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Abstract. To predict underwater noise radiated by a ship, various numerical methods are available.
In underwater acoustics, the most e�ective prediction methods consist in solving an acoustic analogy
using an integral formulation. In this study, we propose a machine learning surrogate-based method,
combined with Monte Carlo integration, to e�ciently estimate volume integrals that arise in acoustic
analogies. We use three machine learning surrogate models: multi-layer perceptrons, Gaussian pro-
cesses and gradient-boosted decision trees. For each model, a theoretical background is presented.
We conduct numerical experiments to compare the state-of-the-art classical Monte Carlo quadrature
method with our new machine learning based method. We �rst apply our method to simple canonical
functions, which are analytically integrable, to evaluate the accuracy of our method. We then use a
multi-layer perceptron-based surrogate model to approximate a fabricated function that mimics the
characteristics of noise sources found in acoustic prediction models, such as those related to turbulent
�ows near geometrical singularities. Numerical experiments demonstrate that the proposed machine
learning-based approach achieves performance levels comparable to state-of-the-art Monte Carlo quad-
rature methods, demonstrating the potential of ML techniques in this domain.

1. Introduction

Ambient noise in the ocean caused by anthropogenic and natural sources has been an increasing subject of
concern. Over the last decades, the underwater noise pressure spectrum has increased by at least 12dB compared
to pre-industrial levels [1]. Underwater noise radiated from large vessels, which is predominantly in the low
frequency range (5 - 300Hz), is becoming a growing concern since it has been shown to coincide with frequencies
audible by marine wildlife [2]. Hence, it can have a signi�cant impact, especially on species that have evolved
to exploit hearing as their primary sense. In order to design vessels meeting regulatory guidelines [3] that de�ne
a maximum radiated pressure level, it is necessary to understand the various noise generation mechanisms
involved and to develop prediction methods associated to each of these mechanisms.

There are two distinct contributions to the total radiated acoustic �eld noise caused by a ship: the vibratory
contribution, produced by the excitation of the hull by turbulent eddies and machinery noise, and the purely
hydrodynamic contribution near the propeller produced by cavitation, turbulence, and their interaction with
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propeller blades. Many of the existing �ow-induced noise prediction methods, based on complete numerical
simulation of the turbulent �ow, are too expensive for industrial underwater applications [4]. Recently, an
approach based on the Lighthill acoustic analogy and the use of a tailored Green's function [5] has been
proposed. This approach requires a numerical simulation of the mean �ow and enables us to consider realistic
geometries.

However, it requires the computation of a 6-dimensional integral, which is computationally expensive. A suitable
method for solving high-dimensional integrals is the Monte Carlo method [6]. Monte Carlo methods are a broad
class of computational algorithms that rely on independent and identically distributed (iid) random samples
to estimate a quantity of interest. The error associated with this probabilistic method does not depend on the
number of dimensions, whereas the error made by deterministic quadrature methods increases exponentially
with the number of dimensions. It can be shown [7] that the integration error decreases in the worst case (i.e.,
without using any adaptive method) as M0.5, where M is the number of sample evaluations of the integrand.
The disadvantage of the Monte Carlo method is that a high integration precision cannot be achieved. In
underwater acoustics, however, a high precision is not necessary, since a targeted ±1dB precision on the radiated
sound pressure level is already reached for a 25% relative integration error. There are di�erent methods used
to improve the performance of Monte Carlo integration [8], such as quasi Monte Carlo, strati�ed sampling,
importance sampling, sequential Monte Carlo and mean-�eld particle methods. The most popular ones are
importance sampling and strati�ed sampling. On one hand, importance sampling relies on the idea of modifying
the sampling probability density, in order to concentrate the integrand evaluation points in the regions where
the magnitude of the integrand is the largest. On the other hand, strati�ed sampling technique consists of
subdivision of the integration domain into sub-domains over which the integrals are evaluated.

Despite these various approaches that greatly improve Monte Carlo quadrature performance, the computa-
tional cost required to evaluate the underwater radiated noise by a full-scale ship remains prohibitive. Various
approaches based on hybrid Monte Carlo algorithms and a machine learning surrogate model have been pro-
posed [9�11]. The objective of this study is to investigate if these new approaches can be used to improve the
performance of acoustic prediction tools by reducing the amount of time required to evaluate a 6-dimensional
integrand for a given targeted precision. This paper is structured as follows; in section 2, we brie�y introduce
the acoustic prediction models to present the key features of the integrals we need to evaluate. In section 3, we
introduce some theoretical background to Monte Carlo integration and more speci�cally to the VEGAS algo-
rithm. In Sections 4 to 6, we apply some machine learning-based approaches on a variety of canonical functions
that can be integrated analytically. Finally, in Section 7, we apply our surrogate-based integration technique on
a fabricated integrand, exhibiting characteristics analogous to those encountered in acoustic prediction models.

2. Context of the problem

The objective of this section is to introduce the equations that can be used to estimate the radiated pressure
created by the interaction of a turbulent �ow and a solid boundary surface of arbitrary shape. We consider a
bounded obstacle with boundary S placed inside a turbulence volume V . The sound radiated by the �ow around
the obstacle can be determined using Lighthill's wave equation [12], which is expressed in the time-harmonic
regime as (assuming an e−iωt time dependence):

(∇2 + k20)p(x, ω) = −
∂2Tij

∂xi∂xj
, (1)

where k0 = ω/c0 is the acoustic wave-number, with ω the angular frequency and c0 the speed of sound, Tij is
the incompressible Lighthill tensor. We assume [13] that Tij = ρ0uiuj , where ρ0 is the �uid density and ui is
the �ow velocity. A solution to Lighthill's wave equation can be obtained by introducing a Green's function.
Here, among an in�nite number of Green's functions, we use a tailored Green function that satis�es the rigid
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boundary condition on S: {
(∇2 + k20)GT (x,y, ω) = −δ(x− y),
∇GT (x,y, ω) · n = 0, ∀y ∈ S.

(2)

We can use the Green's theorem, that yields [13]:

p(x, ω) = −
∫
V

∂2Tij

∂xi∂xj
GT (x,y, ω)dV −

∮
S

GT (x,y, ω)∇p(y, ω) · ndS (3)

where n is the normal to the surface taken in the outward direction from the solid. Using the momentum
equation, the pressure gradient over the surface can be related to the surface velocity �uctuation v, so that:

p(x, ω) = −
∫
V

∂2Tij

∂xi∂xj
GT (x,y, ω)dV − iωρ0

∮
S

GT (x,y, ω)vj(y, ω)njdS (4)

The �rst integral in (4) is the hydro-acoustic radiation due to the direct acoustic radiation of the turbulent
�ow and its ampli�cation by the surface. The second integral in (4) is the vibro-acoustic radiation, due to the
vibration of the surface S. We cannot use (4) directly because it requires knowledge of the Lighthill stress tensor,
whose computation is too expensive at low Mach number. Therefore, it is convenient in the frequency domain
to use a statistical description of the turbulence. The analysis splits into two parts. We de�ne the radiated
pressure spectrum Spp(x, ω) = p(x, ω)p∗(x, ω), where the over-line denotes the ensemble average operator. This

spectrum has two components: the hydro-acoustic contribution S
(H)
pp (x, ω) and the vibroacoustic contribution

S
(V )
pp (x, ω). The total spectrum is the sum of these two components. First, S

(H)
pp can be expressed, for a given

observation point x ∈ V :

S(H)
pp (x, ω) = 4ρ20

∫
V

∫
V

UiUjϕkl(y, z, ω)
∂2GT (x,y, ω)

∂yi∂yk

∂2G∗
T (x, z, ω)

