier-Stokes equations. In fact, equations (1.1) are the equations resulting from
replacing the Laplacian (—A) in the Navier-Stokes equation by (—A)®. On the other hand, system (1.1) has
similar energy estimates and scaling properties as the classical Navier-Stokes equations. In this case, the exis-
tence and uniqueness of mild solutions was pioneer by the works of Fujita and Kato [FK64, KF62], where they
reformulated the classical Navier-Stokes equation into an integral equation and proved the local well-posedness
on appropriate Sobolev and Lebesgue spaces. Since [FK64, KF62], many other functional spaces had been
considered in the literature, such as Besov spaces [Can95, LR02], Morrey spaces [GM89, Kat92], Fourier-Herz
spaces [CW12] and the BMO~! space [KT01]. For a rigorous review about these and others possible functional
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spaces, see the book [LR16].

In this work we are concerned by the existence of mild solutions of (1.1) which are obtained via a fixed-point
method. To develop this theory, the choice of a appropriate functional setting is crucial. Lions in [Lio69]
proved that in the case that o > 5/4, the fractional 3D Navier-Stokes equations (1.1) have a global and unique
regular solution on appropriate Lebesgue and Sobolev spaces (for a simple proof of this fact, see the appendix
of [Wu03]). Thus, since the seminal work of Lions many other functional spaces has seen considered to obtain
global solutions for (1.1), for instance Q-type spaces [LZ10b,LZ10a], Besov spaces [Wu04,YZ12], Triebel-Lizorki
type spaces [YL16], the BMO'~2® space [Zhal0], etc.

In this paper we focus our efforts on the exploration of some existence and uniqueness results for equations
(1.1) considering as functional framework the Lebesgue spaces of variable exponent LP(*)(R?). Intuitively, these
spaces are a natural generalization of the classical Lebesgue spaces LP, however, in the construction of them there
exist particular issues that make these spaces quite dissimilar. Being more precises, in our functional setting the
(classical) constant parameter p € [1, +oo] is replaced by a measurable function p(-) : R® — [1, +o00o[. Thus, in
order to construct the spaces LP("), we start by considering a measurable function f :R3 — R3, and we define
the modular function o,y associated to p(-) by the formula

=

oo(P) = [ |Fla)p@da. (12

In this point, we should remark that in the case that p(-) = p € [1,+o0], it is possible recover the classical
Lebesgue spaces LP. In fact, the LP-norm can be obtained by considering the modular function as follow,

1

1Flzes) = (e(F)”

At this stage a relevant difference arises; if we consider the measurable function p(-), we cannot simply consider
the variable exponent ﬁ instead of the constant exponent % in the previous expression. In order to by-pass

this issue, it is classical to equip the space LP(") with the Luzemburg norm associated to the modular function
0p(.y (see [CUF13], [DHHR11] and [Kal23]), which is given by the expression

p(x)

i . _"T
[ fllLee) (msy = inf § A >0 /IR3 % dr <1%. (1.3)

Then, we define the variable Lebesgue spaces LP(")(R3) as the set of measurable functions such that the quantity
|l -l Lo (R3) above is finite. A comprehensive presentation on the theory of variable Lebesgue spaces can be
consulted in the books [CUF13], [DHHR11] and [Kal23].

To the best of our knowledge, these functional spaces has not been considered before in the analysis of the
fractional Navier-Stokes equations. Thus, our aim in this article is to present a first application of the variable
Lebesgue spaces to the study of this system. More precisely, here we study mild solutions for the fractional
Navier-Stokes equations considering variable Lebesgue spaces LP()(R?) as functional setting. The presentation
of these results motivate the next subsection.

1.2. Presentation of the results

In this subsection we state our main results about the well-posedness of the 3D fractional Navier-Stokes
equations on LP()-spaces. Thus, in order to precise the presentation of our theorems, we must introduce the
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following two definitions. In the first of them, we formalize the notion of variable exponent, set (or class) of
variable exponents and limit exponents.

Definition 1.1. Let consider n € N, and a function p : R™ — [1,400[. Then, p will be called a variable
exponent if p(-) is a measurable function and we define P(R™) to be the set of variable exponents. Moreover, we
define the limit exponents p~ = inf ess,cpn {p(z)} and p™ = sup essycpn {p(x)}.

