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Abstract

In this paper, we review some recent progress made in [4, 5, 6] on finite difference schemes
for viscous incompressible flows using vorticity formulation. The main purpose of this series of
papers [4, 5, 6] is to resurrect the idea of using local vorticity boundary condition for unsteady
calculation. The emphasis is on simplicity of the methods. Three main issues will be discussed:
efficient time-stepping procedures and cell Reynolds number constraints, efficient methods in
3D on non-staggered grids and efficient high order methods using compact differencing.

1 Introduction

In this paper, we review some recent progress made in [4, 5, 6] on finite difference schemes for
viscous incompressible flows using vorticity formulation. The main purpose of this series of papers
[4, 5, 6] is to resurrect the idea of using local vorticity boundary condition for unsteady calculation.
The emphasis is on simplicity of the methods. It is very important in these methods to use
explicit treatment of the viscous term. Therefore questions on stability and cell Reynolds number
constraints have to be addressed. We do this in Section 2. Section 3 is about 3D non-staggered
grids, and in Section 4 we present stable and efficient 4th order schemes using compact differencing.

2 Basic issues: Local vorticity boundary condition, cell Reynolds
number and equivalent MAC formulation

The 2D Navier-Stokes equation in vorticity streamfunction formulation reads: (u = (u,v))

Ow + (u-V)w = rvAw,
Ap=w), (2.1)
u= =0y, v=09

with the boundary condition

o
=0, — =0.
Q/) 7 8n
“Research supported by a Sloan Foundation Fellowship and NSF grant DMS-9303779.
"Research supported by NSF grant DMS-9505275.

181

Article published by EDP Sciences and available at http://www.edpsciences.org/proc or http://dx.doi.org/10.1051/proc:1996009



http://www.edpsciences.org
http://www.edpsciences.org/proc
http://dx.doi.org/10.1051/proc:1996009

W. E et al. — Finite Difference Schemes for Incompressible Flows in Vorticity Formulations 182

2.1 Local vorticity boundary conditions
At the grid points, (2.1) is discretized using:

dw

T l~)y1/) Dyw+D,p l~)yw =vAjw,

Ahi/):w,

(2.2)

where D, l~)y are the standard centered differences and Ay, is the standard 5-point Laplacian. We
will use ¢ and j to number the grid lines in the z and y directions respectively, with ¢ = 0 at the
boundary I'y and j = 0 at I';. The no penetration boundary condition ) = 0 is imposed on I' in
the solution of the discrete Poisson equation. The no-slip condition is imposed (say on I';) via:

Y1 — i1

my O (2.3)

where (i, —1) refers to the “ghost” grid point outside of the computational domain. Since ;o =
Yi—10 = Piy1,0 =0, (2.3) implies

— 20 +pi—10 n Yig — 2950 + i1

wio = (Apy)ip = Yit10 A2 Ay?

2
= A i (2.4)

which is the well-known Thom’s formula [13]. Many variants of Thom’s formula were summarized
in [4].

Explicit time-stepping procedure: Here we use forward Euler as an illustration. The fully
discrete scheme,

wn+1 — "
Az + (u" - Vp)o" = vApw"™, forij>1,
App Tt =Wt ford,j > 1, (2.5)
z/)n+1|r — 0’
D" =0

n+1

can be realized by a simple three-step marching procedure: Given {ij}’ {wi7 i } is computed by:

Step 1. Update vorticity at the interior grid points by

wn+1 — W

A7 — l~)y1/)n Dyw™ + Dy ﬁywn = vARW". (2.6)

Step 2. Solve
Apgp™ Tt =Wt (2.7)
with the boundary condition: ¢"*!|p = 0.

Step 3. Update vorticity at the boundary using

2 2
wis = Ay? it W= A—x?d)iﬂ' (2.8)
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The key here is that (2.7) can be solved without knowing the boundary value of w™*!. Hence there
is no need to iterate between "1 and the boundary value of w™t!l. At every time step, only one
standard Poisson solve is required.