∂zj∂zl
dV (y)dV (z) (5)

where Ui is the mean-�ow velocity and ϕkl is the turbulence velocity �uctuation spectrum [14]. One important
feature of equation (5) is that the turbulence volume V is de�ned as the exterior volume surrounding the rigid
boundary surface. To compute the 6-dimensional integral in (5), it is convenient to consider V as a cube and
to consider an integrand that is zero-valued inside the boundary surface. This may seem a trivial point but, as
it is discussed in section 4, it appears to be of great interest when the integrand is approximated by a surrogate
model. To compute the vibro-acoustic radiated pressure, we need to proceed in two steps. First, we need to
estimate the surface velocity �uctuations cross-spectrum for x ∈ S and x' ∈ S :

ϕvv(x,x', ω) =

∫
S

∫
S

Hv(x,y, ω)ϕpp(y, z, ω)H
∗
v (x', z, ω)dS(y)dS(z), (6)

with ϕpp being the wall pressure �uctuation cross-spectrum that represents the excitation of the surface S by
the turbulent �ow and where Hv is a transfer function that represents the displacement response of the structure
at x caused by a point force at y varying sinusoidally over time. Finally, the vibro-acoustic radiated pressure
spectrum can be expressed:

S(V )
pp (x, ω) = ω2ρ20

∫
S

∫
S

ϕvv(y, z, ω)GT (x,y, ω)G
∗
T (x, z, ω)dS(y)dS(z). (7)

The calculation of equations (5) to (7) requires the knowledge of the tailored Green's function and the mean-�ow
characteristics. The tailored Green's function is known analytically only for canonical geometries and must be
computed numerically for geometries of arbitrary shape [5]. It is important to note that, in both cases, it is
a computationally expensive step. The mean-�ow characteristics (mean-�ow velocity, turbulent kinetic energy,
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turbulence dissipation rate ...) must be calculated using a Computational Fluid Dynamics (CFD) simulation and
stored in a three dimensional mesh. The interpolation of the required physical quantities inside the CFD mesh
can also be computationally expensive for large data sets. In order to derive an e�cient quadrature method for
these equations, it is important to note some other key features of the integrands in equations (5) to (7). Firstly,
they are complex functions with oscillatory real and imaginary parts. How much the function oscillate over the
integration domain V depends on the frequency: the higher the frequency, the more challenging the integration
is. Secondly, the Green function GT (x,y, ω) being singular for x = y, the integrands of these functions are
nearly singular when y or z get close to x.

3. Monte Carlo Integration

In this Section, we aim to introduce the Monte Carlo method to estimate de�nite integrals of type (7). For a
given function f : Rd → R, we wish to estimate the following integral using the Monte Carlo method:

g =

∫
[0,1]d

f(x)dx, x ∈ Rd. (8)

We can write g in terms of an expected value as follows:

g =

∫
[0,1]d

f(x)dx =

∫
[0,1]d

f(x) · 1dx =

∫
[0,1]d

f(x) · ρx(x)dx = E [f(X)] · (9)

Here ρx is the uniform probability density function in [0, 1]d and X is a random variable uniformly distributed
in [0, 1]d, i.e. X ∼ U([0, 1]d). Monte Carlo integration is based on the following approximation.

g ≈ A(M) =
1

M

M∑
m=1

f(X(m)), (10)

where X(m) is the mth iid realization of the random variable X ∼ U([0, 1]d) and M denotes the total number
of samples of X used in the approximation (10). One can look at (10) as a quadrature formula with uniformly
random points in [0, 1]d and equal weights 1

M . We would like to quantify the error in the approximation in (10).
Denoting this error as ϵ(M), we have:

ϵ(M) = |A(M)− g| =

∣∣∣∣∣ 1M
M∑

m=1

(
f(X(m))− g

)∣∣∣∣∣. (11)

Since A(M) is a random variable, the central limit theorem [15] gives a probabilistic bound on the error ϵ(M).
This theorem states that, in the limit M →∞,

√
Mϵ(M)→ η ∼ N (0, σ2), (12)

where N (0, σ2) is a normal distribution with mean 0 and variance σ2 = Var [f(X)]. Let TOL be the prescribed
accuracy of the approximation (10). Since ϵ(M) is a random variable, we would like to achieve this accuracy in
the following sense.

P [ϵ(M) ≤ TOL] ≥ 1− α, (13)
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for some 0 < α≪ 1, that determines the con�dence level of our estimate. From (12), we know that, in the limit

M →∞,
√
M ϵ(M)

σ → ν ∼ N (0, 1). Using this, we can rewrite (13) as,

P

[
ν ≤

√
MTOL

σ

]
≥ 1− α. (14)

We can now use the cumulative distribution function of the standard normal distribution to deduce that

TOL = Cα
σ√
M

, (15)

where Cα is the
(
1− α

2

)
-quantile of the standard normal distribution. For example, Cα ≈ 1.96 corresponds to

α = 0.05. This implies that, A(M) approximates g with an error ϵ(M) which is less than Cα
σ√
M

with con�dence

1 − α. That is ϵ(M) = O
(
M−0.5

)
. Consequently, the error convergence rate is independent of the dimension

of the problem, making Monte Carlo suitable for high-dimensional integrals. Conversely, from (15), one would
need

M = C2
α

σ2

TOL2 = O
(
TOL−2

)
(16)

samples to achieve an error ϵ(M) ≤ TOL. However, if σ2 = Var [f(X)] is large, then one needs large M to
achieve an accuracy of TOL. To overcome this, we investigate two variance reduction methods in this work.

3.1. Importance Sampling

Importance sampling is a technique that changes the sampling distribution to reduce variance, without changing
the expected value. This can be shown as follows.

g = E [f(X)] =

∫
[0,1]d

f(x)ρx(x)dx =

∫
[0,1]d

f(x)
ρx(x)

ρ̂z(x)︸ ︷︷ ︸
=f̂(x)

ρ̂z(x)dx = E
[
f̂(Z)

]
. (17)

However, this does not mean that Var [f(X)] and Var
[
f̂(Z)

]
are the same. By a clever choice of sampling

distribution ρ̂z(x), one can get an estimator with signi�cantly reduced variance. For example, let ρ̂z(x) =

Cf(x)ρx(x) where C =
(∫

[0,1]d
f(x)ρx(x)dx

)−1

. Then, we see that

E
[
f̂(Z)2

]
=

∫
[0,1]d

f̂(x)2ρ̂z(x)dx =

(∫
[0,1]d

f(x)ρx(x)

)2

= E [f(X)]
2
= E

[
f̂(Z)

]2
· (18)

This implies that we have a zero-variance estimator with this choice of ρ̂z. However, this choice is not practical
because we would need knowledge of

∫
[0,1]d

f(x)ρx(x)dx, which is basically our quantity of interest. However,

this indicates that if we choose a sampling distribution that closely follows the product f · ρx, we could achieve
signi�cant variance reduction. This implies that a good importance sampling estimator would sample more
from the regions where the function f has higher values, for the case ρx is a uniform distribution. The Monte
Carlo estimator with importance sampling is written as

g = E [f(X)] = E
[
f̂(Z)

]
≈ AIS(M) =

1

M

M∑
m=1

f(Z(m))
ρx(Z

(m))

ρ̂z(Z(m))
· (19)
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Equation (19) can be seen as a quadrature formula with random points distributed according to ρ̂z and unequal
weights 1

M
ρx

ρ̂z
. By a clever choice of ρ̂z, we could drastically reduce the number of samples required to estimate

g to an accuracy of TOL.

3.2. Strati�ed Sampling

Suppose we divide the domain [0, 1]d into K volumes, which we call strata. Let us denote the kth stratum as
Sk. The strata are constructed in a manner such that

• Si ∩ Sj = ∅,∀i, j = 1, . . . ,K, where ∅ denotes the null set,

• ∪Kk=1Sk = [0, 1]d.