In the next, we define a class of variable exponents which is related with the boundedness of some classical
operators involved in the analysis of Navier-Stokes type equations, such as the Hardy-Littlewood maximal
function and Riesz potentials (see Subsection 2.1 for precise details about it).

Definition 1.2. Let p(-) € P(R™) and consider the limit value pi = ‘lim ﬁ. We say that p(-) € P(R™)
o z|—+o00

belongs to the class P'°9(R™) if we have:
1 1 C n
(1) ’p(w - p(y)‘ < Togter1/Ta—gp for @il z,y € R, and

1 1 c n
(2) ’ng‘gwforalleR .

With this information at hand, we continue with the presentation of our main results. In a first theorem, we
will study the existence and uniqueness of a mild solution by considering a Lebesgue space of variable exponent
in the time variable ¢t > 0, and by setting a classical Li-space in the space variable z € R3. This first result
reads as follows.

Theorem 1. Let o €]3,1], p(-) € P9(R?) with p~ > 2 and fiz a parameter ¢ > 52~ by the relationship

ﬁ + 2% <a-—3. If felrL! ([0, +oo[, L9(R?)) is a divergence free exterior force and if @y € LY(R3) is a
divergence free initial data, then there exists a time 0 < T < 400 and a unique mild solution of the fractional
Navier-Stokes equations (1.1) in the space LP®) ([0,T], L9(R?)).

We should stress the fact that, in this theorem we first measure the information in the space variable and
then we measure the information in the time variable. In our next result, we will study a variant of the variable
Lebesgue spaces for the space variable x € R? and we will set the classical space L>(R?) as the functional
framework for the time variable ¢t € R;. The theorem reads as follows.

Theorem 2. Consider a €]3,1], a variable exponent p(-) € P°8(R®) such that p~ > 1, an initial data Gy €
£’i (R3) such that div(iiy) = 0, and let f be a divergence free external force such that f = div(F) where F

2a—1
r()
is a tensor in L 2, (R, L([0,T)). If ldoll o)+ [IFl w2 is small enough, then the fractional
2(2a—1) 3 L 2 E(Ltoo)

2a—1
2(2a—1)°

Navier-Stokes equations (1.1) admits a unique, global mild solution in the space cre) (R3, L>°([0,T]))-
2a—1
Note that, in this theorem we have considered the mized variable Lebesgue spaces £§(') (see Subsection 2.1
for the definition of these spaces) by merely technical reasons and it is motivated by the lack of flexibility in
the parameters that intervene in the boundedness of the Riesz transforms involved in its proof. See Subsection
2.1 and Remark 3.5 below for more details on this particular issue.

We finish this section by remarking the fact that the Theorems 1 and 2 recently presented, extends the results
obtained in [CVH24] to the case of the fractional Navier-Stokes equations (1.1). In fact, by considering o = 1,
we recover the classical Navier-Stokes equations and thus the results in the mentioned paper.

Organization of the paper

The present paper is structured as follows. In Section 2 we present a concise review of the main definitions
and properties of the Variable Lebesgue spaces LP() and fractional heats kernels. Section 3 is devoted to the
proof of the theorems.
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2. PRELIMINARIES

To keep this paper reasonably self-contained, several results and definitions on variable Lebesgue spaces and
fractional heat kernels are recalled. Thus, we begin by presenting a brief summary on the key elements of
variable Lebesgue spaces theory.

2.1. Variable Lebesgue spaces

We start this subsection by considering some basic conventions. For the sake of simplicity in the rest of the
paper we will assume 1 < p~ < p™ < +o0. On the other hand, in order of differentiate between variable and
constant exponents, we will always denote variable exponent by p(+).

Note that, the spaces LP()(R") are Banach function spaces and they have very interesting features. Thus,
we start by presenting the generalization of the Holder inequalities in this setting.

Lemma 2.1. Let p(-), q(-), 7(-) € P(R™) be functions such that we have the pointwise relationship ﬁ =
ﬁ + %, x € R™. Then there exists a constant C > 0 such that for all f € LIO)(R") and g € L") (R™), the

pointwise product fg belongs to the space LPC)(R™) and we have the estimate

I fgllLecy < Cllfllpacrllglprer- (2.1)

As is natural, this estimate can be easily generalized to vector fields f, g : R — R™ and to the product f g.
For a proof of this result we recommend to the interested reader to [CUF13, Section 2.4] or [DHHR11, Section
3.2].

