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Abstract. This paper considers the filtering problem which consists in reconstructing the state of a
dynamical system with partial observations coming from sensor measurements, and the knowledge that
the dynamics are governed by a physical PDE model with unknown parameters. We present a filtering
algorithm where the reconstruction of the dynamics is done with neural network approximations whose
weights are dynamically updated using observational data. In addition to the estimate of the state,
we also obtain time-dependent parameter estimations of the PDE parameters governing the observed
evolution. We illustrate the behavior of the method in a one-dimensional KdV equation involving
the transport of solutions with local support. Our numerical investigation reveals the importance of
the location and number of the observations. In particular, it suggests to consider dynamical sensor
placement.

1. Introduction

Data assimilation of dynamical systems is a very active research topic, with many challenging open problems
especially in cases where strong transport effects are present. This work presents a filtering algorithm based on
neural network approximations whose weights dynamically evolve in time.

1.1. The filtering problem

We define filtering as the following task. Let X ⊆ Rd be a spatial domain, and let V a Hilbert space of
functions over X . In this work, we assume that V ⊂ C(X ) for simplicity (a more general theoretical framework
will be developed in a subsequent contribution). The filtering task is to recover at each time t ≥ 0 the unknown
state u ∈ C1(R+, V ) from m observations

zi(t) = u(t, xi), 1 ≤ i ≤ m,

where xi ∈ X are observation points.
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Recovering u only from the observations is a very ill-posed problem so we add an a priori assumption on the
dynamics of the system: we assume that u is the solution of an evolution problem of the form{

∂tu(t, x, ξ) = f (t, x, u(t, x, ξ), ξ) , (t, x, ξ) ∈ R∗
+ ×X × P,

u(0, x, ξ) = u0(x, ξ) x ∈ X ,
(1)

with initial condition u0 : X ×P → R, and f : R∗
+×X ×R×P → R being a nonlinear differential operator. The

vector ξ = (ξ1, . . . , ξp) is a vector of scalar parameters ranging in a compact domain P ⊂ Rp. These parameters
can represent physical quantities such as velocity, diffusivity, viscosity, source terms, or initial conditions. In
full generality, ξ could depend on time. However, in the following we will rather think of it as a constant. We
assume that problem (1) is well posed in the sense that, for every ξ ∈ P the problem admits a unique solution
u = u(ξ) ∈ C1(R+, V ). In this form, we will regard u as a parameter to solution map ξ ∈ P → u(ξ) ∈ C1(R+, V )
so that u(ξ) is a function of t and x. To simplify notation, we will sometimes write u(ξ)(t, x) = u(t, x, ξ).

In a filtering problem, we assume that there is a parameter ξ† corresponding to the observed evolution. This
implies that we are searching to approximate u(ξ†)(t, x) for all t ≥ 0 and x ∈ X . However, ξ† is assumed to
be unknown so the dynamics cannot be recovered with traditional forward solvers that compute a solution to
problem (1) with ξ = ξ†. Instead, our data are the observations z(t) or its first derivatives together with the
assumption that the dynamics can be expressed in the form of eq. (1).

1.2. Contribution: dynamical reconstruction with neural network approximations

In this work, we build a filtering algorithm where, for each t ≥ 0, u(ξ†)(t, ·) is approximated by a feed-
forward neural network model. Expressed in more concrete terms: viewing u(ξ†)(t, ·) as a function from X to
R, we consider a set U of admissible functions from X to R. The functions of U are generated by parametrized
functions of the form

U : X ×Θ → R (2)

(x, θ) 7→ U(x, θ) (3)

where θ is a set of parameters belonging to a space Θ. The set U is thus defined as

U := {U(·, θ) : θ ∈ Θ}.

In this work we focus on the particular case where U is generated by feed-forward neural networks with a given
architecture. For given n ∈ N and s ∈ N, we will consider θ = (θ1, . . . , θn) ∈ Θ = (Rs)n ∼= Rns be our set of
parameters with θi = (ci, bi, wi) ∈ Rs. As a simple example, a shallow neural networks of width n with inputs
in X ⊂ Rd and outputs in R is the model U : X ×Θ → R defined as

U(x, θ) :=
n∑

i=1

ci ϕ(x,wi, bi), (4)

where ϕ is a smooth activation function, and w and b represent weights and biases respectively. One example
for ϕ is obtained by taking wi ∈ R2 and bi ∈ R and a ReLU activation unit, resulting to a real-valued mapping
ϕ = ϕReLU defined on X × Rd × R as

ϕReLU(x,w, b) := max(0, wTx+ b), ∀x ∈ Rd.