Then, strati�ed sampling is based on the following identity.

g =

∫
[0,1]d

f(x)dx =

K∑
k=1

∫
Sk

f(x)dx· (20)

Using the expected value representation of the integral g and the law of total expectation, we can re-write (20)
as

g =

∫
[0,1]d

f(x)dx = E [f(X)] , X ∼ U([0, 1]d)

=

K∑
k=1

E [f(X) | X ∈ Sk]P [X ∈ Sk] · (21)

We then estimate each of the expectations in (21) using a Monte Carlo estimator as follows.

E [f(X) | X ∈ Sk] ≈
1

Mk

Mk∑
m=1

f(X(m)), X ∼ U(Sk)· (22)

Since X is uniformly distributed in [0, 1]d, we know that P [X ∈ Sk] = Vk, where Vk is the volume of the kth

stratum. Therefore, the Monte Carlo estimator with strati�ed sampling can be written as

ASS(M) =

K∑
k=1

1

Mk

Mk∑
m=1

f(X(k,m))Vk, (23)

where X(k,m) denotes the mth iid realisation of the random variable X ∼ U(Sk) and M =
∑K

k=1 Mk. One can

see that Var
[
ASS(M)

]
=
∑K

k=1
1

Mk
Var [f(X) | X ∈ Sk]V 2

k . For convenience, let Mk = M
K for all k = 1, . . . ,K.

Then, the problem of strati�ed sampling is to �nd the optimal division of strata {Sk}Kk=1 that minimizes
Var

[
ASS(M)

]
. The minimum is achieved when the product Var [f(X) | X ∈ Sk] · V 2

k is constant for all k =
1, . . . ,K [16]. This implies that a strati�ed sampling algorithm would concentrate samples in the strata where
Var [f(X) | X ∈ Sk] is large, that is, where the function f has large gradients.
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3.3. VEGAS

The VEGAS Algorithm was �rst introduced in [8] for e�cient high-dimensional (d > 4) integration. It uses
Monte Carlo integration, enhanced by adaptive importance sampling and strati�ed sampling (as explained in
Sections 3.1 and 3.2), to estimate multidimensional integrals e�ciently. It has the following characteristics.

• Error estimate for the integral must be readily computable,

• Non-smooth f should pose no signi�cant problem,

• Error convergence rate should be independent of d,

• Algorithm should automatically concentrate sample evaluations in regions of importance (importance
sampling) and regions with high variation (strati�ed sampling).

The algorithm has a computable error estimate (15), where σ =
√

Var [f(X)] is approximated by the sample
variance using the same samples used to compute the expected value. Since the algorithm is a Monte Carlo
integrator, the error convergence rate is independent of both the smoothness and dimensionality of the integrand
f (as seen in (15)). To evaluate high-dimensional integrals e�ciently, VEGAS uses importance sampling and
strati�ed sampling (Sections 3.1 and 3.2) to concentrate sample points in regions of importance and high
variation. We use the VEGAS algorithm developed by the authors in [8] for automated and e�cient Monte
Carlo integration in the rest of this work.

4. Machine learning surrogates

In our exploration of approximation methodologies, we intend to rigorously test three main approximators:
Gaussian processes (GP), gradient-boosted decision trees (GBDT), and multi-layer perceptrons (MLP). The
motivation behind this testing is to gauge the accuracy of these approximators when faced with diverse and
challenging mathematical functions.

Following [9], the functions selected for this analysis are deliberately chosen to re�ect a broad range of di�culties
typically encountered in approximation problems. We list these test functions in Table 1. These functions vary
in their complexity, ranging from oscillatory patterns to sharp peaks and even discontinuities. Such a selection
is pivotal in ensuring that our approximators are not just tailored for a speci�c type of function but have a
more general application.

A crucial element in the chosen functions is the parameter c. The value of c plays a pivotal role in determining
the di�culty of the function's numerical integrability. Larger the magnitudes of c, more di�cult it is to
numerically integrate the function. By modulating c, we can simulate di�erent degrees of challenges for our
approximators, thereby getting a more comprehensive view of their performance capabilities.

In the subsequent sections, we will delve deeper into each surrogate model and the results yielded by these
models when integrating the functions listed in Table 1.

4.1. Multi-layer perceptrons

Multi-layer perceptrons (MLPs), a type of feedforward arti�cial neural network, have been at the forefront of
machine learning advancements for several decades. At their core, MLPs are composed of layers of neurons (or
nodes) that transmit and transform information from the input to the output. These nodes are interconnected
through weights, which are adjusted during the training process to minimize the di�erence between the predicted
and actual outputs.

MLPs can be shown to be able to approximate any function on a compact domain in some topology. This is
known as the �Universal Approximation Theorem� [17]. This positions MLPs as a versatile tool in numerous
applications, from predicting stock prices to identifying objects in images [18,19].
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Characteristic feature Function name Form

Oscillatory f1(x) cos (2πw1 + c · x)
Product peak f2(x)

∏n
i=1

1
ci−2+(xi−wi)2

Corner peak f3(x)
1

(1+c·x)n+1

Gaussian f4(x) exp
(
−
∑n

i=1 c
2
i (xi − wi)

2
)

C0-function f5(x) exp (−c · |x−w1|)

Discontinuous f6(x)

{
exp (c · x) if x1 ≤ w1 or x2 ≤ w2

0 otherwise

Table 1. List of test functions

Mathematics of MLPs

From a mathematical perspective, the operation within a neuron in an MLP can be thought of in two primary
steps: a weighted sum of inputs and an activation function applied to this sum. Given an input vector x and
weight vector w for a particular neuron, the weighted sum z is given by:

z = w · x+ b (24)

Here, b is a bias term, allowing the neuron to shift the output up or down as needed. Once this weighted sum
is calculated, it is passed through an activation function f :

y = f(z). (25)

Common choices for f include the sigmoid function, hyperbolic tangent (tanh), and Recti�ed Linear Unit
(ReLU). These functions introduce non-linearities, enabling MLPs to approximate non-linear functions. Con-
sidering a single-layer perceptron with a hidden layer, the operations can be represented in a matrix format. If
W1 is the weight matrix from the input to the hidden layer and W2 is the weight matrix from the hidden layer
to the output, then the output y for input x is:{

h = f(W1x+ b1),

y = f(W2h+ b2).
(26)

Here, h is the output from the hidden layer, b1 and b2 are bias vectors for the hidden and output layers,
respectively. Training an MLP involves adjusting the weight matrices W1 and W2 (as well as biases) to
minimize the di�erence between predicted output y and the actual target values. This is often done using
the backpropagation algorithm [20], which leverages the chain rule of calculus to distribute the error from the
output backwards through the network.

The MLP model used in this work

The neural network model in consideration in this article is a multi-layer perceptron (MLP) designed with four
hidden layers, each having 128 neurons. Formally, given an input vector x ∈ R6, the operations within the
network can be represented as follows:

• First Hidden Layer: h1 = tanh(W1x+ b1) where W1 ∈ R128×6 and b1 ∈ R128.

• Second Hidden Layer: h2 = tanh(W2h1 + b2) where W2 ∈ R128×128 and b2 ∈ R128.

• Third Hidden Layer: h3 = tanh(W3h2 + b3) where W3 ∈ R128×128 and b3 ∈ R128.

• Fourth Hidden Layer: h4 = tanh(W4h3 + b4) where W4 ∈ R128×128 and b4 ∈ R128.
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• Output Layer: y = W5h4 + b5 where W5 ∈ R1×128 and b5 ∈ R.