Note that the quantity || - || z») satisfies the Norm conjugate formula given in [DHHR11, Corollary 3.2.14]:

Proposition 2.1. Let p(-), q(-) € P(R™) be functions such that we have the pointwise relationship 1 = ﬁ +
ﬁ, x € R™. Then, for all f € L") we have
£l < swp [ (f@llg(olds. 2.9)
llgll gy <1 /R

Remark 2.1. Note that in the previous notions the space R™ can be replaced by an interval [0,T].
To continue we present the following embedding result [CUF13, Corollary 2.48].

Lemma 2.2. Let consider n > 1, a bounded domain X C R™ and two variable exponents ¢1(-),q2(-) € P(X)
such that 1 < ¢, ¢f < 4o0o. Then, LLO)(X) C LuO)(X) if and only if qi1(x) < q2(x) almost everywhere.
Furthermore, in this case we have that

[l < (XD N oo

It is important to emphasize that the convolution product f x g is not well adapted to the structure of the
LP() spaces, in particular the Young inequalities for convolution are not valid anymore (see [DHHR11, Section
3.6]) and thus many of the usual operators that appear in PDEs must be treated very carefully. Note also that
Fourier-based methods are not so easy to use as we lack of an alternative for the Plancherel formula.

In order to study the boudedness of such operators is classical to impose some conditions on the variable
exponents p(-). Thus, with the condition p(-) € P°9(R™), we can state the following definition and theorem.
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Definition 2.1. Let f : R™ — R a locally integrable function. The Hardy-Littlewood maximal function M is
defined by

M(f)(z) = sup ﬁg[/;|f<yndy

B>x
where B is an open ball of R™.

Theorem 3. Let p(-) € P9(R™) with p~ > 1. Then, there exists a constant C > 0 such that

M) lLeer < Clfllee- (2.3)

A proof of this result can be consulted in [DHHR11, Section 4.3]. At his point, we recall a classical result
about the Hardy-Littlewood maximal function (see [Gra08, Section 2.1]):

Lemma 2.3. If ¢ is a radially decreasing function on R? and f is a locally integrable function, then

— —

[+ @)] < Nl Mf) (@),

where M is the Hardy-Littlewood mazimal function.

We remark that the usual Riesz transforms (R;)i<j<n defined formally in the Fourier level by R/J(\f)(f) =
—% (&) are also bounded in Lebesgue spaces of variable exponent. This fact is stated in the following Lemma.
Lemma 2.4. Let p(-) € P9(R") and 1 < p~ < p™ < +oo. Then, given f € LPU), there exists a constant
C > 0 such that

IR (oer < Cllfllzne, (2.4)

A proof of this result can be consulted in [DHHR11, Sections 6.3 and 12.4]. To continue, we introduce the
following classical operator.

Definition 2.2. Let 0 < 8 < n. Then, given a measurable function f, we define the Riesz potential operator
Zs(f) : R™ — [0, +00] by
/()]
L) = [ sy, (2.5)
’ re |7 =y P
The Riesz potential operator is bounded in variable Lebesgue spaces if we consider appropriate variable
exponents in the class P!°9(R"™). A precise statement of this result reads as follows.

Theorem 4. Let p(-) € P(R") and 0 < B < n/p*. Then, there exists C > 0 such that

1 1 B
7 f (.)SCf (), with — = — — —.
1Z5(F) Lo 1f1lz 0 "0
A proof of this theorem can be consulted in [DHHR11, Section 6.1].
Note that the estimate (2.6) introduces a very strong relationship between the variable exponents p(-) and
q(+). Thus, in order to obtain more flexibility on these parameters (see Remark 3.5 below) we will consider the
following spaces introduced in [Cha22].

(2.6)

Definition 2.3. Let p(-) € P“8(R™) a variable exponent and 1 < p < +oco a constant. Then, the mized
Lebesgue space Eg(')(R”) is defined by

L3O ®") = PO ®R™) N LP(R™),
which can be normed by the quantity

Wl gzer = max{]l - | oo, |- e }- (2.7)
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With the help of these spaces we have the following result.