Deeper networks could be defined following similar lines, see Section 4.2.
The rationale, and originality of our approach lies in the fact that the parameters θ of our reconstruction

will dynamically evolve in time, that is, for every t ≥ 0, we will find weights θ(t) ∈ Θ such that U(·, θ(t))
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approximates u(ξ†)(t, ·), at best given our available information z(t), and the form (1) of the dynamics. By
allowing the parameter θ to be time dependent, our strategy allows for reconstruction as time advances.

One may wonder about the benefit of this dynamical, local in time approach compared to a more global,
time-space point of view. In this other point of view, we would typically work with neural networks taking
space x ∈ X and time t ∈ R+ as input parameters, and we would search for constant weights θ ∈ Θ in a way
that u(ξ†)(t, x) is approximated well by U((t, x), θ) for all (t, x) ∈ R+×X (or a closed time interval [0, T ]). This
time-space approach is less adapted to the filtering problem for several reasons:

(1) We need to wait until the end of the time interval to train the network, and reconstruct in the full time
interval.

(2) To reconstruct at a single time t, we expect to need fewer parameters θ(t) than in a global time-space
approach. This point was confirmed in [3] in the case of forward reduced modeling with linear spaces
(instead of nonlinear spaces such as neural networks). It was observed that the approximation with
dynamically evolving linear spaces was more accurate than a time-space approach involving subspaces
with larger dimensions.

1.3. Connections with earlier works

Our work connects with a relatively recent research trend aiming at solving inverse problems with neural
networks. Probably the field of image analysis was the one of the first to start considering these approximation
classes for inversion tasks. In this field, neural networks have produced state of the art results in countless
applications and nowadays one could say that they have become the method of choice (see, e.g., [6]).

The use of neural networks to address inverse problems involving PDE physical models is more recent. It is
currently attracting a lot of attention, and our work belongs to this trend. Among the relevant contributions that
have recently appeared, we may mention [1,11,12,15]. Our method takes inspiration from the dynamical Neural
Galerkin Scheme (NGS) introduced in [4], which uses the same idea for forward PDE simulation. The NGS is
actually an internal building block of our strategy as we explain later on. Compared to most existing works,
the main novelty of the NGS introduced [4] is that it can be seen as a dynamical (nonlinear) approximation
approach. This means that NGS can be derived from some, local in time, Dirac-Frenkel variational principle (see,
e.g., [9]), related to the set U of parametrized functions. In practice, it leads to a system of ODEs for dynamical
update of the neural network’s weights. Such setting for neural networks particularly extends previous several
works done within the context of dynamical low-rank approximation in tensor subsets for forward simulation
of PDEs (see, e.g., [7, 10,14,18]).

Using dynamical approximations for inverse problems such as filtering is a rather unexplored idea. To the
best of our knowledge, only [5, 8, 16] and [19, Chapter 7] have considered such techniques for linear Kalman
filtering. The approximation classes that were used in these works are linear subspaces that are also dynamically
updated. The other only existing work using dynamical linear subspaces is [13]. It comes with additional ideas
on structure preservation that are illustrated through the use of symplectic dynamical low rank spaces for
Hamiltonian dynamics. [13] is also the only existing work that considers an algorithm to dynamically update
the location of the sensors, and which is based on a rigorous analysis of reconstruction errors. The idea of
dynamical sensor placement is important for filtering dynamics involving strong transport effects like the ones
we aim to consider here. Compared to these works, the main novelty of this paper is the use of the class of
feed-forward neural networks instead of dynamical linear subspaces. Since it is very nonlinear in nature, we
expected it to be particularly useful for transport dominated dynamics.