To optimize the model's weights and biases, the Mean Squared Error Loss (MSEL) is utilized, de�ned as:

MSEL(y, ŷ) =
1

n

n∑
i=1

(yi − ŷi)
2, (27)

where y is the vector of true values and ŷ is the vector of predicted values by the model. The parameters of
the network are updated using the Adam optimization algorithm [21] with a learning rate of 0.01.

d ∥c∥ f1 f3 f4 f5 f6

6 8
Training (s) 2.07 2.14 2.18 2.046 2.24

Integration (s) 4.87 1.67 5.27 4.93 5.67
Rel. Error (%) 0.6 7.6 0.08 0.21 1

6 1
Training (s) 1.95 2.23 2.10 1.88 2.20

Integration (s) 4.60 5.19 5.01 4.59 5.51
Rel. Error (%) 0.01 0.05 0.003 0.016 0.2

4 8
Training (s) 2.32 2.37 2.32 2.36 2.05

Integration (s) 5.54 2.00 5.84 5.7 5.34
Rel. Error (%) 0.55 0.7 0.09 0.1 0.6

Table 2. Performance of integration on MLP models of various functions for two dimensions
d and two integrand di�culties ∥c∥. (Average over 10 runs)

4.2. Gaussian processes

Surrogate modelling using Gaussian processes for numerical simulators was �rst used in the 1980s. Gaussian
process regression has recently gained interest among the machine learning community, as it is a non-parametric
model and provides a posterior distribution to the model, enabling uncertainty quanti�cation on predictions.
In this section, we aim to brie�y demonstrate how a multi-dimensional function can be approximated using
Gaussian process regression.

A Gaussian stochastic process [22] is a collection of random variables {G(x) | x ∈ Strain}, the probability
distribution of which is fully speci�ed, for every �nite subset of variables G(x(1)), . . . ,G(x(k)), by its mean
function µ(x) = E [G(x)] and its covariance function Σ(x,x′) = E [(G(x)− µ(x))(G(x′)− µ(x′)))]. The set
Strain, in our case, will be the input space with dimension N , the number of inputs. Any �nite set of points
will have a joint multivariate Gaussian distribution. The training data consists of N pairs of inputs and targets{
(x(i), t(i)), i = 1, . . . , N

}
. The test input vector is denoted by x, without a superscript. The inputs {x(i)}Ni=1

are d-dimensional and the targets {t(i)}Ni=1 are scalar. Since we assume G is a Gaussian process, the training
outputs are just one sample from a multivariate Gaussian distribution of dimension N . Moreover, the joint
distribution of the training outputs plus one test case is an N + 1-dimensional Gaussian distribution. Hence,
the predictive distribution of the test point x, conditioned on the observed targets in the training set of size N ,
can be proven to be Gaussian. Using this, we can use the properties of conditional Gaussian distributions to
derive the following mean and covariance of the predictive distribution.

µ̂(x) = µ(x) + kT(x)C−1(µ(x)− t) (28)

σ̂2(x) = Σ(x,x)− kTC−1k(x)· (29)
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where k(x) =
(
Σ(x,x(1)), . . . ,Σ(x,x(N))

)T
, C is the covariance matrix for the training data with Cij =

Σ(x(i),x(j)), µ(x) = {µ(x(1)), . . . , µ(x(N))} and t =
(
t(1), . . . , t(N)

)T
. Note that the matrix inversion step

in (28) and (29) could be computationally expensive especially for large (≫ 100) training data sets. In this

work, we choose a mean function µ(x) = 1
N

∑N
n=1 t

(n) that is constant over all x ∈ Rd, and a constant covariance
function Σ with radial basis function de�ned as follows:

Σ(x,x′) = σ2
f exp

{
− 1

2ℓ2
∥x− x′∥2

}
· (30)

The covariance function is parametrized by two hyperparameters σ2
f and ℓ. Given a covariance function, the

log likelihood of the training data is given by

l = −1

2
log detC − 1

2
tTC−1t− N

2
log 2π· (31)

The optimal hyperparameters are adjusted to maximize (31). We initialize the hyperparameters to random
values and then use an iterative method to search for optimal values of the hyperparameters. Since there
are only two hyperparameters, a relatively small number of iterations is usually su�cient for convergence.
However, this approach is susceptible to local minima, hence we try a number of random starting positions in
hyperparameter space. The required surrogate function f̄ : Rd → R is the updated mean function µ̂ : Rd → R
(28). The uncertainty in the prediction is quanti�ed using the variance function σ̂2 : Rd → R (29) at each test
point. Figure 1 demonstrates a test example of Gaussian process regression.

Gaussian process regression is a non-parametric approach to constructing surrogate models as it does not assume
that the surrogate model belongs to a certain class of functions. This method works well even on small datasets
and provides uncertainty quanti�cation on predictions. On the other hand, Gaussian process regression leads
to dense matrix calculations, which quickly become computationally expensive for moderately large training
datasets. This technique also becomes less e�cient in high-dimensional spaces (d > 10). To measure the
approximation quality of the Gaussian process surrogate f̄ to the original function f , we compute the L2-error
of f̄ at N̄ uniformly sampled test points in the domain.

4.2.1. Data Scaling

To increase the robustness of the Gaussian process surrogate model, we perform regression on scaled data. We
use a technique called nth-root scaling of the target vector t. That is, for regression, we use the following scaled

vector t̄ =
(
t̄(1), . . . , t̄(N)

)T
instead of t.

t̄(i) = sgn(t(i)) ·
∣∣∣t(i)∣∣∣ 1n , i = 1, . . . , N · (32)

The choice of the scaling factor n a�ects the regression performance. Too small n means that large scale
variation still remains whereas too large n leads to too much �attening of data. We choose n = 3 [9] for all
our numerical experiments in this work. Figure 2 demonstrates the advantage of using scaled data to train our
Gaussian process regression model.

4.3. Gradient-boosted decision tree

Introduced in 1984, the CART (Classi�cation And Regressor Trees) algorithm was developed by Breiman. L
et al [23]. This supervised algorithm allows to predict a class or a quantity according to a training dataset.
To explain this concept, a simple example is presented here. This section is subdivided into 2 parts, the �rst
explaining how the decision tree is built, appearing as a weak model, and the second one about the building of
strong machine learning models from weak models developed by Friedman et al. [24].
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Figure 1. A simple Gaussian process regression example in one dimension. We aim to ap-
proximate the function f(x) = 9

1+9(x−5)2 using 20 randomly distributed training points here.

The mean function µ̂ closely follows f and is exact at the training data points. Elsewhere,
there is some uncertainty in the prediction which is quanti�ed using the variance function σ̂2.