Proposition 2.2. Let 1 < p < 400 be a constant exponent, p(-) € P©8(R™) a variable exponent and fir a
parameter 0 < 3 < min{n/p*,n/p}. Given, f € E{,’(')(R”) and a function p(-) satisfying the following condition

o) = np(-)

R (2.8)

then, there exists a constant C > 0 such that
1Z5(F) o> < CIS gy (2.9)

A proof of this result can be consulted in [Cha22].
Remark 2.2. We emphasize in particular the fact that the index p is not to related to p~ or p™ nor to p(-) and
this inequality gives more flexibility in the exponents than the conditions stated in Theorem /.
Remark 2.3. Note that, by construction, the mized spaces Eg(') inherit the properties of the spaces L) and
LP. In particular we have the Hélder inequality ||<p||£g<.> < H(,OHLZ(.) ||</’H5:<-> with ﬁ = ﬁ + % and % = %—&—%
and of course the Riesz transforms are also bounded in these spaces.

For more details about the Lebesgue spaces of variable exponent, their inner structure as well as many other
properties, see the books [CUF13], [DHHR11] and [Kal23].

R

(=2)% and e~t-2)7p div(-)

We start this subsection we recall some estimates related to the fractional heat kernel involved in the integral
formulation of the system (1.1).

2.2. Some preliminary estimates on the kernels of ¢!

Remark 2.4. Consider x € R™ and the fractional heat kernel g¥(x) associated to e H=A)E

a constant C > 0 such that the following estimate follows

. Then, there exists

1

Ve (z)| <C—r .
Ver (0] < O s

(2.10)

More details about this remark can be consulted in [MYZ08, Remark 2.1]. Another useful result for our
purposes is the following.

Lemma 2.5. Consider © € R", the fractional heat kernel g¢*(z), and the parameters 1 < r < p < 4+o00. Then,
for a,v > 0, there exists C > 0 such that

1

(1) llgt * @)l < =G g]r,
(2) | (=0)""2g7 % p(@)||, < O g 1.
A proof of this result can be consulted in [MYZ08, Lemma 3.1]. Finally, we recall an useful estimate related

to the kernel of e=*(=2) 2 Pdiv(.).
Remark 2.5. Consider x € R™ and the kernel K(x) associated to e’t(*A)%Pdiv(o). Then, there exists a
constant C' > 0 such that the following pointwise estimate follows
-
(t25 + [af)+1

|Ki'(z)] <C (2.11)

A detailed treatment of this result can be consulted in [QW23]. In particular we recomend to the interested
reader to see the discussion around the equation (2.9) in the mentioned paper.
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3. MILD SOLUTIONS IN VARIABLE LEBESGUE SPACES

We present here a general approach to mild solutions for the fractional Navier-Stokes equations (1.1) in the
setting of variable Lebesgue spaces. These mild solutions are obtained via the following classical result:

Theorem 5 (Banach-Picard principle). Consider a Banach space (E,||-||g) and a bounded bilinear application
B:ExXE—E:

1B(e;e)|z < Collelzllelle-

Given eg € E such that |egl|g <0 with 0 < § < ﬁ, then the equation
e =-¢eg— B(e,e),

admits a unique solution e € E which satisfies ||e||g < 20.

In order to apply this result to the fractional Navier-Stokes equations (1.1) we need to get rid of the pressure
P and for this we apply to this system the Leray projector P defined by P := Id + V(—A)~!div. On the other
hand, note that the divergence-free condition allows us to recover the pressure P from @ through the identity

—AP = div(i@ - Vi),

thus, in the following we will focus our analysis on the velocity vector field .

Remark 3.1. We emphasise the fact that the Leray projector P can be defined equivalently by considering
Riesz transforms. In fact, given a function ¢ in a functional space X, the Leray projector is defined as follows:
P(7) = (Idsxs — R ® R)(§) where R = (Ry, Ra, R3), with R; denoting the j-th Riesz transform. Thus, if the
Riesz transforms are bounded in X, then the Leray’s projector P is also bounded on X, and then we can write
IP(9)llx < Cllg]lx-

As we anticipated above, the pressure term P involved in (1.1) has the property }P’(ﬁP) = 0. Moreover, given
a divergence free vector field, we have the identity P(§) = §. A proof of these facts and many others properties
of the projector P, can be consulted in the book [LR16].
Since u and f are divergence free, by applying Leray’s projector P to (1.1) we obtain the equation
Oyt = —(—A)i — P(div(i ® @) + f, div(i@) =0,

(0, z) = dy(z), x € R3.