This is a very simple method. It is spatially second order accurate, and higher order accuracy
in time can be achieved by replacing forward Euler with higher order Runge-Kutta [4]. A natural
question arises: Why isn’t this method more popular? In fact, methods like this were very popular
in the 60’s and early 70’s. But many difficulties and controversies were encountered and were not
resolved even until recently. The situation at that time was reviewed in [10]. Beginning at the early
80’s, global vorticity boundary conditions were invented to overcome the problems encountered
earlier [12, 9]. Since then, global vorticity boundary conditions have dominated the field, and local
methods such as the one described above were largely abandoned. This is very clearly reflected in
the review articles of Gresho [7, 8] and the recent book of Quartapelle [12].

As we emphasized in [4], the difficulties mentioned earlier were largely due to the fact that the
viscous term is treated implicitly in almost all early applications of the local vorticity boundary
condition. As a result, a coupled system involving both interior and boundary values of vorticity
and streamfunction has to be solved at each time step, and this is the source of most complications.
The above time-stepping procedure avoids this problem. But since the viscous term was treated
explicitly, one naturally worries about the stability constraint on the time step size. To see whether
this is a problem, let us compare

Ax 1 Az?

At = —, Ato

U T4 (29)

The first is the time step given by standard convective CFL condition and the second comes from
the viscous term, U is the maximum of velocity. We have that if the cell Reynolds number

A
R,= Y57 5y (2.10)
v
then
Aty < Aty (2.11)

i.e. the stability constraint coming from the viscous term is less severe than the one from the
convective term. Remember that we do want to obey the convective stability constraint since we
are interested in accurately following the dynamics of the flow.

Another cell Reynolds number restriction comes from the following consideration. It is well-
known that if we use second order centered difference in space and forward Euler in time for the
simple advection equation

ug + augy =0 (2.12)

the resulting scheme is unconditionally unstable. This has the consequence that for the advection-
diffusion equation

Up + Uy = Vlgy (2.13)

this scheme is stable only under the constraint

a? 2v
At| —+— 1 2.14
(21/ * A:E2> < (214)
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Therefore we must have

At 1 2v

The first condition in (2.15) is the standard diffusive constraint on time steps. The second one
reflects the fact that the scheme is unstable if v = 0.

From a slightly different point of view, if we demand the second condition in (2.15) to be less
restrictive than the standard diffusive condition, we should take

2 Az? A
"> 28 je Re=220 <9 (2.16)

a? v’ v

This cell Reynolds number constraint has often been used as an argument against using centered
differencing for the convection term at high Reynolds number.

We remark that this cell Reynolds number problem is special to incompressible flows. For
viscous compressible flows, the thickness of the shock layers is on the order of Re~'. Therefore
the cell Reynolds number is limisted by accuracy considerations. In other words, resolving viscous
shock layer is intrinsically difficult. However for incompressible flows, the thickness of the shear
layers are on the order of Re /2 for 2D and Re 3/ for 3D. Therefore in principle at high enough
Reynolds number, accuracy considerations should not present a constraint for the cell Reynolds
number. Any cell Reynolds number constraint can only be a consequence of the stiffness of the
method.

At a first sight, (2.11) and (2.16) contradict each other and the method seems doomed. However,
what causes the cell Reynolds number constraint (2.13) is the fact that the stability region of the
forward Euler method does not contain any part of the imaginary axis. Same is true for the standard
two-stage second order explicit Runge-Kutta methods, but not for 3rd and 4th order ones. The
Fourier symbol for the centered difference operator —aD, + vD? is C(¢) = iasglf — % sin? %
Therefore if we use 4th order Runge-Kutta in time, the two stability conditions are

alt At
—— < 017 4VA—

A — <0 (2.17)

where €y and Cy are some constants (for example, they can be taken as 1.5). There is no cell
Reynolds number constraint imposed by stability considerations. Same conclusions can be drawn
for the 3rd order Runge-Kutta method. Indeed in the calculations presented in [4, 5], the cell
Reynolds number was as high as 10? and even 103.

Remark 1: Global vorticity boundary condition. Strictly speaking, incompressible flows are
nonlocal and vorticity boundary conditions cannot be truly local. This is one reason why global
vorticity boundary conditions are preferred in the literature. When we refer to local boundary
conditions, it is a purely a numerical object. We call a vorticity boundary condition local if
boundary points are not coupled directly. In other words, one does not have to solve a coupled
system in order to evaluate the boundary values of vorticity.