(a) With original training data (b) With scaled training data

Figure 2. Demonstrating the e�ect of data scaling on a simple Gaussian process regression
example in one dimension. We approximate the function f(x) = exp{−8|x− 5|} using 20
training points from VEGAS [8]. We observe signi�cantly reduced uncertainty on the surrogate
model f̄ trained using scaled training data. nth-root scaling with n = 3 used here.
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Algorithm 1: Gradient Boosting algorithm

Input: (xi, yi)i=1,...,N , ϵ, ν,M : model, imax, etol = 1.01ϵ

Compute F0 ←
1

N

N∑
i=0

yi;

while etol < ϵ or i < imax do

e← 1

N

N∑
i=1

|F0 − yi|;

f ←M(e);
F1 ← F0 − νf using (34) and S = {(xi, yi)i=1,...,N};
i← i+ 1;
etol ← |F1 − F0|;
F0 ← F1

end

Output: F0 : the strong model built

4.3.1. Decision Tree

In this part, only the case of the decision tree regressor will be discussed. Let xi be an Rd vector, and yi be a
scalar corresponding to the result of the true decision according to xi. We denote the set of ground truth as
S = {xi, yi}i=1,...,N . For simplicity's sake, we consider dimension d = 1. LetM : Ω ⊂ Rd −→ R be a decision
tree with a depth layer and M subdivisions from the previous node. Mathematically, this model M can be
written as a piecewise constant function as follows :

M : x→
M∑
i

1Ωi
(x)γi

in which Ω =
M⋃
i=1

Ωi and γi ∈ R for all i ∈ {1, . . . ,M}. We use the following notation:

ŷA =
1

#A

∑
y∈A

y (33)

with #A corresponding to the cardinality of A. Suppose the Ω space is de�ned as an interval [α0, α∞[. The best

�t of the model (with M subdivisions) on the set Ω =
M−1⋃
i=0

[αi, αi+1[, (with a∞ = aM ) according the ground

truth S is de�ned as follows :

min
(α1,...,αM−1)∈RM−1

M∑
i=1

[∑
y∈Si

(y − ŷSi)
2

]
(34)

within which the set Si is de�ned as the set of yi ∈ S such that xi ∈ [αi, αi+1[. The concept is similar for
dimensions greater than 1, for more details, we refer the readers to [23].
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Figure 3. Di�erent curves approximating the ground truth dataset (black points), with x ∈ Ω.
In red, the delimitation x = α between the both sides, and in green, the lines correspond to
the mean value respectively on their own subdomain.

Figure 3 shows the piecewise constant function according to the value α, and the relative error using the root
of the mean squared error. The best model as de�ned in the equation (34) is achieved for α = 0.64, that means
the root mean squared error (RMSE) is minimal at this point.

4.3.2. Gradient Boosting

The gradient boosting algorithm is a process allowing to build a strong model from a weak one. From an initial
state of the strong model F0(x), which will be considered as being equal to the mean of all known data yi for
all x in Ω, a weak model is developed, in our case. The general algorithm of the gradient boosting is as follows:

Fi+1 = Fi − νfi (35)

fi corresponds to the weak model, this one will be built from the error ei of the strong model relative to the
ground truth. The error will be injected in a weak modelM to predict the error. Otherwise, the equation (35)
is rewritten as follows:

Fi+1 = Fi − νM(ei) (36)

Algorithm 1 presents the di�erent steps of the gradient boosting algorithm. Generally, to avoid the problem of
non-convergence of the model, a large number of loop iterations is used.

4.3.3. Model used

There are a number of parameters to be chosen in Algorithm 1. We specify the parameters we use for the
GBDT model in this work. We decide to set the number of maximum layers of the decision tree to 4. This tree
is considered binary. The subsampling fraction parameter is set at 0.3, corresponding to the fraction of data
used for training. The learning rate for the gradient-boosting algorithm is set at 0.1. The tolerance value for
convergence of the model is ϵ = 10−4.
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d ∥c∥ f1 f3 f4 f5 f6

6 8
Training (s) 1.35 1.38 1.19 1.63 1.62

Integration (s) 13.67 13.97 15.28 15.41 15.20
Rel. Error (%) 0.6 0.009 0.08 0.28 0.23

6 1
Training (s) 1.12 0.82 1.25 1.25 1.18

Integration (s) 11.10 17.26 12.32 11.22 10.80
Rel. Error (%) 0.026 0.0016∗ 0.042 0.036 1.63

4 8
Training (s) 0.86 1.06 1.93 1.58 1.29

Integration (s) 12.21 11.81 22.33 17.99 13.87
Rel. Error (%) 1.5 0.023 0.25 0.07 1.34

Table 3. Performance of integration on GBDT models of various functions for two dimensions
d and two integrand di�culties ∥c∥. (Average over 10 runs)

5. An optimal, adaptive machine learning integration algorithm

Given the original integrand f : Rd → R and its corresponding machine learning based surrogate f̄ : Rd → R,
we aim to build an e�cient Monte Carlo estimator AML of g such that

P
[∣∣AML − g

∣∣ ≤ TOL
]
≥ 1− α, (37)

for a user-speci�ed accuracy TOL > 0 and constant 0 < α ≪ 1 determining the con�dence level. Using the
surrogate f̄ , we can re-write g as:

g =

∫
[0,1]d

f(x)dx =

∫
[0,1]d

f̄(x)dx+

∫
[0,1]d

(f − f̄)(x)dx︸ ︷︷ ︸
surrogate bias

. (38)

Our machine learning integration algorithm approximates both integrals in (38) using independent Monte Carlo
averages, giving rise to AML.

AML =
1

M̄

M̄∑
m=1

f̄(X(m)) +
1

M̃

M̃∑
m=1

(f − f̄)(X(m)), (39)

where M̄ and M̃ are the number of samples used in estimating the two integrals in (38). As seen in (15), we
need to estimate Var

[
AML

]
to quantify the error in our approximation of g:

Var
[
AML

]
= Var

 1

M̄

M̄∑
m=1

f̄(X(m)) +
1

M̃

M̃∑
m=1

(f − f̄)(X(m))

 (40)

=
1

M̄
Var

[
f̄(X)

]
+

1

M̃
Var

[
(f − f̄)(X)

]
. (41)

Note that we use the independence of the two Monte Carlo averages to go from (40) to (41). According to the

central limit theorem [15], the error in our approximation is upper-bounded by Cα

√
Var [AML] with a con�dence

of 1− α. We would like to build a computationally optimal algorithm that minimizes the computational work
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of AML to achieve an accuracy of TOL. This can be posed as following optimization problem:
min

{M̄,M̃}
Work[AML] = M̄C̄ + M̃C̃

s.t. Cα

√
1

M̄
Var

[
f̄(X)

]
+

1

M̃
Var

[
(f − f̄)(X)

]
≈ TOL

· (42)

Here C̄ is the cost of evaluating one sample of the surrogate function f̄(X) and C̃ is the cost of evaluating
one sample of the surrogate bias (f − f̄)(X). We solve the constrained optimization problem (42) using the
Lagrange multiplier method to get,

M̄ =

(
Cα

TOL

)2
√

Var
[
f̄(X)

]
C̄

(√
Var

[
f̄(X)

]
C̄ +

√
Var

[
(f − f̄)(X)

]
C̃

)
, (43)

M̃ =

(
Cα

TOL

)2
√

Var
[
(f − f̄)(X)

]
C̃

(√
Var

[
f̄(X)

]
C̄ +

√
Var

[
(f − f̄)(X)

]
C̃

)
.

By plugging in (43) to Work[AML], we get the following optimal computational cost of AML.

Work[AML] =

(
Cα

TOL

)2(√
Var

[
f̄(X)

]
C̄ +

√
Var

[
(f − f̄)(X)

]
C̃

)2

. (44)

We can perform a similar analysis for a plain Monte Carlo estimator A. Analogous to (42), one can derive
the optimal plain Monte Carlo estimator that minimizes the computational cost, while satisfying a given error
tolerance TOL. The computational cost of this optimal estimator is given by:

Work[A] =
(

Cα

TOL

)2

Var [f(X)]C, (45)

where C is the cost of evaluating one sample of the original integrand f(X). Comparing (45) with (44), we see
that our machine learning estimator is better than the plain Monte Carlo estimator only if√

Var
[
f̄(X)

]
C̄ +

√
Var

[
(f − f̄)(X)

]
C̃ <

√
Var [f(X)]C. (46)

We make the following remarks from the above analysis:

• It is evident from Equation (43) that a small M̃ would be su�cient to achieve an accuracy of TOL, if
the surrogate model f̄ is a good approximation of f . This means that we require very few evaluations
of f to estimate the surrogate bias in this case.