Now, due to the Dumahel formula, we can write this equation in the following form

t t
a(t,z) = g§ * dp(x) + / g, * f(s,m)ds — / g7, x P(div(d @ @))(s, x)ds, (3.1)
0 0

where g is the usual fractional heat kernel. In the following we will consider the integral equation above in
order to apply the Banach-Picard principle. To this end, we set the bilinear application as

B, 7) = /O a% .+ P(div(@ @ §))(s, 2)ds, (3.2)

—

and we consider the term g * @y(z) + fot g% . * f(s,z)ds as ey (in Theorem 5).
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Remark 3.2. Note that, given the kernel K*(x) of the convolution operator e_t(_A)%Pdiv(-), the j-th compo-
nent of the bilinear application defined in (3.2) can be written as

t 3
Bad) = [ () (@) (s
0 pg=1
A detailed treatment of this result and the kernel K{*(x) can be consulted in [QW23, Section 2].

3.1. Proof of Theorem 1

In the following we consider a variable exponent p(-) € P°9([0, +oo[), and the functional space
¢r = LPO) ([0, 7], LI(R?)),

with T' €]0, +o0] to be precised later. The space €7 is endowed with a Luxemburg norm as follows

T
|&]ler = inf /\>O:/
0

Under this functional setting we will consider the Banach-Picard principle to construct mild solutions for the
integral equation (3.1). More precisely, in the following we will prove 3 propositions which will provide the core
of the hypotheses of Theorem 5.

18, )l La
A

p(t)
dt <1,. (3.3)

To this end, we start by proving the following result regarding a control to the initial data.

Proposition 3.1. Let o €]3,1], p(-) € P(R®) with p~ > 2 and fiz an index ¢ > 5> by the relationship

ﬁ + % < a—%. Consider a function iy € L1(R®). Then, there exists a constant Cy > 0 such that

g * idoller < C o] zo- (3.4)
Proof. In order to conclude the inequality (3.4), we start by considering a Young inequality to obtain
98 * tollLarsy < |97 |1 (3) U0l Larsy = |0l Lars)-

Before continue, let consider the following classical result in the context of Variable Lebesgue spaces (see
[DHHR11, Lemma 3.2.12, Section 3.2]).

Lemma 3.1. Let p(-) € P([0,400[) such that 1 < p~ < p* < 400. Then, there exists C > 0 such that
R
1 L) (o, < C'max {Tp— , ToF } .

Thus, by taking the LY ©)_norm we obtain

A

||9§‘*710||L5<»>Lg < ClltollLas) 11| Lre o, 17) (3.5)

1 1
Cio]| Lo(gs) max {Tp* T7* } (3.6)

IN

1

Thus, by considering C; = C max {TP ,T#} we deduce (3.4) and we conclude the proof of Proposition
3.1. U
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Proposition 3.2. Let a €]3,1], p(-) € P'(R3) with p~ > 2 and fiz an index ¢ > 5> by the relationship
% + 2% <a-— % Then, given a function fe r®) ([O, +o0], Lq(Rg)), there exists a numerical constant Cy > 0
such that

Proof. To conclude the inequality (3.7), we start by considering the L¢-norm to the term fot gy, * f (s,-)ds in
order to get

< Oz”ﬂ\L}(Lg)- (3.7)
Er

t
/ gy, * q(s,-)ds
0

IN

t
/0 108l | F (s, ) zods

< C||f||Lg(Lg)-

t
H Ja e
0

La

Then, by taking the LY ©)_norm in the time variable and considering Lemma 3.1 we deduce the estimates

t
| [ i s Sl [ (3.5
0 Lf(')(L%) Ly
< Clfllr eyl eo o,
- 1 1
< C||f||L}(Lg)maX{TP’,T“}- (3.9)

1 1
Thus, by considering Co = C' max {T = Tt } we deduce the inequality (3.7) and then we conclude the proof
of Proposition 3.2. O

