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Abstract. Microorganisms form complex communities known as microbiota, influencing various as-
pects of host well-being. The Generalized Lotka-Volterra (GLV) model is commonly used to under-
stand microorganism population dynamics, but its application to the microbiota faces challenges due
to limited bacterial data and complex interactions. This preliminary work focuses on using a Physics-
Informed Neural Network (PINN) and synthetic data to build a surrogate model of bacterial species
evolution driven by a GLV model. The approach is calibrated and tested on several models differing
in size and dynamic behavior.

Résumé. Les micro-organismes forment des communautés complexes, des microbiotes, qui influencent
divers aspects de la santé de leur hote. Le modeéle de Lotka-Volterra généralisé (GLV) est couramment
utilisé pour comprendre la dynamique des populations de micro-organismes, mais son application au
microbiote se heurte a des difficultés dues au manque de données sur les bactéries et a la complexité
des interactions. Ce travail so préliminaire se concentre sur 'utilisation d’un Physics-Informed Neu-
ral Network (PINN) et de données synthétiques pour construire un modeéle approché de I'évolution
d’espéces bactériennes décrite par un modéle GLV. Cette approche est calibrée et testée sur plusieurs
modéles qui différent par leur taille et leur comportement dynamique.

INTRODUCTION

Microorganisms play an essential role as abundant and diverse entities within ecosystems, exerting a signifi-
cant influence on biological functioning. They often come together in complex communities called microbiota,
establishing symbiotic relationships with their environment to maintain a state of equilibrium. However, the
spatial distribution of microorganisms in the human body is not homogeneous, varying according to habitat or
anatomical site [31]. In the digestive tract, for example, the concentration of microorganisms increases from
the stomach, where the acidity and the presence of digestive enzymes are unfavorable for the development of
bacteria, towards the colon where conditions are optimal for their growth, the temperature is constant (37 °C),
the environment is not very acidic and is rich in water, transit is slow and food is abundant [15]. The gut
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microbiota found mainly in the human colon is a dynamic ecosystem whose development is influenced by sev-
eral factors: genetics, age, geographical location, stress, diet, exposure to infectious agents or pollutants, and
antibiotic intake [25,/35]. Numerous studies continue to reveal that the gut microbiota plays a crucial role
in various aspects of our well-being [3|, such as digestion, regulation of the immune system [1§|, protection
against infection, vitamin synthesis, and even influences on cerebral and metabolic functions [8]. Imbalances or
alterations in this ecosystem can be associated with a wide range of health problems, from digestive disorders
and autoimmune diseases to obesity and neurological disorders [9]. Certain disturbances in the composition
and functions of the microbiota resulting in dysbiosis can lead to certain syndromes such as irritable bowel
syndrome [15]. The microbiota can also be used as a medicine (using fecal transplants) to treat certain illnesses
such as antibiotic-resistant diarrhea caused by Clostridium difficile [15]. In natural ecosystems, the soil micro-
biota actively participates in the decomposition of organic matter, releasing essential nutrients for plants, and
some bacteria can establish symbiotic relationships with plant roots, promoting their growth by providing addi-
tional nutrients [12}[27]. A better understanding of the microbiota could have a major impact on environmental
sustainability, improving human health and managing ecosystems but despite advances in studies of bacterial
ecological dynamics, the question of the nature of bacterial interactions in the intestinal microbiota remains
open.

The Generalized Lotka-Volterra (GLV) model is commonly used to model and anticipate variations in microor-
ganism populations within an ecosystem [24}36[37]. In the case of the microbiota, it could provide information
on how changes in the composition and abundance of a microorganism population could influence the ecosys-
tem [7,{16]. Furthermore, by analyzing the model parameters, we can identify the microbial species that have a
significant influence on the dynamics of the microbiota as a whole [11,/32], predict interspecies interactions [33],
species coexistence [14], and even community structure and dynamics [6].

However, when modeling large ecosystems with multiple species, simulating the GLV model may lead to com-
putational challenges. This is particularly true in the context of parameter estimation, where many approaches
(for instance Maximum Likelihood or MCMC estimation) explore the parameter space and simulate the model
accordingly, potentially generating extensive simulation times and numerically unstable behaviors along the
exploration process. Alternative approaches have been proposed in the literature, based on the so-called “meta-
modelisation” of the system trajectories, for instance through splines [23}/30] or Gaussian processes [10}38|,
embedded in a parameter estimation procedure. The main advantages of these approaches are to avoid numer-
ical issues related to dynamical system simulation, and also to allow an easy integration of prior information in
the trajectory reconstruction process, such as experimental data. The objective of the present work, in a first
step towards parameter estimation, is to investigate the ability of Physics-Informed Neural Networks (PINNs)
in providing such metamodels in the specific context of GLV ODEs, based on some typical issues they may
raise.