• f̄ ≈ f implies Var [f(X)] ≈ Var
[
f̄(X)

]
. This means that the condition (46) is satis�ed only when

C̄ ≪ C. This motivates the use of machine learning surrogates, which are generally much cheaper to
evaluate than integrands encontered in acoustic applications as discussed in Section 2 (see equations (5)
to (7)).

From this, it is clear to see that it is important to have a highly accurate surrogate model to ensure that the
machine learning estimator is computationally more e�cient than a plain Monte Carlo estimator. Given that we
have a machine learning-based surrogate model, we can now develop an algorithm that produces an estimator of
g of accuracy TOL with con�dence 1−α in a computationally optimal manner. Algorithm 2, however, requires
cheap and robust estimates of Var

[
f̄(X)

]
, Var

[
(f − f̄)(X)

]
, C̄, C̃. We look at this is done in more detail in

Section 6.3.
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Algorithm 2: An optimal machine learning integration algorithm

Input: f ,f̄ ,TOL,α
Estimate Var

[
f̄(X)

]
, Var

[
(f − f̄)(X)

]
, C̄, C̃;

Compute M̄ , M̃ using (43);
Estimate

∫
[0,1]d

f̄(x)dx using VEGAS Monte Carlo with M̄ samples;

Estimate the surrogate bias using VEGAS Monte Carlo with M̃ samples;
Output: AML

6. Numerical results

6.1. Training Data

To minimize the prediction error for a given training data set, it is important to collect the training samples at
points with high function absolute values (importance sampling; see Section 3.1) and where the function changes
rapidly (strati�ed sampling; see Section 3.2). The VEGAS Monte Carlo algorithm [8] chooses its quadrature
points using exactly the same criterion. We, therefore, use the VEGAS algorithm as a generator of our training
data points. However, we observed that the training samples produced by VEGAS tend to contain very few
points where the function has very low values. This is an important limitation considering acoustics applications
since, as pointed out in Section 2, the value of the integrand is zero inside the rigid surface. Some training
points must be added inside the rigid surface so that the machine learning model estimate remains valid here.
Otherwise, in high dimensions, this leads to poor function approximations in these regions. Hence, we make
sure that 10% of our training data points include uniformly distributed sample points in the domain to ensure
a good approximation of the functions throughout the domain. We use N = 103 training points to build all our
surrogate functions with 3rd-root scaling and standardization performed on all training data. We use N̄ = 103

uniformly sampled test points to measure the approximation quality of our surrogate models.

6.2. VEGAS Setup

In this work, we perform all numerical integration using the VEGAS Monte Carlo algorithm [8]. Speci�cally, we
use Lepage's VEGAS Python library version 5.5 [25]. In this implementation, there are two damping parameters
that control how quickly the importance and strati�ed sampling grids are updated between iterations. This
ensures that the strati�ed grid adapts smoothly to the shape of the integrand without abrupt changes, leading
to a more stable algorithm. We use the default values of the two damping parameters α = 0.5 and β = 0.75
for all numerical integration tasks. Another important parameter is the number of iterations for the VEGAS
grid adaptation Nitn. For all the forthcoming numerical experiments we set Nitn = 10. The number of sample
evaluations in the VEGAS algorithm is adaptively chosen according to (43) to satisfy an accuracy of TOL.
VEGAS integral estimates are obtained by taking a weighted average of the estimates from each VEGAS
iteration.

6.3. Algorithm 2 Setup

To ensure a fair comparison between all our test integrands, we worked with a relative accuracy TOLr instead
of an absolute accuracy TOL. They are simply related to one another by TOL = TOLrg. For our numerical
tests, we approximate g by a reference VEGAS Monte Carlo estimate using Nitn = 20 iterations and M = 106

evaluation points. We set α = 0.05, ensuring a con�dence level in our estimates of 95%. From our discussion in
Section 5, one important facet of Algorithm 2 is the cheap estimation of Var

[
f̄(X)

]
, Var

[
(f − f̄)(X)

]
, C̄, C̃.

For this, we run a pilot VEGAS run with Nitn = 5 and Mpilot = 103 evaluation points, once for each integrand
f̄ and f − f̄ . We then estimate the variances Var

[
f̄(X)

]
and Var

[
(f − f̄)(X)

]
using the sample variance of the

obtained function evaluations. To estimate C̄, C̃, we record the runtime required for the above pilot runs and
divide them by the total number of function evaluations to obtain the required quantities.
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6.4. Family of integrand functions

The 1D case

Figure 4. Comparison of the approximation

The multidimensional cases

In table 3, the result for the case D = 6 and ||c|| = 1 for function f3, we used 1st-root data-scaling instead of
3rd-root. This is due to the function values being small by several orders of magnitude. Indeed, the true integral
of this function f3 is of the order 10−10. In this case, a majority of function points are lesser than 1, leading
to an increase of the value and not decrease (which is desired) after scaling . The others functions, within the
same case, present an integral value of an order of 10−1.

6.5. Algorithm 2 with Gaussian process regression

We illustrate some numerical results of using Algorithm 2 where f̄ is a surrogate obtained from Gaussian
process regression. We test this on all �ve test integrands and compare the results using plain VEGAS Monte
Carlo integration. We perform numerical tests on two values of the dimension, i.e. d = 4, 6 and two values
of ∥c∥ = 1, 8. We use the scikit implementation [26] of Gaussian processes. The log-likelihood optimization
problem is a smooth, non-convex, and high-dimensional optimization problem. Hence, we use the L-BFGS-B

optimizer to solve this. We also run the optimization 10 times using 10 di�erent, independent starting points to
avoid convergence to local minima in a non-convex landscape. The training runtime for the Gaussian surrogate
model scales with the number of training points alone and does not seem to dependent on the regularity or
dimension of the function. The smooth functions f1 − f3 are very well approximated by the corresponding
Gaussian process surrogate. In case of f3, the approximation is almost exact since the integrand itself is
Gaussian. Lower the value of ∥c∥, higher the approximation quality of the Gaussian process surrogate, for
a training data set of the same size. The VEGAS integration time of both the surrogate integral and the
surrogate bias are more or less constant for both d = 4 and d = 6 for all functions. Figure 5 shows the exact
relative error achieved by both A using plain VEGAS and AML using Algorithm 2. Both algorithms give good
estimates of the integral for integrands f1 − f4 for all cases of d and ∥c∥. Plain VEGAS gives unsatisfactory
integral estimates for the discontinuous function f5. This is because of unreliable estimates of Var [f(X)]. On
the other hand, Algorithm 2 gives better integral estimates for f5 as we get better estimates of Var

[
f̄(X)

]
for

the smoother surrogate model f̄ . Tables 4-7 compares the average runtimes required to achieve 10% relative
accuracy with 95% con�dence recorded in the same runs as above for all cases. We see that Algorithm 2 using
Gaussian process regression consistently shows very high runtimes for discontinuous function f5 to achieve the
tolerance requirement. We also see that plain VEGAS is computationally much cheaper than Algorithm 2 for
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f1 f2 f3 f4 f5
VEGAS 0.0216 0.0258 0.0241 0.0213 0.041