1.4. Organization of the paper

Section 2 summarizes the NGS of [4] for forward PDE simulation. Section 3 presents our dynamical filtering
algorithm for filtering. It involves the forward NGS as a building block, and provides both a reconstruction of
the state u, and a time dependent estimation of the PDE parameters ξ† associated to the observed trajectory.
Finally, Section 4 illustrates the behavior of the method in a one-dimensional KdV equation. The study reveals
that the method can provide good quality reconstructions provided that the sensors are located inside the
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support of the solution. Since the location where the solution is supported evolves in time, this means that the
locations of observations need to move, and follow the solution dynamics.

2. The Neural Galerkin Scheme for forward problems

Like for many algorithms for inverse problems and data assimilation, our filtering approach requires to
evaluate solutions of eq. (1) for different parameter values ξ ∈ P. The task of computing the parameter-to-
solution map ξ 7→ u(ξ) ∈ C1(R+, V ) is usually called the forward problem, as opposed to the inverse problem of
estimating u from data observations, which corresponds to the mapping A : z(t) 7→ A(z(t)) ≈ u(ξ†)(t, ·) ∈ V .
Therefore, as a preparatory step, we explain the scheme that we use for the forward problem, which will serve as
a building block for our filtering algorithm. We rely on the NGS that was introduced in [4] and which involves
a dynamical neural network approximation.

2.1. The scheme

We carry out the explanation for a fixed, given parameter ξ ∈ P so, to avoid overloading notation, we will
omit it in this section. Consequently, we focus on the problem of approximating u ∈ C1(R+, V ) solution to{

∂tu(t, x) = f (t, x, u(t, x)) , (t, x) ∈ R∗
+ ×X ,

u(0, x) = u0(x) x ∈ X .
(5)

For every t ≥ 0, we seek for an approximation of u(t, ·) ∈ V of the form U(·, θ(t)) ∈ U ⊂ V .
The NGS from [4] consists in deriving an evolution equation for the weights θ by using the strong residual of

eq. (5). The main steps are as follows. Assuming that U is differentiable w.r.t. θ, and θ differentiable w.r.t. t,
by the chain rule we have

∂tU(x, θ(t)) = ∇θU(x, θ(t))
T
θ̇(t), (6)

where ∇θ = (∂θ1 , . . . , ∂θn)
T ∈ Rn stands for the gradient w.r.t. θ. Thus, for a given t > 0, the strong residual

of the equation at a point x ∈ X is the function rt : Θ× Θ̇×X → R defined as

rt(θ, η, x) := ∇θU(x, θ)
T
η − f(t, x,U(x, θ)), ∀(θ, η, x) ∈ Θ× Θ̇×X (7)

where Θ̇ is the space of time derivatives of Θ. The global residual Rt : Θ × Θ̇ → R is obtained by computing
the squared L2

ν(X ) norm of x 7→ rt(θ, η, x), that is,

Rt(θ, η) :=
1

2

∫
X
|∇θU(x, θ)

T
η − f(t, x,U(x, θ))|2ν(dx) (8)

=
1

2
∥∇θU(θ, ·)T η − f(t, ·,U(·, θ))∥2, ∀(θ, η) ∈ Θ× Θ̇. (9)

In the above formula, ν ∈ P(X ) is a measure over X and ∥ · ∥ is the standard L2
ν(X ) norm associated to the

usual scalar product ⟨·, ·⟩. In this work, we simply work with the Lebesgue measure ν(dx) = dx, and we leave
a more in-depth investigation on the optimal choice of ν for future work.

The NGS seeks to define the curve θ : R+ 7→ Θ in such a way that its velocity θ̇(t) minimizes the global
residual (9) at every t ∈ R∗

+. This leads to the variational problem

θ̇(t) ∈ argmin
η∈Θ̇

Rt(θ(t), η), ∀t > 0. (10)
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This local in time optimization problem corresponds to the so-called Dirac-Frenkel variational principle [9]. At
the initial time t = 0, we find θ(0) := θ0 by solving the least-squares problem

θ0 ∈ argmin
θ∈Θ

1

2

∫
X
|U(x, θ)− u0(x)|2dx. (11)

The necessary optimality conditions of problem eq. (10) lead to the so-called Euler equations characterized
by

∇ηRt(θ(t), θ̇(t)) = 0, ∀t > 0. (12)

Since

∇ηRt(θ, η) =

∫
X
∇θU(x, θ)