PINNs is a recent and appealing approach that allows the fast and accurate simulation of large and complex
dynamical systems [29]. A PINN is a machine learning framework that combines neural networks with physics-
based principles to efficiently solve complex physical problems. PINNs are designed to handle supervised
learning tasks while respecting prescribed physical laws expressed through partial differential equations (PDEs)
or ordinary differential equations (ODEs). They provide a powerful approach to solving problems based on
PDEs and ODEs, but training PINN for certain ODE models with either sensitivity to initial conditions, or
complex behavior, such as the ones presented above, requires an adequate architecture as well as a significant
amount of synthetic training data and computational effort or an accurate emulation [2].

In the present preliminary work, we will design a PINN method, and apply it to the GLV model to simulate
the evolution of bacterial species in presence of experimental data, potentially noisy. The paper is organized
as follows: in Section [I} we present the governing equations of the GLV model and provide some examples
applied to the context of bacterial populations. Section [2|introduces the PINN framework, and presents some
preliminary results about the architecture employed in this study. Finally, Section [3]shows the results obtained
using the PINN to solve the GLV model, applied to synthetic cases of bacterial populations with and without
added noise to the generated observations.
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1. GENERALIZED LOTKA-VOLTERRA MODEL

In this section, we introduce the Generalized Lotka-Volterra model [36]. This model has been developed
to mathematically model the coexistence of various numbers of species in a closed system in a competitive or
predator environment. Section [I.1]is devoted to the introduction of the notation and the description of such
model, while Section [1.2] presents two examples that will be used in the sequel for numerical applications.

1.1. Description of the model

Assuming large and well-mixed bacteria population, with only bidirectional interactions between bacteria
populations, and also assuming that their composition, diversity, and dynamics are not influenced by external
factors or environmental conditions (e.g. physical and chemical parameters such as temperature, pH, humidity,
light intensity, nutrient availability, and oxygen levels, host interactions, ...), then the evolution of Ny different
species of bacteria population over a horizon of time t¢,,, can be described by a Generalized Lotka-Volterra
(GLV) model [37]:

d(Ei
dt

Ns
() = pizs(t) + > aijai(t)z;(t), V€ [0, tmax], 1 < i < N, (1)
j=1

with the initial condition x;(t = 0) = x;9. The scalar x;(t) represents the abundance of the bacterial population
of species 7 at time ¢, ; represents the intrinsic growth rate of the bacterial population ¢, and a;; describes the
interaction coefficient representing the direct effect of one unit of biomass of the bacterial population of species
j on the growth rate of the bacterial population of species .

Bidirectional interactions among these bacterial populations can be categorized into competition, coopera-
tion, antagonism, and mutualism, but they often lack symmetry due to differences in species characteristics,
environmental conditions, and ecological roles. For instance, a negative coeflicient a;; means that the population
j has a negative impact on the growth of the population i, e.g. competition or predation by population j on
population 7. On the other hand, a positive coefficient a;; means that the presence of the population j enables
the population ¢ to thrive, e.g. cooperation between the populations 7 and j or predation by population ¢ on
population j.

These asymmetric interactions are crucial for maintaining ecosystem balance; beneficial bacteria can inhibit
pathogens through competition and antagonism, while cooperative relationships enhance resilience against infec-
tions. However, since a;; and p; can take any signs and values, several behaviors can be observed [13}[17,/19,21]
such as oscillations, stable equilibrium with coexisting species, extinction of some species or even demographic
explosion or chaos.

The simulation of GLV models can raise numerical issues, to prevent them and avoid unrealistic negative
solutions, we assume positive initial conditions and use the logarithmic formulation of the model. For ¢ €
[0, tmax), dividing by z;(¢) in Equation (T} leads to the following formulation:

% = Wi+ Z aijx; (t). ?