It is shown in [4] that Anderson’s global vorticity boundary conditions [1] can always be written
as local ones if interpreted slightly differently. Global vorticity boundary conditions discussed in
[12] are necessary only because the viscous term is treatly implicitly. These methods suffer from
extreme complexity, both in implementation and in execution. This is particularly true in 3D. As
we discussed earlier, if the cell Reynolds number is not too small, this complexity can be avoided
entirely by treating the viscous term explicitly.
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Remark 2: Low cell Reynolds number calculation. In situations when the cell Reynolds
number has to be small, such as nearly steady or Stokes flows, global vorticity boundary conditions
have to be used to avoid stiffness. From a computational point of view, this situation is more
difficult than the case when the flow is very dynamic although the physical flow may very well be
simpler. Better fast solvers will have to be developed to implement the global vorticity boundary
conditions.

Remark 3: Connection with MAC scheme. MAC scheme is the prototype in the primitive
variable formulation. In 2D it is shown in [4] that they are equivalent to the vorticity methods
(2.6-2.8): There is a very natural way of defining discrete vorticity and streamfunction at the MAC
grid points which will yield the same values as the ones computed using (2.6-2.8). This gives an
alternative way of understanding the numerical boundary conditions. For example, under this,
Thom’s formula is translated to the reflection boundary condition used in MAC scheme; Orszag-
Israeli’s formula is translated to the formula of Peyret and Taylor [11].

3 Finite difference methods on 3D non-staggered grids

It is well-known that unlike the primitive variable formulation, the various vorticity formulations
differ drastically between 2D and 3D. This has always been regarded as a disadvantage for the
vorticity-based numerical methods particularly since the 3D situation is often far more complicated
than 2D.

Consider the incompressible Navier-Stokes equation in vorticity form:

%—‘:—l—Vx(wxiu) =rvAw,
w=Vxu, V-u=0, (3.1)

u(x,0) =uy(x).
We introduce the vector potential @ such that
u=Vxy.

Unlike streamfunction in 2D, vector potential in 3D is far from being uniquely defined: If 1) satisfies
the above relation and x is a smooth scalar function, so does ®¥ + V. This is a key difference
between 2D and 3D.

Since w = V xu, we have

w=Vx(Vxy)=V(V-y)—-Avy. (3.2)

From a computational point of view, it is desirable to decouple the three components of (3.2). This
essentially forces us to choose the gauge of ¢ such that

Vp=0. (3.3)

This does not seem to be a progress since now (3.3) couples the three components of 1 together.
However if the numerical method guarantees

Vw=0
then it is enough to have

=0.
a0

V-

Esaim: Proceedings, August 1996, Vol. 1, 1996, pp. 181-195



W. E et al. — Finite Difference Schemes for Incompressible Flows in Vorticity Formulations 186

in order to ensure (3.3).
This is the new difficulty that arises in 3D for designing efficient numerical methods in any w—
formulations,namely the enforcement of the three divergence-free conditions:

Vap=0, V-u=0, Vw=0 (3.4)
New vorticity-vector potential formulation. We review the vorticity-vector potential formu-
lation presented in [6] which is particularly suited to our purpose of constructing efficient finite
difference schemes. For simplicity of presentation we will take the computational domain to be

Q= {z3 >0} with ' = 0Q = {z3 = 0}. Extension to more general domains is quite straightfor-
ward. We impose the boundary condition:

U3(I1,I2,0) :0, ul(:vl,xg,O) :ulb(:pl,xg), UZ(IL‘l,IEZ,O) ZUQb(J?l,IEZ), (35)
or in shorthand,
ur =w,, u,n=0,

where n = (0,0,1). Again we define the vector potential ¢ by:

u=Vxy. (3.6)
Proposition: (3.1)—(3.6) is equivalent to
0 | G xwx (Vx)] = vAw
b —y
ot ’ (3.7)
_A'l:b =w,
with boundary conditions
0
pr=t=0, 2B _o onr
(9:53
Ougpy  Ouyy, O O Op1 O3
_ _ _ _ ovr _9vs _ r .
ws (9:51 (9:52 ’ (9:52 6353 Yibs 6353 (9:51 H2b on (3 8)
and initial condition
wo(x) = Vxup(x). (3.9)

The proof of this result is given in [6].