ML + VEGAS 0.2028 0.1851 0.1959 0.2398 8.8491

Table 4. Algorithm 2 with Gaussian process regression. Comparing the integration runtime
(in seconds) of Algorithm 2 to plain VEGAS Monte Carlo for test integrands to achieve an
accuracy of TOLr = 10% with 95% con�dence. (Average over 100 runs). Case: d = 4,∥c∥ = 1

f1 f2 f3 f4 f5
VEGAS 0.1225 0.0244 0.0259 0.021 0.0281

ML + VEGAS 11.5422 0.1573 0.1839 0.3583 2.5091

Table 5. Algorithm 2 with Gaussian process regression. Comparing the integration runtime
(in seconds) of Algorithm 2 to plain VEGAS Monte Carlo for test integrands to achieve an
accuracy of TOLr = 10% with 95% con�dence. (Average over 100 runs). Case: d = 4,∥c∥ = 8

f1 f2 f3 f4 f5
VEGAS 0.021 0.0271 0.0304 0.0208 0.0426

ML + VEGAS 0.2702 0.3904 0.3388 0.3498 44.0773

Table 6. Algorithm 2 with Gaussian process regression. Comparing the integration runtime
(in seconds) of Algorithm 2 to plain VEGAS Monte Carlo for test integrands to achieve an
accuracy of TOLr = 10% with 95% con�dence. (Average over 100 runs). Case: d = 6,∥c∥ = 1

f1 f2 f3 f4 f5
VEGAS 0.0745 0.0227 0.0224 0.0216 0.0405

ML + VEGAS 8.2235 0.2107 0.2193 0.2988 23.504

Table 7. Algorithm 2 with Gaussian process regression. Comparing the integration runtime
(in seconds) of Algorithm 2 to plain VEGAS Monte Carlo for test integrands to achieve an
accuracy of TOLr = 10% with 95% con�dence. (Average over 100 runs). Case: d = 6,∥c∥ = 8.

test integrands f1 − f5 mainly because the cost of evaluating the test integrand is much lower compared to the
cost of evaluating the corresponding surrogate model. Since the surrogate evaluation cost remains of the same
order regardless of the regularity or dimension of the problem, it can be expected that Algorithm 2 gives an
advantage when the evaluation cost of f increases, as is prevalent in acoustic noise predictions.

We also compare Algorithm 2 with plain VEGAS over a range of tolerances. For this, we test both algorithms
on the 6-dimensional Gaussian test integrand (f3) with ∥c∥ = 8. We estimate g using both A and AML over
a range of relative accuracies (1-10%). We run both algorithms 100 times independently and compare their
exact relative errors and average runtimes. Figure 6a shows that both Algorithm 2 and plain VEGAS achieves
the relative error accuracy TOLr with 95% con�dence. However, it seems that the algorithm is over-estimating
the required number of samples required to achieve TOLr. We claim that this is because of the mismatch in
the sampling points used in estimating the variances and the points used to perform Monte Carlo integration.
Figure 6b illustrates that Algorithm 2 takes more time on average than plain VEGAS for the test integrand f3.
Note that we exclude the runtime of training the surrogate model here. Hence, it is evident that the cost of
sampling the original integrand is much cheaper than the cost of sampling the surrogate model. The sampling
cost of the original integrand in more complex cases, like in acoustic noise predictions, would be much higher
than the sampling cost of the surrogate model. This suggests that Algorithm 2 could perform better in more
complex cases.
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(c) d = 6,∥c∥ = 1
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Figure 5. Algorithm 2 with Gaussian process regression. We run Algorithm 2 100 times
with Gaussian process surrogate model for all �ve test integrands in various cases to achieve
a relative accuracy of 10% with 95% con�dence. We compare it with running plain VEGAS
Monte Carlo 100 times for each test integrand with the same setting. Each marker in the plot
is the exact relative error of the estimator, which is estimated using a reference approximation.
In these plots, ML+VEGAS denotes runs of Algorithm 2, whereas VEGAS indicates runs of
plain VEGAS Monte Carlo.
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Figure 6. Algorithm 1 with Gaussian process regression. We approximate g for the Gaussian
test integrand f3 over a range of relative accuracies. We run Algorithm 2 100 times to achieve
these accuracies with 95% con�dence. We compare it with running plain VEGAS Monte Carlo
100 times with the same setting. Each marker in the plot is the exact relative error of the
estimator, which is estimated using a reference approximation. In these plots, ML+VEGAS
denotes runs of Algorithm 2, whereas VEGAS indicates runs of plain VEGAS Monte Carlo.

7. Application to Acoustic Function

7.1. Function Description

We consider a function F6 de�ned in a six-dimensional space, represented in a 3D domain. The function F6 can
be expressed as the product of a function F3 which is the fundamental solution to the 3D Helmholtz equation
for acoustics and an exponential function, de�ned as:

F3(x1, y1, z1) =
eik0

√
(x1−x0)2+(y1−y0)2+(z1−z0)2

4π
√

(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2

F6(x1, y1, z1, x2, y2, z2) = F3(x1, y1, z1)e
−(x1−x2)

2

e−(y1−y2)
2

e−(z1−z2)
2

(47)

The function F3 describes the response of the medium in each point (x1, y1, z1) to an impulsive point source
located in (x0, y0, z0). k0 is the acoustic wave-number and can be related to the frequency or to the acoustic
wavelength. The Gaussian functions introduced in the three directions in F6 represents the decay in the cross-
correlation function for the turbulent velocity �uctuations inside a turbulent �ow. This decay typically arises
from the turbulence velocity �uctuations spectrum ϕkl in (5). The domain of integration is de�ned as the
exterior of a sphere with a radius of 1

4 , which is inscribed within a 1 × 1 × 1 cube centered at the origin. To
provide an intuitive understanding of the function's behavior , Figure 7 shows the real part and imaginary
part of F3 in each point of the integration volume for k0 = 50m−1 and (x0, y0, z0) = (0.22m, 0, 0). Since it is
convenient to consider an (hyper-)cubic integration domain in many quadrature methods, we decide to consider
a zero-integrand inside the boundary surface (here, a sphere of radius 1

4 ).

Evaluating the function F6 poses substantial computational challenges due to its high dimension and complex
nature, which arise from the Helmholtz equation's solution for acoustics. The intricate spatial variations, as
seen in the heat-map visualizations of both its real and imaginary parts, indicate regions of rapid changes which
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(a) Real part of F3 (b) Imaginary part of F3

Figure 7. Heatmap representations of the real and imaginary parts of the function F3 for
(x0, y0, z0) = (0.22m, 0, 0) and k0 = 50m−1.

can lead to integration di�culties. For functions like F6, direct application of VEGAS leads to a substantial
number of evaluations, greatly increasing computational costs. Using models such as MLP, GBDT, and GP
to approximate F6, we can provide VEGAS with a more tractable version of the function, thus enhancing
its performance. From Section 6, we observed that the MLP surrogate had the best generalization potential
to e�ciently approximate functions with varying regularity. Section 6.5 illustrated the limitations of using
GP surrogates to approximate non-di�erentiable or continuous-function.From Table 3, it is evident that MLP
surrogates performed better than the GBDT surrogates in terms of relative errors. Hence, we use the MLP
surrogate approximator to capture the essential features of F6 while reducing the computational cost. This
makes the integration process not only faster but also potentially more accurate, as the approximators can
smooth out erratic behavior that might otherwise hinder the VEGAS algorithm.

7.2. Integration results

Veri�cation case - Computing the volume of the integration domain

Before dealing with functions F3 or F6, we decide to focus on one last veri�cation and to check if the procedure
introduced in this paper is able to compute the volume of the integration domain. To do that, we consider the
same integration domain as de�ned in �gure 7 and an integrand equal to 1. These computations were performed
using the MLP model, as detailed in 4.1. The architecture used for this calculation is de�ned as follows:

• First Hidden Layer: h1 = tanh(W1h0 + b1) where W1 ∈ Rn×3 and b1 ∈ Rn.

• Hidden Layers: hi = tanh(Wihi−1 + bi) where Wi ∈ Rn×n,bi ∈ Rn with i ∈ {1 . . . l}.

• Output Layer: y = W3h2 + b3 where W3 ∈ R1×n and b3 ∈ R.

with a mean-squared error loss used for all simulation. The methodology is outlined as follows:

(1) Integrate the function using the VEGAS algorithm, with a relative tolerance of 5%.