Setting g = [p1, -+, pun.]", A= (aij)i<ij<n, and w = [ug, - cun.]” with u; = log(x;), Equation can
be written under the matrix form:
du(t)

PR p+ Aexp (u(t)), (3)

with the initial condition u(0) = uyg.
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In the following, the matrix 6 denotes the matrix of the GLV parameters, which contains the intrinsic growth
rate and the interaction coefficients:

1251 ail ... A1,N,

UNs ANl .- GNSN,

In this study, the classical solver of the GLV model employed as reference is implemented in Python using the
odeint function from the scipy.integrate library. The default solver of the library is used, namely LSODA. In
the following, we denote by ezxact solution, or true solution wuip,tn the trajectories computed with such solver
knowing a priori the values of the parameters 6.

1.2. Illustrative cases for numerical simulation of the GLV model

As mentioned above, the solution of the GLV model can exhibit very different behavior. While GLV models
with three species or fewer have been extensively studied [19], there are few theoretical results on GLV models
in higher dimensions, except for models with specific structures such as bounded competitive GLV (negative
off-diagonal terms in the interaction matrix), cooperative systems (positive off-diagonal terms). We refer the
reader to |4] for a complete survey of available theoretical results.

If the parameters (u, A) are taken randomly, the probability to reach a situation where only one species
outlives while all the others go extinct increases with the system dimension. Species co-existence through stable
oscillations or steady state is indeed non-generic.

A possible approach to obtain an oscillating model consists of generating a matrix A that possesses specific
properties:

(i) its diagonal elements and the vector p are set to zero, effectively nullifying any self-impact of species;
(ii) the matrix A is antisymmetric, guaranteeing that the interaction between species ¢ and species j is
equal in magnitude but opposite in impact to the interaction from species j to species ¢ (predation
interaction);
(iii) the sum of each row in A is precisely zero, thereby guaranteeing a compensatory effect for the impact
of one species on another.

Assumptions |(i)| and ensure the total population to be constant over time (see |4, Chap. 3|), whereas [(iii)|
ensures that vectors with equal, strictly positive coordinates are fixed points of the system. In the case of systems
with even dimensions, after [4, Chap. 3], such systems are Hamiltonian and a strictly convex Hamiltonian can be
constructed, which guarantees (see e.g. [26]) that the corresponding GLV model exhibits oscillatory dynamics.
For systems exhibiting Hamiltonian behavior in even dimensions, exploring the use of symplectic numerical
methods [20] provide a structured approach to preserve system properties such as energy conservation.

For the general GLV model, [4, Theorem 5] provides a sufficient condition for the asymptotic convergence
towards a stable, coexistence equilibrium, which refers to a situation where the interactions between the different
species reach an equilibrium point where they coexist sustainably. Indeed, if the model parameters ensure that
the growth rates and interactions among different species balance each other, resulting in a strictly positive
equilibrium denoted as —A~ 'y, and if there exists a non-negative diagonal matrix D satisfying AD + DAT
being negative-definite, then the positive equilibrium is both stable and globally attractive in the positive region
of the space. This characterization suggests a heuristic to generate such parameters:

(1) Randomly generate a pair (u, A) € RNs x RNs*Ns with g > 0 and the diagonal of A < 0, and imposing
20 to 40 % of the extra-diagonal terms of A to be zero.

(2) Solve the equation 4+ AX = 0. If any element of X is negative, then go back to step (1), else continue
to step (3).

(3) Set D := diag(X), if AD+DA" is negative-definite, then keep the generated parameters, else eliminate
it and go back to step (1).
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Note that in the limit case where all the extra-diagonal terms of A are zero, the GLV model becomes a set of
uncoupled logistic growth equation, with a trivial positive stable steady state satisfying the proposed heuristic.
Hence, by playing on the percentage of zeros in the extra-diagonal part of A or on their magnitude, the heuristic
should provide adequate parameters, even for high dimensional models.

To illustrate the capability of the PINN to accurately capture the expected outcomes, two illustrative test
cases with distinct behaviors will be considered. In this section, the test cases and the related numerical
simulations are presented.

Example 1.1. We introduce a first example with Ny, = 3 bacterial species. The interaction matrix, the intrinsic
growth rate, and the initial population are chosen as follows:

—2 -5 -05
As;=|-05 -1 —1.2|, ps=1[7526,25" and uo=[5,3,1]". (4)
-1 —-05 -1

The growth of one species triggers a reduction in another, fostering a reciprocal cycle until a state of stationary
equilibrium is achieved. Figure illustrates the evolution of these three populations over the time window
of interest for this illustrative example, while Figure highlights that stationary equilibrium is achieved in
the long term.
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(a) Time interval [0, 10] s. (b) Time interval [0,120] s.