For more general situations the boundary condition (3.7) should be replaced by a Dirichlet
boundary condition for the tangential components of ¢¥» and Neumann boundary condition for the
normal component of 4. Similarly (3.8) should be replaced by the normal component of the w—u
relation and the tangential components of the 1¥p—u relation.

Efficient difference schemes and local vorticity boundary condition in 3D. The numerical
grid is defined by Q;, = {(zi,y;, 2k), i = 1Az, y; = jAy, 2, = kAz,4,5 € Z,k € Z*}. For boundary
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conditions, we need to define the “ghost” points: {(z;,vy;,2-1),4,j € Z,2_1 = —Az}. We will use
the difference operators:

~ g(x +Azx,y,2) — gz — Az, y, 2
Bratasey 28509 st A

g(ac—i—Aac,y,z) B 29(15,%2’) —i—g(x - Ax,y,z)

Dig(o,y,2) = o

Similarly we define lNDyg, Dgg, etc.
We first describe the semi-discrete version of the method. In the interior of Q, (i.e., & > 0), we
use

9 5
a—‘:—i-vhx[wx(Vx¢)] =vAjw,
N (3.10)
u:@hxgb.

The difference operators appeared here are defined by

Ay =D2+D}+D?, V,=(DyDy,D.).
The first set of boundary conditions, to be supplemented to the Poisson equations for 1, is

11[)3(557;3 Yj, Zl) - 11[)3(:57;3 Yj, Z—l)
2Az

Given {w(z;,vy;,21),1,7 € Z,k > 1}, we can solve —Aw = w together with (3.11) to obtain
{¥(zi,yj,2k), 0,5 € Z,k > 0}. In order to update w, we need its numerical boundary conditions.
These are to be obtained from the velocity boundary condition.

First of all ws|r can be readily evaluated:

d)l(xiayjﬂo):¢2(xiayj?0):0a :03 iajaEZ' (311)

Ous  Ouy Ougy  Oup
_ (Ou2 _ow _ QU Ot , 12
CU3(£E1,ZE2,0) (8:51 8$2> ((II1,$2,0) (8:51 O > (xlaxQ) (3 )
Next we notice that (3.11) implies already that
_ Oy O

=——-——=0 r
us 3271 81‘2 on s

so only two velocity boundary conditions are left (the two tangential ones):

s M O OYs (3.13)
6332 (9:53 165 6353 (9:51 2b '
They should give the boundary condition for the tangential components of w.
Approximate (3.13) by

-~ I/JZ(IL‘iay'azl) _1/)2(1'@',3/',271)
(D$21/)3)($i7yjazﬂ) - : 2A 2 !

= u1p(Zi, yj) (3.14)
and

¢1($i7yj7z1)2_A1§1($iayjaz1) _ (55511/)3)(%7?/]"20) — qu(xi’yj) (315)
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These formulas define {11 (z;,yj,2-1),%,7 € Z} and {¢o(x;,y;,2-1),%,J € Z}:

¢2(xiayja Z—l) = zp?(xiayjazl) - 2AZ((5xz¢3)(xlay]azO) - ulb(xi?yj)) (316)

¢1(xiayja Z—l) = zpl(xiayjazl) - 2AZ((51'11/)3)($7,3?/],20) + qu(xi?yj)) (317)
Now we can evaluate wi, wo at I':

wl(xiayjaz(]) = _(D:?: +D§ + Dg)l/)l(ﬂ?z,y],Z[])

Q/JI(II;"?/"ZI) +z/)1(x'vy'vz—1)
= _ng)l(xiayjﬁz()) = — Az2 — (3'18)

2 2~
= _A—ZQ@[)I(xiayjazl) + A_Z(D:md)?)(xiayjazﬂ) + U’Qb(xiayj))

wa(i,yj, 20) = —(D3 + Dy + D)o (4, yj, 20)
_1/)2($i7yj7z1) +1/)2($i7yjazfl)

= —DZs (i, yj, 20) = INE (3.19)
2 2 [/~
= _A—ZQQ/)Q(xiayjazl) + E(Dm2¢3($iayjaz0) - ulb($i7yj)> .

These are the analog of Thom’s formula for 2D problems. This completes the description of the
semi-discrete scheme.

For the fully discrete scheme, it is important to treat the viscous terms explicitly. This point
was discussed at length in [6].

This is clearly a very efficient method. At every step or Runge-Kutta stage, only three separate
scalar Poisson equations are solved. Moreover, standard fast Poisson solvers can be used.