(2) Build a �rst grid using the Neval = 2500 points distributed according to the VEGAS algorithm.

(3) Add Nadd = 2500 points, chosen randomly in the entire integration domain (including the sphere)
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Integral estimate Deviation
Exact 0.9346 -
VEGAS 0.9347 0.08%

ML + VEGAS 0.9363 0.57%

Table 8. Comparison between the volume computed using the VEGAS algorithm and the
methodology introduced in section 7.2. (Average over 10 runs).

(4) Train the MLP model (n = 128, l = 3) on the standardized values of the characteristic function at these
points up to a loss function of 0.001. To do so we consider 16 batches of the data that are randomly
shu�ed on the points.

(5) Integrate the approximation of the MLP model, using a relative tolerance of 5%.

(6) Integrate the error function χ(x1, x2, x3)− y(x1, x2, x3), using a relative tolerance of 5%.

(7) Sum the two integrals from the previous steps.

It is important to note that the absolute tolerances derived from the VEGAS algorithm for the model and for
the error function do not collectively constitute a reliable error bound for the integral estimation. Table 8 shows
a comparison between the volume computed using the VEGAS algorithm and the ML integration. It appears
that both approaches yield very good accuracy for a very few integration points.

3D Case - Integrating function F3

For the function F3 as de�ned in equation (47), a modi�cation in the choice of activation function was necessary.
Instead of employing tanh, the ReLU(x) = max(0, x) activation function is used. Figure 8 shows a comparison
between the function that we want to integrate and the ML approximation using the MLP model along the
diagonal of the domain. The model for the real part and for the imaginary part are trained using the same set of
points. The function is evaluated over the diagonal of the domain (i.e F3(x, x, x) ∀x ∈ [−0.5, 0.5]) and is taken
equal to zero inside the sphere. Two strategies are compared. In the �rst one, we only use the Neval-points grid
computed by the VEGAS algorithm as training points for the MLP model. In the second strategy, we add Nadd

points randomly distributed over the integration domain, including the interior of the sphere. As discussed
in section 4, it is expected that adding these training points will improve the model approximation inside the
sphere where there are a very few points in the grid computed by VEGAS algorithm. It appears that a great
improvement in the accuracy of the approximation can be obtained using the second strategy. However, this
accuracy is mostly improved far from the sphere which is not expected. Further investigations are required to
explain this observation.

Integrating the function F3 poses consequent numerical challenges. For k0 = 10m−1 or k0 = 50m−1, the integral
of the error function (F3 − F̃3) appears to be of the same order of magnitude as the integral of the function
itself. We conclude that we did not manage to properly train the model. In order to continue our investigation,
we decide to reduce the value of k0, to a point where the function F3 does not oscillate in the domain. Using
k0 = 1m−1, the wavelength is equal to 7.56m which is larger than the integration domain. Table 9 shows a
comparison of the integral estimated by VEGAS or by the method based on the MLP model. The methodology
is outlined as follows:

(1) Integrate the function using the VEGAS algorithm, with a relative tolerance of 5%.

(2) Build a �rst grid using the Neval = 105 points distributed according to the VEGAS algorithm.

(3) Add an additional Nadd = 105 points, chosen randomly in the entire integration domain (including the
sphere)
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Figure 8. Comparison between the function F3 and the ML approximation using the MLP
model along the diagonal of the domain (i.e F3(x, x, x), ∀x ∈ [−0.5, 0.5]). Impact of the
number of training points Neval and Nadd on the ML approximation for k0 = 10m−1.

(4) Train the MLP model (n = 128, l = 3) on the standardized values of the characteristic function at these
points up to a loss function of 0.001. To do so, be consider 16 batch of the data that are randomly
shu�e on the points.

(5) Integrate the approximation of the MLP model, using a relative tolerance of 5%.

(6) Integrate the error function χ(x1, x2, x3)− y(x1, x2, x3), using a relative tolerance of 5%.

(7) Sum the two integrals from the previous steps.

It appears that we achieve a good accuracy on the result using a very small number of integration points. The
time required to evaluate the function F3 being of same order of magnitude than the time required to evaluate
the MLP model.

6D Case - Integrating function F6

In the 6D scenario of (47), the results are akin to those observed in lower dimensions. Table 10 shows a
comparison of the integral estimated by VEGAS or by the method based on the MLP model using Neval =
Nadd = 105 integration points. We use the same methodology as presented in section 7.2. Again, it appears
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Figure 9. Comparison between the function F3 and the ML approximation using the MLP
model along the diagonal of the domain (i.e F3(x, x, x), ∀x ∈ [−0.5, 0.5]) for k0 = 50m−1.

Integral estimate Deviation Computation time
VEGAS 0.1388 + 0.0706i - 0.08 s

ML + VEGAS 0.1443 + 0.0707i 3.6 % 11.6 s

Table 9. Comparison between the integral computed using the VEGAS algorithm directly on
F3 and on the ML based methodology for k0 = 1m−1 and using Neval = 105 and Nadd = 105.
(Average over 10 runs).

Integral estimate Deviation Computation time
VEGAS 0.09031 + 0.04463i - 0.11 s

ML + VEGAS 0.1049 + 0.04469i 14.5 % 18.2 s

Table 10. Comparison between the integral computed using the VEGAS algorithm directly on
F6 and on the ML based methodology for k0 = 1m−1 and using Neval = 105, and Nadd = 105.
(Average over 10 runs).

that a consequently larger amount of time is required to perform the integration using the MLP model than
using the function F6 directly. Increasing k0 yields the same conclusion as before and we did not manage to
properly integrate the function F6 using the MLP model. Also, increasing the number of integration points did
not improve the results and further investigations are required.

Conclusion

In this study, we performed a comprehensive comparison between traditional and machine learning approaches
for complex integration in acoustic modelling. Our machine learning approach was built around replacing
the true integrand with a machine learning surrogate model and then performing numerical integration us-
ing the VEGAS algorithm [27]. We �rst compared three machine learning models: multi-layer perceptrons,
gradient-boosting decision trees, and Gaussian processes; to reconstruct 6 test integrands of varying regularity,
smoothness, and oscillatory behaviour. Our �ndings revealed that integrating these machine learning models
present a viable alternative to direct integration using VEGAS, especially when dealing with time-intensive
function evaluations. We also observed that MLP surrogate models demonstrate better approximation quality,
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as compared to the GP and GBDT models, for the canonical functions. For fair comparison, we also developed
a methodology in this work to ascertain the optimal number of sampling points for the VEGAS algorithm by
minimizing the computational work required to achieve a certain accuracy in our estimation. Subsequently,
we tested our numerical integration algorithm using the MLP model on 3- and 6-dimensional applications of
acoustic wave propagation. The results in the 3-dimensional test case, characterized by low oscillation, were
promising, indicating the potential of MLP to handle moderately complex functions. Our tests suggested, how-
ever, that MLP models struggled with highly oscillatory functions, suggesting the need for further re�nement
in our surrogate building technique to adequately capture high-frequency behaviour. Our experiments also
suggested that handling more intricate 6-dimensional functions was also feasible, given advanced computational
resources. In conclusion, this study underscored the potential of machine learning methods for multidimensional
integration in acoustic modelling. VEGAS remains the benchmark for the best performance in direct numerical
integration. Our results demonstrated that machine learning methods achieve acceptable performance, prov-
ing the feasibility of this approach. However, further work is required to determine whether machine learning
methods can surpass VEGAS in terms of performance. The limitation of machine learning models to capture
high-frequency characteristics, requires further re�nement of these models to ensure widespread applicability
and enhanced precision, leading to more accurate and computationally cheaper acoustic predictions.
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