F1GURE 1. Results of the simulation of the GLV model with three populations of microbes for
an initial population uy = [5, 3, 1]T.

Example 1.2. We consider a bacterial population with N, = 20 species. Using the algorithm described
previously, we generate a parameter matrix 629 = (20, A2o) such that the system possess at stationary state
7A2_01;¢20. The obtained matrix is available at https://gist.github.com/thomas-saigre/4f92bbb02221a3
35c4cbafd74b2441fb. An example of the simulation of the system, using random initial states is presented in
Figure 2] The theoretical limits for the populations are also shown. For this case, we select a final simulation
time tpax = 20 s.


https://gist.github.com/thomas-saigre/4f92bbb02221a335c4cbafd74b2441fb
https://gist.github.com/thomas-saigre/4f92bbb02221a335c4cbafd74b2441fb
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F1GURE 2. Solution of the GLV model with a convergent state, where 20 species are considered,
over the time interval [0,20] s. A random initial condition is considered. The dashed lines
represent the theoretical values of the stationary stage _A2—01 20

2. PHYSICS-INFORMED NEURAL NETWORK

This section introduces the neural network framework that is used to simulate the GLV model: Physics-
Informed Neural Networks and the discussion about its architecture.

2.1. PINN framework

Physics-Informed Neural Networks or PINNs have been introduced in as neural networks designed to
address supervised learning tasks while adhering to specified laws of physics outlined by nonlinear partial dif-
ferential equations. It combines both supervised and unsupervised learning. In traditional supervised learning,
the network learns from a labeled training dataset, where inputs and outputs are matched: the network aims at
minimizing a loss function that measures the difference between its predictions and the data labels. In unsuper-
vised learning, the network is exposed to unlabeled data, and its objective is to identify patterns or relationships
within the data without explicit guidance from labeled examples. The PINNs are trained to simultaneously
minimize the gap between the predictions and the training dataset and satisfy the governing physics equations,
thereby incorporating both types of learning to achieve a comprehensive and physics-informed model.

The goal of the PINN is to construct a neural network approximation wg(t) of the solution w(t) of Equation
based on the knowledge of this equation, where g : [0, tmax] — RYs denotes the function predicted by the
network for a given parameter 6. For t € [0,¢.x], we introduce the residual £ of the GLV model with
respect to the prediction 4g at time ¢ defined as

L(ug;t) := dﬁ(;t(t)

— (+ Aexp(ug(t))). (5)

In the present work, we have in view a specific situation where, unlike in the usual framework of PINNs, the
initial condition of the GLV model is not exactly known and it is assumed to be observed together with other
observations at other time points. For this reason, we add second information based on a sample of data U(®).
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The data, in this specific contribution, are generated numerically, but eventually experimental data should be
provided. By averaging measurement errors, introducing these data should reduce the sensitivity to errors on
the initial condition and improve the accuracy of our predictions given a fixed grid time points. Thus, the loss
function should both satisfy the model and fit the data U(®),

The neural network approach proceeds by using an optimizer to update the weights and bias by minimizing
a loss function. In our implementation, we employ the optimizer Adam, implemented in the PyTorch library.
This loss function is defined as a linear combination of quantities that measures the quality of our prediction.
Specifically in the context of GLV model, we introduce two types of errors for the development of our PINN:

o MSFE4ata: the mean squared misfit by the data, also called the data loss, which is used to assess the
extent to which the model can faithfully reproduce the data presented

Ne©
@ obs

MSE gaia(t)) = ZZ( (t) fij)Q, (6)

Obsilkl

for an experiment e, t(¢) = (t(e)) obs and N&  are respectively the time of observations and the number

obs
of observations, Ui(;) represent the quantity of bacterial population of species i observed at time t,(f)

i s . . . L A
and ay is the neural network prediction of the bacterial population of species i: & = (ul)iz‘l;

e MSE L the mean squared residual, also called the physical loss, which enforces the structure imposed
by (5) at a finite set of collocation points ¢, = {t,}; f1 C [0, tmax]

MSEc(tr) = 5737 3 3 Lty 7)

where L(a;t) = (L;(a;1)) Y
Note that the influence of the initial conditions is included in the model, by the loss MSFE 4.ta, but, as mentioned

above, due to potential measurement errors, there is no reason to distinguish it from other available data. We
introduce the loss function to be minimized, involving a hyperparameter AP'NN > 0:

Loss = MSEqata(t'?) + A\PNNMSE£(t,). (8)

For all our numerical experiments, unless otherwise specified, we take Ny = 100 collocations points and
Nobs = 10 observational data points. We present in Figure [3] an example of the evolution of the MSEs of the
loss, over the iteration during the learning process of the PINN. The loss employing a value of AP'NN = 0.1 is also
presented. The results presented are obtained from the case with 20 bacterial species, introduced in Example
We remark that after a certain number of epochs, the global loss decreases steadily, demonstrating the
learning process of the PINN, while the data loss stabilizes at a lower value, and the physical loss remains
higher, likely due to the complexity of the governing equations.

2.2. PINN architecture

In this section, we discuss the chosen architecture for the neural network trained within the PINN framework
exposed above. A single neural network will correspond to a single experiment e, and will therefore be trained
to predict, for a time ¢ as input, the population of the N, species in the given experiment. By adopting a
single neural network, the model is tasked with predicting the population dynamics of all N, species at a given
time ¢ within the specific experiment. The rationale behind this decision is to streamline the training process
and enhance efficiency instead of considering a different neural network for each species. This consolidated
architecture simplifies the complexity of the overall framework and promotes a more unified and manageable
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FI1GUuRE 3. Evolution of the data loss MSEFE gata @, physical loss MSE . (7) and loss function
Loss (8), over the epochs during the training of the PINN for the Example

training procedure. This strategic choice aimed at achieving a balance between computational efficiency and
predictive accuracy, providing a pragmatic solution for the modeling objectives within the PINN framework.
Thus, the proposed architecture, outlined in Figure [] is composed of successive neural layers of various sizes
and utilizes the hyperbolic tangent as activation function. The hyperparameters governing the number and size
of intermediate layers, denoted as Niayers and Siayers respectively, are subject to tuning, which is detailed in

Section 2.3

~
Mayers layers of size Siagers

FI1GURE 4. Proposed architecture for the PINN framework: an input layer ¢, a second layer of
size Ny, Niayers Of size Siayers, and an output layer of size N, to predict the population of the
different species evaluated at time ¢. We use a hyperbolic tangent activation function for all
our layers.

This chosen architecture aims to strike a balance between model complexity and predictive accuracy, leverag-
ing the interconnectedness of species dynamics while maintaining computational feasibility. The choice of layer
sizes being proportional to the number of species Ny allows the network to effectively handle the complexity
of interspecies interactions, maintaining a sufficiently rich feature space. Additionally, it is possible to improve
the network’s ability to capture oscillatory dynamics by incorporating Fourier features , which could be
particularly beneficial for cases like Example where periodic behaviors are prominent. This enhancement
will be explored in future work.

In the following, we present two different aspects that have been investigated to increase the effectiveness
of the PINN framework, notably the strategy to tune the architecture hyperparameters and the application of
time normalization to the classical GLV model.
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2.3. Selection of hyperparameters

Setting up the PINN described in Section requires choosing AP'NN as well as the architecture of the
multilayer perceptron (the number of layers Niayers, and the size of these layers Siayers) and the number of
epochs used in training, Nepochs, Which corresponds to how many times the entire dataset is passed through
the neural network during the training process. We decided to use Optuna [1], an open-source hyperparameter
optimization framework, to search the hyperparameter space to find the best value for these hyperparameters
with respect to a chosen metric. This metric, Fpinyn, will be the relative error of our prediction concerning the
true solution at each collocation point:

. , 2
N, ||o) — !
1 S ‘ truth ‘LQ 0. brman
EpinN = N Z : 3 (O fmaxl) 9)
L u]
! H truth ‘LQ([O,tmax])

We explore the tuning of the hyperparameters Nepochs, Nayers and Siayers- The objective value optimized by
Optuna, presented in the following results, is the logarithm of the error Fpiyn. When selecting the architecture
of the PINN, we also need to keep in mind the computational cost that would be required by a more complex
architecture: the more parameters are involved, which are directly influenced by Ny, Niayers and Siagers, the
more time will be needed to perform the training of the neural network. Unlike the other hyperparameters, we
did not perform specific tuning for AP'NNas its value depends on the confidence in the model versus the data.
In this study, AP'NN was chosen deterministically based on prior knowledge, and a thorough exploration of its
optimization is beyond the scope of this work.