Proposition 3.3. Let a €]3,1], p(:) € P'(R®) with p~ > 2 and fiz an index ¢ > 52 by the relationship
1

% + % < a— 5. Then, there exists a constant Cz > 0 such that

Proof. To conclude the inequality (3.10), we start by considering the LZ-norm to the term fot g7, *x P(div(d ®
))(s,)ds to get

< Cillile | er- (3.10)
Er

/0 %+ P(div(if @ @))(s, -)ds

|[ o< e

t
<c / oz, * B(div(@ ® @))(s, )|, ds.
La 0

Considering the properties of the Leray projector P and the fact that the Riesz transform which define it are
bounded on classical Lebesgue spaces L?, with 1 < ¢ < 400, we conclude

La 0

Now, note that a Young inequality, with 1+ é = q%ql + %, and Lemma 2.5, with parameters v =1, n=3,p=0p

ds.
La

69?_5 * U U(s, )‘

H/ot oi * P(div(@ @ @))(s, )ds

and 7 = &, yield

[

—

Vor,+ i@ (s, )

t
1
ds < C | ————————=|uls,)||rall@(s, )||Lads.
) Sy === LOS BIL ORI BTS



ESAIM: PROCEEDINGS AND SURVEYS 119

To continue, we take L} ©)_norm and we consider the conjugate exponent p'(-) defined by 1 = ﬁ + p,l 3 Then,

—~]

by considering the norm conjugate formula (2.2) we can write

t 1 9
/ i3 ||u(8ﬂ')||Lq ds
0 (t— )7t L2O (0,17

— 2
[ O e, asa
|W|Lp<><1 |t—3|2‘* moq

t
65", * P(div(i © ))(s, )ds
0

IN

(3.11)

ZARN0) ‘

IN

The Fubini Theorem yields

T t
(L T Locseny @]
s [ [ O asan - Locos WO s,y )2, s,
Il oy <10 Jo [t — s|2a ™ Zad nwnm)q |t — 5|7t 7ag

thus, by extending the function ¢ (t) by zero on R\ [0, 7], we obtain

T “+00
- 2 p(t _
[ gasa = s [T s,z
Il P()<1 ‘t*8|2“ 2a<1 Hd’HLp/(.)Sl 0 —00 |t*$|2<" 2aq

T
— s jﬁ To (1) (s) (s, )| 2ds,

Nl pry <1

where Zg is the 1D Riesz potential with 3 =1— 5~ — 2 ; <1 (see Definition 2.2).

Remark 3.3. We emphasise the fact that the constraints 2 7 <qand « E]% 1] imply 0 <1 — —a — Wq <1,
and thus the Riesz potential considered is well deﬁned

A Holder inequality with 1 = ( 5+ p( s+ 50 ylelds
T
sup / ([ ()llils, Miads <C  sup NZa([Dl oo | 1GC ) na|| o (176 Mzl e,-
191l pry<LY0 el pr ) <1 Ly L

Remark 3.4. Note that the condition p~ > 2 in the statement of the proposition become from the relationship
-2 4 1

1=30 50 -
Thus by considering the indexes defined by the relationship

1 1 1 3
m>ronmJ’ (3.12)

on Theorem 4, we obtain

sup [ Za (19D po [1ECs ) o pay TG o gay
1l pry <1 ¢ ’ i ¢

<C s Il Mg 1T o (313)
1Pl pry <1 ¢ ' -

Gathering the hypothesis ﬁ + 2 ; <a—3 1 and the relationship (3.12) we conclude that

=1—— and
p.
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and then, we deduce 7(-) < p/(-). Considering Lemma 2.2 with r(-) < p/(-) and X = [0,T] in (3.13) we get

Hw\ljﬁ.) <1 1l o s M e pay 186 I pro

< sup (1+T)Hd)||LP'(-)Hﬁ('a')HLP(')(LZ)H’J(W')”LT’(’)(L‘%)
\IwHLp/(,)Sl t t c t :

< (L4 T) |-, ‘)”Lf(')(Lg)Hﬁ(" ')”Lf’(')(LZ)'

Thus, by gathering these estimates with (3.11) we deduce

Thus, by considering Cg = C(1 + T) we deduce the inequality (3.10) and then we conclude the proof of
Proposition 3.3. ]

t
/0 07, * P(div(ii @ i))(-, )ds < OO+ D¢ o o 176 g ey (3:14)

Ly

End of the proof of Theorem 1

Gathering together the hypothesis assumed in the statement of the theorem and the estimates obtained in
Propositions 3.1, 3.2 and 3.3, we conclude that there exists 0 < T' < 400 such that

C
(1+T)max{TP%,TP%}.