Remark 1: Discretization of the convective terms. It turns out the discretization of the
convective term near the boundary becomes much more of an issue in 3D. This is due to the special
structure of the error when local vorticity boundary conditions are used. This is discussed carefully
in [6].

Remark 2: Importance of the divergence-free condition for vorticity. A variant of this
method was introduced in [6] in which the divergence free condition for vorticity was enforced
directly through boundary conditions. It was found that this drastically improved the accuracy of
the divergence of vorticity, but not the overall results. An explanation was given in [6].

4 Essentially compact 4th order schemes (EC4)

In this section we present a very efficient 4th order accurate compact scheme in the vorticity
formulation. For simplicity of presentation we will restrict ourselves to 2D. Extension to 3D can
be found in [6].

We first discuss the treatment of the Stokes part, treating the nonlinear convection terms as if
they were some known forcing functions. We will use the notation: f = 0, (uw) + 9y(vw) and write
the vorticity transport equation as

ow

i vAw — f (4.1)
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The most obvious and well-known compact discretization of (4.1) is

B2\ dw h? h?
1+ =AMy = =v A+ —=D2D? ) w— 1+ —=A4) f. 4.2
(+12 h)at ”( "t my)” <+12 ")f (42)

We have assumed, without loss of generality, that Az = Ay = h.
(4.2) is an O(h*) approximation to (4.1). Similarly we discretize the kinematic equation relating
vorticity to streamfunction 1 using

h2 5 5 h2
<Ah + FDSL‘Dy> P = <1 + 1 Ah> w (4.3)

So far it has been completely standard. We now come to the boundary conditions. Assume
that the mesh is as depicted in Fig. 1. The no normal flow condition translates to

Ylr =0

In order to obtain the numerical values at the “ghost points” outside the physical domain 2, we
use the no-slip condition g—mp = 0 twice at the physical boundary I' = I';, UT'y: once using a 4th
order one-sided approximation, once using a 4th order centered approximation. For example, at
the boundary I'y, we have

(8_¢> =31 — 10tg,; + 18¢1; — 61Pa; + 35
0,j

ox - 12h (4:4)

0P\ Y2y =8 1+ 8¢ — o (4.5)
oz ), 12h '
J
Consequently, we have
1 o
Y15 =015 — 22 + 9ps — 4h (@)M (4.6)
8 0
Yoo =401 ; — 15v9 ; + S1b3j — 20h —1/) (4.7)
3 Ox 0,j

To evaluate the vorticity at the boundary, we use a 4th order approximation of w = Ay = 1,

1
Wi = 1572 (16(1/)71,]‘ +915) — (Y2 + 1/)2,]')) (4.8)

Using (4.6-4.7), we obtain

wo,j = (4.9)

108415 — 2Tepa; + 44y 11 (O
18h2 3h 81‘ 0,j

This is known as Briley’s formula [2].
Now the velocity u = (u,v) can be evaluated readily at all interior grid points by using the
standard 4th order accurate formulas:
h2

u:—f)y(1—FD§)z/;; U:5I(1—%2D§)zp, (4.10)
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or some standard compact difference operators. On the boundary I', we use naturally
u=0, v=0. (4.11)

To treat the convection terms, we note that
h? ~ h? ~ h? h? o~
Hence we can approximate (1 + %Ah) f to 4th order using

<1+T—;Ah)f

(a0 o

=D, (1 + %D;) (uw) + ﬁy (1 + %QD:%) (vw) — %Ah (Dx(uw) + ﬁy(vw)> + O(h')

=D, (1 + %D;) (uw) + lN)y (1 + %ZD?E) (vw) — %Ah (uﬁww + le)yw) + O(h*)

The operator appearing in the first term of the right hand side of (4.13) has a 9-point compact
stencil, and so does the operator in the second term. The third term, however, is not compact.
Nevertheless this does not present any problem computationally for two reasons: In the interior of
the domain (for i, 7 > 2), this term can be evaluated very efficiently since the convection terms will
be treated explicitly in the fully discrete scheme. Near the boundary (i, or j = 1), we need the
boundary value of uﬁxw + vﬁyw on I'. In the present case, we can set

uDyw + vDyw|r = 0 (4.14)

and still preserve 4th order accuracy. More general situations, including the treatment of in- and
out-flow boundary conditions, are discussed in [5].