We present in Figure [5] various findings of our investigation performed on the oscillatory test case with
N, = 3. Precisely, Figure shows the impact of the hyperparameters on the prediction error Epiyn, while
Figure illustrates the error distribution map observed as the size Siayers and number of layers Nigyers
vary. As expected, the results indicate that the error is smaller when these two parameters are higher. The
interesting finding is that the Siayers affects more the relative error than Nyayers, see Figure Moreover, when
Niayers 2> 2 we do not see such an improvement in the results, this behavior is also notable for Siayers > 20. In
Figure we display the evolution of the prediction error Fpinn according to the value of the most influential
hyperparameter Siayers- We recover the fact that the wider the layers are, the more precise the prediction is
and the threshold Siayers > 20 where no appreciable increase of accuracy is highlighted. In order to understand
the operations carried out by Optuna, we additionally use different colors to illustrate each stage within the
trial process. Finally, we performed the same study, focusing on the computational time to find a balance in
terms of efficiency for the architecture of the PINN, as presented in Figure The impact is measured on
two metrics: the prediction error Epynyy and the computational time needed to train the neural network, at a
fixed number of epochs. We recover that the size of the layers impacts the relative error, but less affects the
time of simulation: the training of a deeper neural network will take more time than the training of a wide one.

In light of all these results, we hereafter select the hyperparameters Nepochs = 2000, Nayer = 2 and Siayer =
7 x N, giving the following architecture to the neural network: [1, Ns,7 X Ng,7 X Ng, Ng|. The final number
of trainable parameters of the network is then dependant on the number of species. For the two examples
presented in this work, with Ny = 3 and N, = 20, we have respectively 571 and 25,221 trainable parameters in
the neural network.

While we utilized Optuna for hyperparameter optimization, our experiments emphasized the more challenging
oscillatory dynamics with Ny = 3, as this presents a greater challenge for neural networks compared to stationary
dynamics. The architecture’s proportional scaling with Ny ensures that the increase in the number of species
does not impede the network’s effectiveness across different system sizes.
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F1GURE 5. Results obtained with Optuna on the PINN architecture: tuning of hyperparame-
ters: number of layers Nigyers, layer size Siayers, and number of epochs Nepochs-

2.4. Time normalization

To enhance the stability of numerical computations during the training of PINN, expedite the convergence of
PINN learning by mitigating potential issues like vanishing gradients and gradient explosions as discussed in 22,
, and facilitate the optimization process by improving the handling of diverse scales in model parameters, we
propose a modification to the GLV model introduced in Section Originally defined over a finite time interval
[0, tmax], the model is reformulated by normalizing the time, leading to a formulation defined over a normalized
time interval [0,1]. Normalization is a widely adopted approach in machine learning for enhancing neural
network performance. In this context, specifically, data contain significant variations from one timescale to
another, time normalization would help the model to focus on the underlying patterns (dynamics of competition,
predation, cooperation, or other interactions between species that persist over significant time scales despite
noise or short-term variations in the data) rather than on variations in amplitude. With this rationale, to obtain
the normalized version of the GLV model, we perform the following change of variable T := t/t;,.x. Hence, the
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GLV model is rewritten as:

du(T)
dr

= tmax(pt + A -exp(u(T))) for T € [0,1]. (10)

This change of variable leads to a change also in the loss function , specifically in the physical loss MSE ¢
leading to change of the hyperparameter APINN.

Anormatized = A (tmax) . (11)

On Figure |6, the PINN predictions @ obtained with the original GLV model and with the normalized

GLV model (10) using the appropriate scaling of AP"NN are compared for both cases introduced in Section

These results suggest that the prediction is better when time normalization is used, confirming our hypotheses.

Specifically, for the oscillatory test-case presented, see Figure the mean relative error on the predicted

trajectories (@) is Ef{on®™ = 0.14 without the normalization and E}{e™ = 2.04-10~2 with the normalization.

For the second test case with N; = 20 species, see Figure even though it is less striking than in the
oscillatory case, the time normalization enables to improve the prediction accuracy. The mean relative error
on the predicted trajectories is E/ou®™ = 0.11 without the normalization and Ep/\a™ = 7-10~2 with the
normalization.