(
∇θU(x, θ)

T
η − f(t, x,U(x, θ))

)
dx,

we can write (12) as ∫
X
∇θU(x, θ(t))

(
∇θU(x, θ(t))

T
θ̇(t)− f(t, x,U(x, θ(t)))

)
dx = 0

Note that the above relation can equivalently be written as〈
∇θU(·, θ(t)), rt(θ(t), θ̇(t), ·)

〉
= 0 (13)

The resulting equation (13) can be formally interpreted as L2(X )-projection, for each time t, on the tangent
space of the “differential manifold” U at U(·, θ(t)), which is the linear space spanned by the partial derivatives
with respect to the θi of the non linear map U (for more detailed discussion on this topic, see, e.g., [2, Section
2.1]).

Defining M : Θ → Rn×n and F : R∗
+ ×Θ → Rn as

M(θ) :=

∫
X
∇θU(x, θ)∇θU(x, θ)Tdx,

F (t, θ) :=

∫
X
∇θU(x, θ)f(t, x,U(x, θ))dx,

(14)

then eq. (12) leads to the following system of Ordinary Differential Equations (ODEs) for the parameters θ{
M(θ(t))θ̇(t) = F (t, θ(t)), t > 0

θ(0) = θ0.
(15)

Remark 1. If the initial problem given in eq. (5) comes with boundary conditions, there exists several possi-
bilities to treat them at the discrete level in eq. (15). One can enforce them in a strong way within the model
U [4, Section 4.4], or weakly by adding conditions in the definition of U, see [4, Section 3.2].

2.2. Practical implementation

To implement the ODE system (15) in practice, we approximate the integrals over X with Monte-Carlo
quadrature (MC), and we use classical time integration schemes. For the sake of simplicity, we present in this
section a simple forward Euler time integration, but any other time integration scheme could be considered. In
fact, in our implementation, we have used an explicit Runge-Kutta scheme of order 4.

Let 0 = t0 < t1 < t2 < · · · < tk < . . . with (possibly non uniform) time steps δtk := tk+1 − tk > 0, and
suppose we compute at each tk an approximation θk ≈ θ(tk) using a forward Euler scheme. Thus, starting from
θ0 satisfying eq. (11), we are led to the scheme

M̃(θk)θk+1 = M̃(θk)θk + δtkF̃ (tk+1, θk), k ≥ 0, (16)
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where, for every (t, θ) ∈ R+×Θ, M̃(θ) and F̃ (t, θ) are the approximations of M(θ) and F (t, θ) by MC integration
involving J independent uniformly distributed random samples {x̄j}Jj=1 over X , we have

M̃(θ) :=
1

J

J∑
j=1

∇θU(x̄j , θ)∇θU(x̄j , θ)
T ,

F̃ (t, θ) :=
1

J

J∑
j=1

∇θU(x̄j , θ)f(t, x̄j ,U(x̄j , θ)).

(17)

In practice, M̃k := M̃(θk) is a n× n matrix of the form M̃k = 1
JV V T . Here, V is a matrix in Rn×J whose

j-th columns corresponds to ∇θU(x̄j , θ). Similarly, F̃k := 1
JV F is a vector of size n where F = (Fj)1≤1≤J ∈ RJ

has entries Fj = f(tk+1, x̄j ,U(x̄j , θk)).

In our numerical tests, the matrix M̃k quickly becomes singular due to possible linear dependence of the
partial derivatives w.r.t. θi of U . In this work, we address this problem by regularizing M̃k by adding a small
perturbation εI to M̃k to guarantee invertibility of the matrix. This extra term makes that λmin(M̃k + εI) ≥
ε > 0, which ensures invertibility, and helps to prevent conditionning issues. Alternatively, one can consider
the approach described in [2], where the idea is to update only randomly chosen entries of the neural network
parameters θ at each step k of eq. (16) to tackle this problem.

Remark 2. For some problems (e.g., arising from hyperbolic or transport dominated PDEs) uniformly dis-
tributed random samples {x̄j}Jj=1 over X may not be efficient to capture dynamical and localized features of the
approximation U. In that case, one can rather consider adapted sampling strategies to well capture U based on
the spatial gradient of U (see [4] for details).