%ol Lagrsy + I fllz1czay <

Thus, by applying the Banach-Picard principle we obtain the desired solution. With this we conclude the proof
of Theorem 1.

3.2. Proof of Theorem 2

In the following we consider a variable exponent p(-) € P!°9([0, +o0[), and the functional space
&=L (RS, L(0,T)).
2a—1
The space & is endowed with a Luxemburg norm as follows

I+ lls = max{[| - | o> oy ”Lf(’%l(Lf")}’ (3.15)

Under this functional setting we will consider the Banach-Picard principle to construct mild solutions for the
integral equation (3.1). More precisely, in the following we will prove 3 propositions which will provide the core
of the hypotheses of Theorem 5.

To this end, we start by proving the following result regarding a control to the initial data.

Proposition 3.4. Consider o €]%,1], consider a variable ezponent p(-) € P'9(R?) such that p~ > 1, and a
divergence free function iy € Ep('s) (R3). Then, there exists a constant C' > 0 such that
2

a—1

g7 * @olls < Clidol goc) - (3.16)

2a—1
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Proof. Since ty € L#a=T C L}, ., we have that i is a locally integrable function. Now, considering that the
fractional heat kernel g§* is a radially decreasing function, by Lemma 2.3 we can write

llgf" * to ()] L= < CM(ip)(x).
Thus, by recalling the norm defined in (3.15), we obtain the estimate

lg * dolls < Cmax{[|M(@o)l[goer, [M(@o)l, 5 }-

Now, since p(-) € P9(R3) with p~ > 1, by Theorem 3 we conclude that the maximal function M is bounded
in the Lebesgue space LP(')(R3). Considering this, and the fact that M is also bounded in L?a%l, we obtain

g * tioll¢ < Cmax {[iio]| Lo, [0l 5y b < Clliioll g

With this we conclude the proof. O

Proposition 3.5. Consider o E}%, 1], a variable exponent p(-) € P°8(R3) such that p~ > 1, and a function
()

FeLl?, (R3L>®([0,T[). Then, there exists a numerical constant C > 0 such that

2(2a—1)

| [ e diotmas

< CIFI 0 : (3.17)
& Lz 3 (Lg°)
2(2a—1)""

Proof. By the Minkowski’s integral inequality, we can write

t t
| st can@ i <o [ [ 9@ - nIFs s
0 0

Then, by the decay properties of the fractional heat kernel in Remark 2.4, and the Fubini theorem, we obtain

t
1
< C/ / : F(s,y)|dsdy.
r2 Jo (It—SI%Jrlx—yl)4| (o)

Now, by considering the L?° norm on F, we get

t
1
<cf | : ds|F(,9) | dy.
o (Je=sl% +lo =yl )’

Then, considering the Riesz potential defined in (2.5), the fact that « €]3, 1], and the estimate

t
/ gr_ x div(F)(s,x)ds
0

t
/ g, x div(F)(s,x)ds
0

¢ ds oo ds
1 4 S 1 4
O (jt-sl e —yl) 0 (s 4oyl

(3.18)

_ /*“’ o — y**dB __ 1 /+°° dp
- 1 4 — ]4—2a 1\ 4’
O ((e—ylep)F e —yl)  FTHTT S0 (1)

we obtain

1
<O [ =gz P Ooledy = Claaa (IFC, )l ().