Finally, we discuss the temporal discretization procedure. Again we will use forward Euler as an
illustration. The computations reported in [5] were done using the classical 4th order Runge-Kutta.

Initialization: Given {w?j}, compute

n+1

Time-stepping: Given {w];}, we compute {w;;" } via the following steps.

Step 1. Update {@Z;’rl}iZI,jZI using

~n+1 _ —-n - h2 - h2
“ N Y 1D, (1 + ED}j) (u"w") + Dy(l + ED%) (v"w™)
% - - %
— T AU D™ + 0" Dyw") = V(Ah + ED‘,,?‘,Dj)w (4.15)
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Step 2. Solve for {z/)m‘l

; using
I }izl,j21

h2
(Ah + FD%D;)dJ"“ = o+l (4.16)

with the boundary condition
,L/)n—l—l |F — 0

Compute ¢! at the “ghost points” using (4.6).

Step 3. Solve for {u)”J-rl

. usin
I }izl,j21 &

h2
(1 + —Ah>w”+1 = ot (4.17)
12
with the boundary condition (4.9).

Step 4. Update the velocity using

2 2
unt = —5y(1 - %DZ)@/)"“ , o =D, (1 - %D;) s (4.18)
or some compact 4th order differencing [3] for 4,7 > 1, and u"*!|p = 0, v" | = 0.

The efficiency of this method is obvious. Only two Poisson-like equations, namely (4.16) and
(4.17), are solved at each step or each stage of the Runge-Kutta method. Both can be solved using
the standard fast Poisson solvers developed for the second order schemes. We have seen consistently
that this scheme costs slightly more than twice the cost of the second order scheme for each time
step.

This scheme is named essentially compact (EC4 for short) since the only non-compact part
occurs in the treatment of the convection terms, and the non-compact differencing does not increase
the need for numerically supplemented boundary conditions. So the most attractive features of the
compact schemes are retained. Numerical results presented in [5] demonstrate that this scheme is
substantially better than the second order scheme discussed in [4] in the ability to resolve boundary
layers, small scales and even gross features.

Proof of 4th order convergence. For any a > 0, let 1, € L>([0,T]; C%®(2)) be the solution of
the Navier-Stokes equation (1.1)-(2.1) and uy, be the approximate solution of EC4, then we have

sup_[[u(8) = w (1)l 2 < Ch* sup abels8)[Pa
0<t<T 0<t<T

The proof of this result for very smooth solutions (i.e. right hand side replaced by higher norms)
can be found in [5]. The proof under weaker regularity assumptions as stated above can be obtained
directly from the authors.

5 Numerical results

We present some numerical results using the second order schemes presented here for the standard
test problem: the driven cavity flow. We refer to [5] for numerical results on EC4. The set-up of the
problem is standard: velocities vanish everywhere at the boundary except at the upper boundary
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where the z-component of the velocity is 1 for 3D problem and 16z2(1 — z)? for 2D. The initial
data is take as zeros (impulsive start) for 3D and ¢o(z,y) = 1622(1 — z)?(y? — 4?) for 2D [4, 6].

The set of results are reported, one for 2D and one for 3D. Figure 2 is the contour plot of
vorticity in 2D at Reynolds number 10°, ¢ = 5. Figure 3 is the contour plot of stream-wise vorticity
at the center plane x = 1/2. Here Reynolds number is 3200, t=35. In [6], we used two other
different methods to compute this problem and obtained very similar results.

6 Conclusions

We discussed three basic issues for finite difference methods in vorticity formulation using local
vorticity boundary condition: what makes them work? how to make them work in 3D and how
to make simple 4th order schemes. These discussions are not limited to finite difference schemes.
They apply equally well to finite element and finite volume methods which are more suited for
complex geometries. We will leave these extensions to future publications.
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Figure 1: “Ghost” points are indicated with “o”.
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Figure 2: Contour plot of vorticity at Reynolds number 10° computed using second order scheme.
Other parameters: n = 512, ¢t = 5.
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Figure 3: Contour plot of w; at the center plane {z = %} computed using second order 3D scheme.
Parameters: Re = 3200,¢ = 15,CFL = 2L = 2.5, Az = &.
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