We figure that with the time normalization, the error gains one order of magnitude. Hence, we will consider
the normalized version of the PINN for further simulations. Our tests indicate that logarithmic normalization
of concentrations does not significantly increase training duration while improving the accuracy of the results,
making it a suitable choice for our analysis. Hereafter, by abuse of notation, ¢ will refer to the normalized time
variable and AP'NN to the normalized hyperparameter AP!NN

normalized "

3. NUMERICAL RESULTS OVER THE INFLUENCE OF DATA

This section presents some numerical results obtained with the PINN described in the previous section. The
cases introduced in Examples and will be both used in the following to compare @ the approximation
computed by the PINN with the reference solution wg¢n computed by solving the GLV model introduced in
Sec. [If for the two specific sets of given parameters 8. In the present study, using the reference solution of the
GLV model, we generate synthetic data to train the PINN. Still, the impact of different behavior of the dataset
on 4 is highlighted in this study in order to test the robustness of the proposed approach to potential issues
that may arise when working with real data. To do so, the following situations are considered hereafter:

(1) generating data on a fixed equidistant grid over the time interval [0, ¢max] or selecting those times
randomly from a uniform distribution;

(2) intentionally reducing the number of available data, to simulate missing or few data in actual experi-
ments;

(3) adding noise to the data, to simulate the noise in actual experiments.

In the following we analyze the accuracy and the efficiency of the PINN with respect to these three situations
for the two illustrative examples presented in Sec. [[.2}

3.1. Impact of data sampling strategy

In this section, we focus on the impact of the data sampling on the accuracy of the prediction of the PINN.
To begin with, we look at the distribution of the data over the time interval [0, tmax]. Two data sets of size
Ngps = 5 are generated. In the first data set, the data are generated over a uniform grid of the time interval.
In the second dataset, the data are generated at times randomly sampled following a uniform distribution in
the time interval. The predictions of the PINNs trained with these two datasets and for the two test cases are
shown in Figure[rl] During the training process, all the collocation points are taken identical and equidistributed
over the interval [0, t;ax]. For the case with 3 species, see Figure the errors are Epynyy = 0.17 for random
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(b) Ns = 20, only 4 species are presented.

F1cURE 6. Comparison of the PINN predictions with and without time normalization. The
full blue line is the true solution of the model, and the dashed lines are the predictions of the
two PINNs, with time normalization (green) or without it (red). The appropriate scaling for
ABINN 55 applied.

times and Epiny = 0.13 for equidistant time ones. On the other hand, the case with 20 species results in
Epinn = 3.56 - 1072 for random times and Epinyy = 3.37 - 102 with equidistant time ones, see Figure

For both cases, the impact of the distribution of the data on the PINN’s accuracy is not remarkable: the
resulting PINN approximations @ are similar using different strategies. This outcome is interesting from an
experimental point of view, where the sampling strategy can be constrained.

3.2. Influence of the number of data used in the training on the network’s prediction

First, we focus on the oscillatory example with N, = 3 species, described in Example From the model
parameters 03, two sets of data with various sizes are generated: one with Nyns = 2 and Nypg = 12. It should
be noted that the case Nybs = 1 (usually the initial condition) corresponds to the standard framework of PINNs
for ODEs, thoroughly investigated in the existing literature . The results of the prediction of the PINN for
both sets of data are presented in Figure For a small number of data, the PINN is not able to properly
approximate the reference solution and the predicted trajectories are not able to capture the behavior of the
true solution. However, as the number of data increases, the prediction becomes more accurate. It is also
highlighted by the mean relative errors (Eb that is EI(DQI)NN = 0.25 for the PINN trained with 2 observation data

and ES2) = 71072 when 12 observations are provided.
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FiGure 7. PINNs predictions trained with data generated on a fixed equidistant time grid
(orange dashed line) and on times randomly selected from a uniform distribution (blue dashed

line) over the time interval [0, tmax]-

Secondly, we analyze the test case where 20 species are considered, with the convergence toward a stationary

state (Example [L.2). The results are presented in Figure [J] for two different training sets: one with Nops = 3

(Figure 9(a)) and one with Nops = 11 (Figure [9(b)). Note that only 4 species are presented. We remark that,
with a small number of observations, unlike the oscillatory case, the PINN tends to approximate fairly well
) 5.16 - 103, Doing the

the trajectories and fits perfectly the theoretical limit. Precisely, the error is EI(DBINN =

same with more data (Nyps = 11), see Figure we remark that predictions of the PINN are similar to the
N = 5.55-1073. One can conclude that in this case, the number of observations does

. : (11)
previous case with Epy
not influence the PINN approximation and especially the estimation of the stationary state.