We finish this section by recovering our dependence on a parameter ξ in the forward problem. Note that its
presence simply implies that all the above quantities become dependent on it: the neural network parameters
θ(t) will depend on it, and so will M , F and their sampled counterparts M̃ and F̃ (including M̃k and F̃k). In
what follows, we record this dependence explicitly in the notation when necessary by adding ξ as a superscript.

3. A dynamical filtering algorithm

In this section, we describe our algorithm for dynamical filtering. We recall that the setting here is that we
are given observations of the form

zi(t) = u(ξ†)(t, xi), 1 ≤ i ≤ m,

where the xi ∈ X are observation points, and ξ† is an unknown parameter. Note that we can leverage z(t) to
derive information about the velocity of u at these points since

żi(t) = lim
δt→0

(zi(t+ δt)− zi(t))/δt = ∂tu(ξ
†)(t, xi), 1 ≤ i ≤ m. (18)

In practice, we are given observations at fixed times such that ż(tk) can be estimated with finite differences,
e.g., ż(tk) ≈ (z(tk+1)− z(tk))/δtk for k > 0.

Our filtering algorithm requires both z(tk) and ż(tk) (or an approximation of it). Since the parameter ξ† ∈ P
is unknown, our approach is based on a joint parameter-state estimation for each time tk. This procedure
corresponds to algorithm 3.1, which proceeds in two steps: a state estimation step and a parameter estimation
step, denoted by (S) and (P) respectively. First, we use the parameter ξk to compute θk by making one step
of the forward problem with the NGS from section 2, namely eq. (16). Second, we use ż(tk+1) and the state
U(·, θk+1) to estimate the parameter ξk+1 in such a way that we minimize the residual of the equation at the
observation points.

Algorithm 3.1 (Main algorithm).
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• Initial time (k = 0, t0 = 0):
(S) Given z(0), we find

θ0 ∈ argmin
θ∈Θ

{
m∑
i=1

|zi(0)−U(xi, θ)|2
}
. (19)

and approximate u(ξ†)(0, ·) ≈ U(·, θ0). If the favorable case where the initial condition u0 is fully
known, we still need to compute its approximation in U so we compute

θ0 ∈ argmin
θ∈Θ


J∑

j=1

|u0(x̄j , ξ
†)−U(x̄j , θ)|2

 , (20)

(P) Given ż(0) and θ0, we estimate the parameter ξ0 as

ξ0 ∈ argmin
ξ∈P

{
m∑
i=1

|f(t1, xi,U(xi, θ0), ξ)− żi(0)|2
}
.

• Inductive step (tk → tk+1 for k ≥ 0): Assume we have computed U(·, θk) and ξk for time tk. We
now proceed to time tk+1. Using the observations z(tk) and ż(tk), we estimate θk+1 and ξk+1:
(S) We update θk+1 as

θk+1 = θk + δtk(M̃
ξk
k )−1F̃ ξk

k .

We then approximate u(ξ†)(tk+1, ·) ≈ U(·, θk+1).
(P) We find ξk+1 as

ξk+1 ∈ argmin
ξ∈P

{
m∑
i=1

|f(tk+1, xi,U(xi, θk+1), ξ)− żi(tk)|2
}
. (21)

Remark 3. One could consider more elaborate strategies where the observation locations xi evolve in time.
This feature is important to consider when working with dynamics involving strong transport effects. For these
problems, appropriate locations for one time may become completely uninformative for other times due to trans-
port as is shown in [13]. Even if a systematic strategy on how to place observation points goes beyond the scope
of this paper, we explore this feature in our numerical experiments by moving the observations points according
to “pre-scheduled” dynamics.

Remark 4. Instead of estimating θk and ξk in a two-stage approach, one could alternatively consider a joint
estimation of (θk, ξk). This point is also left for future work.