R3 |CC*

'/Ot 9y, * div(F)(s,x)ds
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Note that, this last estimate implies

t
H/ gy, * div(F)(s,x)ds
0

L < CLya1 (17 () lege) () (3.19)

Then, to obtain the £°'} -norm given in (3.15), from the estimate (3.19) we get

2a—1

t
| [ i wdiv(F) s, < O aOIFC M) Ol 0
0 LEO (L) :
and
t
/ gi_  xdiv(F)(s,x)ds|| 5 < CHIga 1(IFCs )z )( ||
0 L2 (Lge)
Thus, considering Proposition 2.2 we can write
[ Zoa—1(IFC M ee) O oo < CIFCMese]] o0 =17l s - (3.20)
c: c (L)

On the other hand, since the Riesz potentials are bounded on the classical Lebesgue space Lz we obtain

Z2a—s(IFClz) O, gy < CHIF Nz | = 7l e . (3.21)

—1 2(2a 1) Lf(%‘*l)(Lf")

Then, gathering together the norm || - || given in (3.15) with the estimates (3.20) and (3.21), we get

With this we conclude the proof. O

<C||}-H () < 400.

¢
/ gy, *x div(F) (s, z)ds
0 & (2 s (L)

T

Proposition 3.6. Consider a €]1,1] and a variable exponent p(-) € P°¢(R3) such that p~ > 1. Then, there
ezists a constant Cg > 0 such that

t
gims * P(div(@ @ @)) (-, -)ds
0

< Cplllle|ldls- (3.22)
&

Proof. We begin by noticing that, by considering the Minkowski’s integral inequality, the Remark 3.2, and the
decay properties of the kernel K (x) (see Remark 2.5), we obtain

t

t
00+ P(div(@e @))ds| < C / / K2 (@ — y) (s, y) |5, )| dyds
0 0 3

t
1
< c// : (s, y)|[(s, y)|dsdy.
oo Jo (s o —gyi oIl

Then, considering the L°-norm we can write

¢ 1
e ( / : ds) o) )y
e \Jo (Jt—si% + [z —y] ) & f

t

g7, * P(div(d ® @))ds
0
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Now, remark that similarly to in the proof of Proposition 3.5, we have

t ds 1

=C

/ ) 1 — yli—2a (3.23)
0 (|t—s|% +|x—y|> [z =l

and then, we conclude the estimate

t
‘/ g7, * P(div(d @ @))ds
0

1
< C| ———— i@,y Ledy. 3.24
< 0 [ sl )l )l dy (3.21)
Thus, by considering Definition 2.2, the last inequality can be recast as

t
[ st < Pldiv( e @)ds) < Claas (1l ) @)
0

Now, to obtain the Ep('g) -norm given in (3.15), we start by noticing that from the estimates above we can write
2a

—1

t
/ %+ P(div(@ ® @))ds
0

< ClZaa—a(ll@l el el oo oc )

L2 (Lg)
and
t
’/ of xP(div(d @ @))ds|| , < COloa—a(lld@l e llal el s -
0 Lﬁa—l(L?Q) Lz (Lfoo)

s < Cll¢ll s, aHolder inequality

Now, considering that the Riesz potential Z5,_1 satisfies HI2a—1(80)||L2 - JR

(see Remark 2.3) and Proposition 2.2, we get the estimates

t
|[aspanaomas| < il pp <O gmlleg o
0 L2 (L) L2y T P
g 2(2a—1)
and
t
& x P(div(d @ u))d < C|1Ul Lo €| oo <C|u i .
‘/0 g7 * P(div(d ® @))ds Lfagfl(Lfc) = ||Hu||Lt 1]l ||L12(2|1371) = Hu”Lg?agq(L?o)Hu”nga%(Lfo)

Remark 3.5. Note that, in the case that we had considered Theorem J instead of Proposition 2.2, we had
obtained an estimate of the form | Zan—1(0) | rr¢) < ”SDHLM’ which, due the strong relationship between the the
2

variable exponents involved, yields the constant exponent p(-) = 5.

Gathering together these last estimates, and using the definition of the norm || - || given in (3.15) we obtain

< Csldlls]ldl]s-

t
H/ o0+ P(div(@ ® i))ds
0 &

Thus Proposition 3.3 is proven. O
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End of the proof of Theorem 2

Considering the hypothesis assumed and the estimates obtained in Propositions 3.4, 3.5 and 3.6, we get the
condition

_ 1
F) ) 40

x

C | ol o) + HFIIL@

2a—1

(a1’

Thus, by applying the Banach-Picard principle stated in Theorem 5, we obtain the desired solution. With this
we conclude the proof of Theorem 2.
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