In analyzing the results, it is noteworthy that the oscillatory test case exhibits poorer accuracy compared to
the stationary counterpart. This disparity can be attributed to the chosen activation function, which inherently
struggles to replicate periodic behaviors without additional constraints from more data to guide the predicted
trajectories of PINNs. It is worth mentioning that alternative activation functions (e.g., cosine) could success-
fully capture periodic patterns but might fall short in reproducing stationary behaviors . Given the need to
make this activation function choice “offline” before knowing the specific parameters and the system behavior,
we have consciously adhered to the hyperbolic tangent choice, prioritizing the reproduction of stationary be-

havior. This decision aligns with our focus on biological applications that often involve steady-state scenarios.
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Fi1GURE 8. Prediction of the PINN with various numbers of points used for the training set.
The population is composed of three species (Ex. . The full blue line is the true solution of
the model, the dashed red line is the model’s prediction. The square points are the data used
for the training of the PINN.

In specific circumstances, however, alternative activation functions can be employed in the proposed approach

to better simulate oscillating behaviors.
In the oscillatory test case, the inclusion of data points, such as through data loss, is crucial to avoid local

minima and prevent constant incorrect predictions, even when no noise is present in the data. Conversely, in
the stationary case, while the model can function without such data, adding data points enhances accuracy
and reduces computational time, as shown in our preliminary tests. These findings are consistent with previous

results reported in .

3.3. Adding noise

In order to evaluate the proposed methodology on more realistic data, we conducted some tests with noisy

synthetic data.
From deterministic generated data y, we define the following multiplicative noise ynoisy as:

1
noisy = Log:A (1 = In(y) = 5020 = In(1 + %)),
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FIGURE 9. Prediction of the PINN with various numbers of points used for the training set
Nobs, for the test case with Ny = 20 (only 4 species are presented). The full blue line is the
true solution of the model, predictions of the PINN with and without time-normalization are
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F1cURE 10. Prediction of the PINN with noisy data, for the oscillatory case with N, = 3 species.

where v is the desired ratio between the standard deviation and the value (v =
data for the GLV model, we select a value for v between 0.1 and 0.3.

To begin with, we present the results for the oscillatory case with 3 bacterial species, introduced in Example
[T} see Figure[I0] In the figure, the exact solution is still plotted, even if the data are noisy, as we do not expect
the predicted trajectory to be equal to the exact solution. The error resulting from the PINN approximation is

@) -
Epinn = 3.18-1072.

%) In the context of noisy
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Now we focus on the second example introduced in Example with 20 species, see Figure The error
resulting from the PINN approximation is Eay = 4.89 - 1072,

For both test cases, the predicted trajectories are quite close to the reference solutions and the errors between
the PINN approximations and reference solutions are fairly low. This tells that the developed PINN model is
robust to noisy data, which is a positive outcome of the method. Note that such results are obtained to a

fine-tuning of the hyperparameter AP'NN.

4. CONCLUSIONS AND PERSPECTIVES

In conclusion, our utilization of the GLV model within this study has provided valuable insights into the
dynamics of microorganism populations. Despite its widespread use, conventional methods may encounter
challenges in solving the GLV model due to the intricate behaviors associated with specific parameter sets. By
employing PINNs in our research, we successfully simulated the evolution of bacterial species governed by the
GLV model. Our proposed approach relies on a loss function that effectively combines the constraints of the
physical model with data.

We experimented with various architectures and numerical strategies to enhance the efficiency and accuracy
of this methodology. Subsequently, to illustrate the capability of the developed PINN in capturing expected
outcomes, we considered two test cases with distinct behaviors. Finally, considering potential experimental
applications, we discuss the influence of data, including different sampling, missing data, and noise, on the
robustness of this method.

This study on the application of a PINN to the GLV model is a preliminary study to assess the capability
of such approach to simulate the evolution of bacterial species. Looking forward, our perspective involves
extending this approach into a more complex framework, particularly for the estimation of GLV parameters.
Traditionally, algorithms designed for parameter estimation tasks require repeated solving of the model, making
computational efficiency a crucial consideration. In this context, the adoption of a fast yet robust method, such
as the proposed PINN, holds the potential to be pioneering in the field of parameter estimation for the GLV
model. With such methodological developments, we expect to improve the optimization of parameter estimation
processes, thus gaining a deeper understanding of microorganism dynamics. However, further investigations,
that are out of the scope of this preliminary study, are required to adapt the proposed approach for various
parameter values.
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