4. Numerical experiments

In what follows, we apply the algorithm 3.1 to treat a filtering problem involving the one-dimensional Kor-
teweg de Vries (KdV) equation [17] presented in [4, Section 3.1]. For simplicity, we have assumed that u0 was
fully known in the experiments so we use eq. (20) in our initialization (instead of (19)). An important aspect
which we investigate is the impact of the number and location of the observation points in the reconstruction.
We explore the potential benefits of dynamically moving the observation points giving us the observations zi(t)
compared to fixed locations.
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4.1. Problem setting

We consider the KdV equation in one space dimension which reads{
∂tu(t, x, ξ) = −∂3

xu(t, x, ξ)− ξu(t, x, ξ)∂xu(t, x, ξ),
u(0, x, ξ) = u0(x),

(22)

where the spatial domain and final time are set to X = [−10, 20] and T = 4, respectively. Here, the initial
condition u0 is assumed to be parameter independent. It is defined as in the second case considered in [17, pp.
233]. Since its definition is slightly convoluted, we omit giving the full details here and simply plot its shape in
fig. 1 (left plot). The initial condition u0 models the interaction of two solitons with different amplitudes, one
located around x = −5 and the other around x = 1. Throughout the section, we consider the filtering problem
which consists in recovering the solution of eq. (22) with fixed ξ† = 6. The map (x, t) 7→ u(ξ†)(t, x) is depicted
in fig. 1 (right).

Figure 1. Left: Initial condition u0 and its neural network approximation U(·, θ0). Right:
Solution to the KdV equation for ξ† = 6. This is the solution that we seek to approximate with
the filtering algorithm.

4.2. Implementation details

Neural network class: We work with a family U of shallow neural networks where U is of the form (4).
Our class consists of a sum of n = 12 parametrized Gaussian functions corresponding to the choice

ϕ(x,w, b) := exp(−w2|x− b|2).

We therefore have a total of n(d+ 2) = 36 parameters to train (i.e., θ ∈ R36).
Forward simulation: To solve forward problems, we apply the NGS of section 2 with U . This leads to

the nonlinear system of ODEs given in eq. (15), and in our case the matrices have size 36 × 36. We integrate
this system with an explicit fourth-order Runge-Kutta (RK4) discretization to produce solutions to the forward
problem. Our reference solution from fig. 1 was obtained in this way.

Filtering: The ODE system (15) is also solved during the inductive step (S) of our filtering algorithm 3.1.
We apply the RK4 scheme over K = 1000 time steps with a fixed time step δt = T/K. Each step of the scheme

requires the evaluations of the matrices M̃ and the right-hand side F̃ at intermediates time-steps. They are
estimated using J = 1000 points {x̄j}Jj=1, uniforlmy sampled in X . In the step (P) of algorithm 3.1, we replace

the continuous interval P with Ptrain ⊂ P with #Ptrain = 101.
To study the conditioning of the matrices M̃k, we present in fig. 2 the percentage of their nonzero eigenvalues

for each time step tk which are larger than 10−6 in absolute value. We observe that 20–25% of the eigenvalues
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are above this treshold. This indicates that the matrix should not be considered to be invertible, and having
full rank. To overcome the rank deficiency, we regularize M̃k by adding a regularization term εI, with ε = 10−3.

Figure 2. Percentage of eigenvalues of M̃k greater than 10−6 in absolute value, at each time t ∈ [0, 4].

Details about the code: Our numerical results were obtained using a code written in the Python language.
The computation of all derivatives and the minimization routines required for NGS are performed with the
pytorch library.

4.3. Quality of reconstruction

In this section, we study the reconstruction quality of our filtering algorithm in terms of its ability to
approximate ξ†, and u(ξ†). Remember that ξ† is constant in time (ξ† = 6) but our algorithm computes a
time-dependent estimate of it through the (P) step (see eq. (21)).

To explore the impact of the amount and location of the observation points in the reconstruction, we start
by considering in section 4.3.1 a favorable setting with many observation points (m = 100) uniformly spread in
X . In section 4.3.2, we consider a more challenging setting with fewer observations (m = 10).

4.3.1. A favorable setting with many, well-located observations

We first choose for {xi}mi=1 a uniform grid of m = 100 of points in X . For our simulations, the quantity żi is
estimated using eq. (18) with δt = 10−3 from the true solution for ξ†. In fig. 3 we represent the estimated state
with respect to time and space. We also plot the relative error between the true solution and the approximation

at each time step tk as errk := |ξ†−ξk|
|ξ†| . The left figure shows that the estimated state is in very good agreement

with the true solution displayed in fig. 1. This is confirmed when plotting the reconstructed state for given
times t ∈ {0.5, 1, 1.51, 2, 2.5, 3.01} on fig. 4. Similary, the parameter ξ† is well estimated, up to an error around
13%. These first results demonstrate the ability of our approach to properly estimate both the state u and the
parameter ξ†. The rather good reconstruction results are related to the location and the amount of observation
points. The next section deals with the situation with very few number of observation points.
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Figure 3. Left: Reconstructed solution using m = 100 sensors uniformly spread over X .
Right: Relative error errk on the approximation of ξ†.

Figure 4. Reconstructed solution using m = 100 sensors uniformly spread over X for different times.

4.3.2. A challenging setting with few observations

We start by considering the same setting as above but now we only have m = 10 observation points uniformly
spread over X . The figs. 5 and 6 show the evolution of the reconstructed solution and errk of the estimated
parameter. In comparison to fig. 1, the dynamics of the solution is clearly not well estimated. This also holds
for the parameter estimation for which the relative error can reach 100%. This behavior is not surprising given
that the amount of measurements is rather limited, and their locations only allow to sense the solution very
partially at every time.
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Figure 5. Left: Reconstructed solution using m = 10 sensors uniformly spread over X .
Right: Relative error errk on the approximation of ξ†.

Figure 6. Reconstructed solution using m = 10 sensors uniformly spread over X for different times.

We next concentrate the m = 10 sensors around the support of the initial condition u0: we place them
uniformly in [−5, 0] ⊂ X . One may expect that this location allows for a better reconstruction at early times,
and degrades as time advances. The obtained behavior is reported on fig. 7, and confirms this intuition: for
t ≤ 1, we obtain fairly decent reconstructions with an error up to 30%. The quality degrades quickly at later
times t > 1. This is also illustrated on fig. 8 showing that the solution is poorly reconstructed after t = 1.
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Figure 7. Left: Reconstructed solution using m = 10 sensors concentrated around the sup-
port of the initial condition. Right: Relative error errk on the approximation of ξ†.

Figure 8. Reconstructed solution using m = 10 sensors concentrated around the support of
the initial condition for different times.

The above experiments illustrate that, when measurements are scarce, the quality of the estimations highly
depends on the localization of the observation points with respect to the support of the solution. To improve
the quality of the estimates, we now consider m = 10 dynamical and equidistant observation points lying in the
time dependent interval [−5 + 4t, 0 + 6t]. Although this choice is “hand-made”, it is motivated by the idea of
following the location of the main soliton. In full generality, the location should be given by an algorithm that
gives the sensors’ movement in the course of the evolution in a similar spirit as was done in [13] for a filtering
algorithm with dynamically updated subspaces. The reconstructed solution over space and time is represented
on fig. 9. We observe significant improvements of the estimates in a much longer period of time, i.e. over [0, 3]
in comparison to the previous case in figs. 5 and 7. In the state estimate, we observe that the second soliton
(left bump) is badly estimated as shown on fig. 10, especially after t > 1.5. However, in comparison with fig. 1
the main soliton (right bump) is well captured until t = 3.0. We can notice a poor parameter estimation after
t > 3.0, as we can see in the relative error plot in fig. 9. A better choice for the observation points would have
been to track simultaneously both solitons according to their respective characteristics.
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Figure 9. Left: Reconstructed solution using m = 10 sensors that follow the main soliton.
Right: Relative error errk on the approximation of ξ†.

Figure 10. Reconstructed solution using m = 10 sensors that follow the main soliton for
different times.

5. Conclusion

We have introduced an approach for filtering which involves dynamically updated neural networks. The
method involves the NGS approach from [4] for forward simulation. We have validated the method for a
problem where the underlying dynamics of the function to estimate are governed by a 1D parameter dependent
KdV equation. The numerical experiments show that the position of the observation points is of high importance
to capture good properties of the solution as well as recovering the latent parameter for the reconstruction with
the neural network. When the amount of observations is limited (as is often the case in real applications), our
results also indicate that we need to consider methods capable of capturing the dynamics of the function to
estimate. There are so far no theoretical foundations for both the forward scheme and the filtering algorithm
and this is a crucial point that will be addressed in a forthcoming work.
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